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PREFACE. 

THE  object  of  the  present  treatise  is  to  introduce  the 
mathematical  student  to  some  of  the  earlier  and  easier 
branches  of  Phoronomy,  the  purely  geometrical  science  of 
motion,  and  of  Kinetics,  the  science  which  deals  with  the 
action  of  forces  in  producing  motion,  or  changes  of  motion,  in 
a  body  or  system  of  bodies. 

In  the  chapter  allotted  to  Phoronomy,  I  have  deduced 
the  expressions  for  velocities  and  accelerations,  as  far  as 
possible,  from  the  definitions  and  axioms  of  the  subject. 

In  the  applications  to  Kinetics,  or,  in  other  words,  in  the 
combination  of  these  expressions  with  the  Laws  of  Motion, 
for  the  determination  of  the  motion  of  a  particle  or  of  a 
system,  I  have  adopted  the  same  plan  of  operations. 

I  have  assumed,  and  made  free  use  of,  the  methods  of 
Analysis,  for  the  performance  and  simplification  of  the 
requisite  calculations. 

The  methods  employed,  and  the  order  of  thought  which 
is  followed,  are  those  which  during  my  experience  as  a 
U-jicher  I  have  found  to  be  most  effective  in  the  elucidation 
and  development  of  the  ideas  of  Phoronomy  and  Kinetics. 


IV  I'KKKACE. 

The  majority  of  students  do  not  a  :apidly  al 

general  ideas,  and  they  are  most  effectively  assisted  bv 
gradual  development  of  a  subject  through  simple  cases,  and 
illustrative  examples. 

With  this  view  I  have  endeavoured  to  explain  the 
application  of  the  Laws  of  Motion  to  the  determination  of 
the  motion  of  a  particle  and  of  systems  of  particl<  s. 
mencing  with  easy  cases,  and  leading  up  to  a  ie\\  of  the 
interesting  and  important  cases  of  the  motions  of  bodies  and 
of  systems  of  bodies. 

My  especial  object  has  been  to  illustrate  the  direct  appli- 
cation of  the  Laws  of  Motion,  and  thereby  to  produce  a 
treatise  of  an  elementary  character,  but  of  Educational 
utility  to  the  student  who  is  commencing  the  study  of 
theoretical  Kinetics. 

For  the  present  edition  many  alterations  an<l  additions 
have  been  made. 

In  particular  the  chapter  on  the  motion  of  a  part  id.  •  in 
three  dimensions  has  been  considerably  expanded,  and 
new  chapters  have  been  added,  one  on  disturbed    elliptic 
motion  and  the  other  on  the  Lagrange  equations. 

Chapters  XV  and  XVI  are  an  expansion  and  i 
ment  of  chapter  XIV  of  the  first  edition. 

In  a  letter  which  was  published  in  Nature  on  Match  17, 
1.S92,  I   gave   my   reasons,  philological   and   historical. 
employing  the  word  Phoronomy  instead  of  the  word  Kine- 
matics. 

As  a  matter  of  philology  the  word  Phoronomy  i 
the  ideas  of  pure  motion,  without  regard  to  causation,  more 
correctly  than  the  word  Kinematics. 
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As  a  matter  of  history  the  word  was  first  used  by  Her- 
mann, whose  treatise,  Phoronomia,  was  published  in  1716  at 
Amsterdam.  Hermann  however  employed  the  word  to  re- 
present the  general  science  of  motion,  including  the  action 
of  forces. 

The  word  Cinematique  was  introduced  by  Ampere,  to  re- 
present the  purely  geometrical  science  of  motion,  in  the  Ess.-d 
sur  la  Philosophic  des  Sciences,  which  was  published  in  1838. 

In  1818,  twenty  years  earlier,  Wronski,  in  his  Systemc 
architectonique  absolu  de  1'Encyclopedie  du  savoir  humain, 
classed  the  purely  geometrical  science  of  motion  under  the 
name  Phoronomy,  with  the  remark,  "  ne  pas  confondre  avec 
la  Mdcanique  dans  laquelle  entre  de  plus  la  consideration  de 
forces." 

The  word  has  been  employed  in  the  same  sense  by  K:mt, 
and  also  by  Mobius,  Grassmann,  Budde,  and  other  mathe- 
matical writers. 

I  am  very  much  indebted  to  Mr  A.  W.  Flux,  Fellow  of 
St  John's  College,  for  kind  and  valuable  assistance  in  the 
correction  of  manuscripts  and  proof  sheets. 

I  venture  to  hope  that  the  explanations  and  illustrations 
of  the  text,  and  the  numerous  examples  appended  to  the 
several  chapters,  will  be  of  assistance  to  the  student  in 
mastering  the  elementary  ideas  of  the  subject,  and  pave  the 
way  for  the  consideration  of  the  higher  branches  and  the 
more  difficult  problems  of  the  great  science  of  Dynamics. 

W.  H.  BESANT. 

June,  1H'J3. 
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CHAPTER   I. 

1.  THE  problems  usually  discussed  under  this  head  are 
those  which  relate  to  the  geometrical  connections  between 
given  motions,  or  given  kinds  of  motion,  and  those  which 
relate  to  the  action  of  forces,  and  the  motions  and  changes  of 
motion  produced  by  forces. 

The  former  belong  to  pure  science,  and  deal  with  the 
geometry  of  motion,  a  branch  of  mathematics  to  which  the 
name  Kinematics  was  applied  by  Ampere. 

We  shall  however  employ  the  word  Phoronomy  to  repre- 
sent the  purely  geometrical  science  of  motion  in  the  abstract. 

Strictly  speaking  the  word  Dynamics  includes  Statics, 
the  discussion  of  the  equilibrium  or  balancing  of  forces,  and 
Kinetics,  the  discussion  of  the  effects  of  forces  on  the  motion 
of  bodies. 

Mechanism,  including  such  problems  as  result  from  con- 
sidering trains  of  wheel-work  or  any  connected  machinery,  is 
really  a  branch  of  Phoronomy. 

Some  writers  employ  the  word  Kinematics  to  represent 
what  is  commonly  called  Mechanism. 

To  Kinetics  belong  the  consideration  of  the  forces  setting 
such  machinery  in  motion,  or  keeping  it  in  motion,  the 
problems  of  Physical  Astronomy,  and  others  of  important 
practical  application. 

We  shall  commence  by  a  development  of  the  formulae  of 
Phoronomy,  and  afterwards  proceed  to  consider  the  applica- 
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tion  of  the  formulae,  and  of  the  Laws  of  Motion,  or  Laws  of 
Force,  to  the  determination  of  the  motion  of  a  particle,  and 
of  a  system  of  particles,  produced  by  the  action  of  given 
forces,  or,  conversely,  of  the  forces  required  to  produce  givt-n 
motions.  The  idea  of  a  particle,  or  of  a  material  point, 
capable  of  being  set  in  motion,  or  of  having  its  motion 
affected,  by  the  action  of  force,  is  a  mathematical  abstraction 
leading  to  the  simplest  forms  of  Kinetics.  The  determina- 
tion of  the  motions  of  the  bodies  constituting  the  Solar 
System  belongs  to  this  class  in  virtue  of  the  facts  that  the 
Planetary  Bodies  are  nearly  spherical  in  form,  and  that  their 
dimensions  are  very  small  in  comparison  with  their  dista; 
from  each  other  and  from  the  Sun. 

Moreover  the  mathematical  idea  of  a  solid  body  is  that  of 
a  system  of  particles,  and  the  discussion  of  the  motion  of  a 
single  particle  therefore  naturally  precedes  the  discussion  of 
the  motion  of  a  body  or  system  of  particles. 

It  will  be  seen  that  Newton's  Laws  of  Motion  connect  the 
action  of  a  force  on  a  particle  with  the  accelerations  prodi; 
and   lead   to   the   formation   of  differential   equations,    tin- 
integration  of  which  gives  the  solution  of  the  problem  ut' 
determining  the  motion. 

It  will  appear  further  that  Newton's  Laws  are  sufficient 
for  the  determination  of  the  motion  of  a  system  of  part 
or  bodies,  whether  rigidly  connected  or  not,  and  lead,  in  a 
similar  manner,  to  systems  of  differential  equations  containing 
in  their  solution  the  motions  of  the  body,  or  of  the  various 
bodies  of  the  system. 


CHAPTER  IT. 

DIFFERENTIAL   EQUATIONS. 

2.  THERE  are  certain  differential  equations  which  occur 
so  frequently  in  the  discussion  of  questions  in  Kinetics,  that 
we  think  it  worth  while,  for  convenience  of  reference,  to  give 
a  brief  solution  of  them. 

(/)/ 

(1)  The  equation,  -~-  +  yf'(x)  =  F(x),  is  at  once  solved 

CLX 
by  the  integrating  factor 

e/«j 

leading  to  y^w  =  JF(x)  c'm  dx  +  0. 

For  example,  if  ~-  +   .       =  tan  \  x,  the  factor  is  tan  J.r, 

djc     sin  ./' 

and  therefore 

y  tan  \x  =  2  tan  \x  —  x  +  C. 

(2)  g  +  ^-0. 

ot/ 

Multiply  by  -^  and  integrate,  then 

CUD 

dx        1        1 

?i  2c2-/2     or   -,-  =  ±-=- 

~ 


a;  +  a), 
or  y  =  A  cos  no;  +  B  sin  ?i.r. 
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As  before, 

dy\* 

j--~ 
dy        n 


(dy\*  dx        I       1 

hr  )  =  n  (y  +  c  )  or   j--±~  -J=- 
\dx) 


i      y  +  Vy*  +  c1 
=  log*   —  g  -- 


from  which  we  obtain 


which  may  also  be  written  in  the  form 

y  =  C  cosh  a;  +  D  sinh  #. 

cfty 
(4)    The  equation  -y^  ±  n*y  =  ax  +  b  is  reduced  to  one 

of  the  two  preceding  by  assuming 

»*=?*-* 


d*y     dz       dz      .    d.z* 

then  -j~^  =  ~r~z^r  —  ^'  ~~3~  * 

da?     dx       dy  dy 

and  the  equation  becomes,  putting  v  for  z*, 


which  is  of  the  form  (1). 

(6)     Observing  that  the  symbols  x,  x  are  employed  to 
represent  the  time-fluxes  of  x,  the  solution  of  the  equation, 

x  —  2o>  cos  ax  +  wsa:  =  0, 
will  be  x^A^  +  Bc*1, 

where  X  and  /*  are  the  roots  of  the  equation, 

m*  —  27wo)  cos  a  +  o>*  =  0  ; 
so  that  it  can  be  written  in  the  form, 

a;  =  e-(«»  «  {4  cos  (<u<  sin  a)  +  jB  sin  (a>f  sin  a)}. 
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(7)  x  -  2ux  cosh  a  +  a>8  =  0. 

The  solution  is  x  =  A  .  exp  (a>£ea)  4-  B  .  exp  (tote"0),  or,  since 

ca  =  cosh  a  +  sinh  a,  and  e~a  =  cosh  a  —  sinh  a, 
ar  =  e<u£cosha  {(7  cosh  (&>£  sinh  a)  +  D  sinh  (wt  sinh  a)). 


The  solution  of  this  equation  is  effected  by  the  calculus 
of  operations,  leading  to 


D  representing  the  operation  -r-  ,  and  the  expression  affecting 
of  being  expanded  in  ascending  powers  of  Z). 

The  complementary  function  A?*-\-B^x  must  be  added, 
a  and  ft  being  the  roots  of  the  equation 

ma  +  am  +  6  =  0. 

If  the  roots  of  this  equation  are  imaginary  and  of  the 
form  a  +  y9\/l>  the  complementary  function  takes  the  form 

e"*  (A  cos  0x  +  £  sin  fix). 

d?y 
(9)  ^-njy  =  cosra:. 

The  calculus  of  operations,  or  the  variation  of  parameters, 
gives  as  the  integral, 


(10)  ^ 

The  solution  is 

cos  rx 


+  A  cos  nx  +  B  sin  nx. 
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1 1 '  tt  =  r,  then,  writing  the  solution  in  the  form 

cos  rx  —  cos  nx 

y  =  -  —  +  A  cos  nx  +  B  sin  nx, 

n  —  r* 

rind  finding  the  limiting  value  of  the  fraction  \vhm  n  =  r, 
we  obtain 

x  n  . 

y  =  -7-  sin  nx  +  A  cos  nx  +  B  sin  nx. 

ni\  ^        ty.     h 

dx*        dx       'J  ~ 

This  leads  to 

IP  —  aD  +  b  cos  rx 


the  complementary  function  of  course  being  added  ; 


(6  -   21       «* 


a  and  /3  being  the  roots  of  the  equation, 
w5  +  am  +  b  =  0. 
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3.  Definition.  The  velocity  of  a  moving  point,  when 
uniform,  is  measured  by  the  number  of  units  of  length  passed 
over  in  the  unit  of  time. 

If  the  velocity  be  not  uniform,  it  is  measured  at  any 
instant  by  the  space  which  would  be  passed  over  in  the  unit 
of  time  if  the  velocity  were  to  remain  the  same  as  it  is  at 
that  instant. 

To  express  this  idea  mathematically,  let  s  be  the  space, 
that  is,  the  number  of  units  of  length  passed  over  by  the 
moving  point  in  the  time  t,  and  s  +  Bs  the  space  passed  over 
in  the  time  t  -f  Bt,  so  that  8s  is  the  space  passed  over  in  the 
time  Bt,  and,  if  Bt  be  so  small  that  the  velocity  is  not  sensibly 

X 

changed  in  the  time  Bt,  the  limiting  value  of  the  expression  -~-  , 

M 

ds 
that  is,  -r ,  is  the  measure  of  the  velocity. 

Or  we  may  argue  as  follows,  If  v  be  the  velocity  at  the 
time  t  and  v  +  Bv  at  the  time  t  4-  Bt,  then  Ba  lies  between  vBt 
and  (v  +  Bv)  Bt,  and  therefore  ultimately, 

_ds 
~dt' 

f* 

Or  we  may  say  that  j-  is  the  average  velocity  during  the 
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time  Bt,  ami  therefore  that,  at  the  time  t,  -r-  is  the  actual 

dt 

velocity. 

4.     If  the  velocity  of  a  moving  point  be  variable,  it  is  said 
to  have  positive  acceleration,  if  the  velocity  be  increa- 
and  negative  acceleration,  or  retardation,  if  the  velocit 
decreasing. 

If  the  rate  of  increase  of  the  velocity  be  uniform  tho 
acceleration  is  measured  by  the  increase  of  the  velocity  in 
the  unit  of  time,  and,  if  variable,  it  is  measured  at  any 
instant  by  what  would  be  the  increase  of  velocity  in  the 
unit  of  time  if  the  rate  of  increase  were  to  remain  what  it  is 
at  the  instant  in  question. 

Mathematically,  if  v  be  the  velocity  at  the  time  t,  ;ui«l 
v+Sv  at  the  time  t  +  Bt,  the  measure  of  the  acceleration, 

in  the  direction  of  motion,  is  -, 

at 

Or,  if  /be  the  acceleration  at  the  time  t,  and/+  ?/at  the 
time  t  +  Bt,  Bv  lies  between  fBt  and  (f+  Bf)  Bt,  and  therefore 
ultimately, 


SJ 

Or  again,  -~-  is  the  average  acceleration  during  the  time 

Of 

Bt,  and  therefore  -5-  is,  at  the  time  t,  the  actual  acceleration. 

5.     The  composition  and  decomposition  of  velocitic 
accelerations. 

Supposing    a    moving    point    to    possess,    or    to    have 
impressed   upon   it,   two   velocities   in   different   direct 
there  arises  the  question;  what  is  the  resulting  rnoti< 

To  solve   this   kinematical    question,   we    must   ii. 
machinery  to  represent  coexistent  velocities. 

Imagine  then  a  point  to  move  uniformly  along  a  str 
line  while  the  line  is  carried  parallel  to  itself  at  a  uni: 
rate.     The  point  will  then  have  two  coexistent  velocities. 
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Let  EF  be  the  moving  line,  and,  while  the  point  P  moves 
from  E  to  F,  let  the  line  move  from  AB  to  CD.  Then  PE 
is  to  EA  as  the  velocity  of  the  point  along  the  line  is  to  the 
velocity  of  the  line,  that  is,  as  CD  to  AG\ 

Therefore  APD  is  a  straight  line,  and  the  point  P  moves 
uniformly  from  A  to  D, 


AD  therefore  represents  the  resultant  velocity  in  magni- 
tude and  direction. 

This  proposition  is  called  the  Parallelogram  of  velocities. 

In  the  same  way,  if  a  point  have  two  coexistent  accelera- 
tions, taking  AB  and  AC  to  represent  the  velocities  added 
per  unit  of  time,  or  which  would  be  added  per  unit  of  time, 
due  to  the  accelerations  at  the  instant  in  question,  it  follows 
that  AD  represents  the  resultant  velocity  superposed,  or 
which  would  be  superposed,  per  unit  of  time. 

This  is  the  Parallelogram  of  accelerations. 

Conversely,  any  velocity  or  acceleration,  represented  by  a 
line  AD,  can  be  decomposed  into  two  velocities  or  accelera- 
tions, AB,  AC,  in  any  assigned  directions, 

6.  Change  of  units  in  the  measures  of  velocities  and 
accelerations. 

If  v  be  the  measure  of  a  velocity,  the  meaning  is  that  v 
units  of  length  are  passed  over  in  the  unit  of  time. 

If  a  feet  and  t  seconds  be  the  units,  and  if  v'  be  the 
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mrasure  of  the  same  velocity  when  a'  feet  and  t'  secon  1- 
units,  it  follows  that 

09 

T"  t'  ' 

for  each  expression  represents  the  velocity  in  feet  per  second. 

If  f  be  the  measure  of  an  acceleration  when  a  feet  and 
t  seconds  are  units,  the  meaning  is  that 

the  velocity  per  t  seconds  added  in  t  seconds  —fa  in  : 
.'.  velocity  per  second  added  in  t  seconds  =  —; 

I 

.'.  velocity  per  second  added  in  one  second  =  • 

If/'  be  the  measure  of  the  same  acceleration  when  a' 

f  n1 

fret  and  t'  seconds  are  units,  it  follows  that*'  ,,  is  the  measure 

F 

of  the  same  acceleration  referred  to  a  foot  and  a  second,  and 


7.     Angular  velocity  and  angular  acceleration. 

If  a  straight  line  turn  round  in  a  plane  it  is  said  to  have 
angular  velocity,  and  if  this  angular  velocity  be  variable  it  is 
said  to  have  angular  acceleration, 

If  6  be  the  inclination,  at  the  time  t,  of  the  moving  lino 
to  any  fixed  line  in  the  plane,  then,  exactly  as  in  Articles  (3) 

jn 

;md  (4),  the  angular  velocity  is  -j-  or  8,  and  the  angular 

ul 

d*8 

acceleration  is  -  .  .  ,  or  6. 
at* 

It  must  be  observed  that  this  is  quite  independent  of  any 
motion  of  translation  which  the  line  may  have,  and  simply 
measures  the  rate  of  turning  round. 

When  we  speak  of  the  angular  velocity  of  a  point  /', 
moving  in  a  plane,  about  a  fixed  point  0  in  the  plant-,  NVO 
really  mean  the  angular  velocity  of  thu  straight  lino  UP. 
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If  the  velocity  and  direction  of  motion  of  P  be  given,  a 
simple  expression  can  be  obtained  for  its  angular  velocity 
about  a  fixed  point  0. 

For  if  OP  =  r,  and  if  p  be  the  perpendicular  from  0  on 
the  direction  of  motion  of  the  point,  and  v  its  velocity,  the 
angular  velocity  is  equal  to  the  resolved  part  of  the  velocity 
perpendicular  to  OP  divided  by  OP,  and  therefore 

p  pv 

=  vt--r-r=i--. 
r  r1 

An  expression  may  also  be  given  for  the  angular  velocity 
of  the  direction  of  motion. 

If  0  be  the  inclination  to  any  fixed  line  in  the  plane  of 
motion  of  the  normal  to  the  path  of  the  moving  point,  the 
angular  velocity  of  the  tangent  at  the  point 

_  d(f>  _  d$  ds  _v 

dt       ds  dt     p' 
where  p  is  the  radius  of  curvature,  at  the  point,  of  the  path. 

8.     Expressions  for  accelerations. 

If  x,  y  are  the  coordinates,  at  the  time  t,  of  a  point 
moving  in  a  plane,  referred  to  a  pair  of  fixed  rectangular 
axes  in  the  plane,  a;  and  y  are  the  distances  of  the  point  from 
the  axes  of  y  and  x. 

The  velocity  parallel  to  x  is  the  rate  of  increase  of  the 
distance  from  the  axis  of  y,  and,  as  in  Art.  (3),  is  represented 

by  -j- ,  or  by  x,  employing  fluxional  notation. 
dt 

dit 
Similarly   -~,  or  y,  is  the  expression  for  the  velocity 

parallel  to  the  axis  of  y. 

If  these  velocities  are  u  and  v,  the  accelerations  parallel  to 
the  axes  are,  by  the  same  reasoning  as  in  Art.  (4),  -r-  arid  -?- , 

d*x       ,  d*y 

or  u  and  v ;  that  is,  they  are  -r-  and  -^- ,  or  x  and  y. 

dt          dt 
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We  shall  in  all  cases  limit  the  use  of  the  symbols  x,  x  to 
the  case  in  which  the  time  is  the  independent  variable. 

9.  It  must  be  very  carefully  observed  that  the  velocity 
of  a  point  in  any  direction  is  the  rate  of  change  of  the 
distance  in  that  direction,  and  is  equal  to  the  limit  of  tin- 
rlijuige  of  distance  divided  by  the  change  of  time,  when  that 
change  is  indefinitely  small. 

And  similarly,  the  acceleration  in  any  direction  is  the  rate 
of  change  of  the  velocity  in  that  direction,  and  is  equal  t«» 
the  limit  of  the  change  of  velocity  divided  by  the  change  of 
time,  when  that  change  is  indefinitely  small. 

10.  Radial  and  transversal  velocities  and  accelerations. 


\0 


Let  r,  0  be  the  polar  co-ordinates  of  a  moving  point, 
and  u,  v  the  radial  and  transversal  velocities,  that  is,  the 
velocities  in  direction  of  OP  and  perpendicular  to  OP. 

P  being  the  position  of  the  point  at  the  time  t,  and  P  at 
the  time  t  +  Bt,  and  if  OP  =  r  +  Sr, 

,  OF  cos  80  -OP     dr 
tt- limit  of-       _£-         -5  =  r. 

,OF  sin  &0     rdd       ± 
and  v  =  limit  of  -  -  =  -j-  =  rft 

ct  at 
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If  u  +  8u,  v  -f  Bv,  be  the  velocities  at  P'  in  direction  of 
arid  perpendicular  to  OP',  acceleration  in  direction  OP 

(u  +  Bu)  cos  BO  —  (v  +  Bv)  sin  B8  —  u 

' 


„ 
limit  of 


_^ 
~~di~V~dt 


- 

Of 

dO 


dO 


acceleration  perpendicular  to  OP 

„  (v  +  Bv)  cos  $0  +  (u  +  Bu)  sin  Bd  -  v 
=  limit  of  i  -  -  —  -  £-  -  -  - 

ot 

_dv       d0_    d?0       drdd 

~dt+udi~r  de+  dtdt 


r  dt 

It  should  be  noticed  that,  if  r  =  0,  that  is,  if  the  moving 
]K)int  is  passing  through  the  origin,  these  expressions  are 

r  and 


11.  The  expressions  for  radial  and  transversal  accelera- 
tions may  otherwise  be  obtained  in  the  following  manner. 

Since  x  —  r  cos  8,  and  y  =  r  sin  0,  we  obtain 
x  =  (r  -  rfr)  cos  0  -  (r8  +  2r0)  sin  8, 
y  =  (r  -  rfc)  sin  8  +  (rQ  +  2r0)  cos  0. 
Hence  radial  acceleration 

=  x  cos  8  +  y  sin  8  =  r  —  r6*, 
and  transversal  acceleration 

=  y  cos  8  —  x  sin  8  =  rd  +  2 r6. 

12.  Case  of  uniform  motion  in  a  circle. 

If  r  and  $  are  both  constant,  and  if  8  =  «u,  the  transversal 
acceleration  vanishes,  and  the  radial  acceleration  =  —  tahr ; 
that  is,  the  resultant  acceleration  is  directed  to  the  centre  of 
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the  circle  and  is  equal  to  the  radius  multiplied  by  the  square 
of  the  angular  velocity. 

13.     Velocities  and  accelerations  referred  to  two  a./ 
right  angles  to  each  other,  moving  in  a  plane  about  the  origin. 


Taking  Ox,  Oy  as  the  position  of  the  axes  at  the  time  t, 
and  Ox,  Oy'  at  the  time  t  +  Bt,  let  x  =  ON,  y  =  PN,  mark  the 
position  of  the  moving  point  P  at  the  time  t,  and  x  +  Bx  =  ON', 
and  y  +  By  =  PN',  at  the  time  t  +  St.  Then  u,  v  being  the 
velocities  parallel  to  x  and  y  at  the  time  t, 

..    ^    fNL     rOL-ON 

u  =  limit  of  -K—  =  Lt 5- . 

ot  ct 

Now  OL  =  Projection  on  Ox  of  the  broken  line  ON'P" 
=  (x  +  Bx)  cos  S0  -  (y  +  By)  sin  BO,  if  xOx  =  B0 ; 
_dx       d0 

•'*  *-dt~y~di- 
Similarly 

T    Projection  on  Oy  of  ON'P'  -  PN 

~W~ 

.    (x  +  Bx)  sin  B0  -f  (y  +  By)  cos  Bd  —  y 
~ 
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If  u  +  Bu,  v  +  Bv  be   the   velocities   of  P  parallel   to  x 
and  y't 

acceleration  parallel  to  Ox 

(u  +  Bu)  cos  80  —  (v  -f  Bv)  sin  BO  —  u 


Lt 
du 


de\>^    d?0     2dy(W 
dt2        dt  dt ' 


and  acceleration  parallel  to  Oy 

.    (u  +  Su)  sin  8(9  +  (v  +  &')  cos  BO  -  v 

=     '  ~ 


dv 


d?d       dxd9 

"  *~*  +  *' 


Iii  fluxional  notation,  the  velocities  are 

x  —  yd,  and  y  +  xQ  ; 
and  the  accelerations  are 

u  —  v()  and  v  +  uO, 
or  x-yd-xfr-  2y0,  and  y  +  x6- 


14.     The  expressions  obtained  in  the  preceding  article 
may  be  otherwise  obtained  in  the  following  manner. 

Let  0  be  the  inclination,  at  the  time  t,  of  Ox  to  a  fixed 
line  OX,  and  let  u,  v  be  the  component  velocities  of  P,  at  the 
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time  t,  parallel  to  O.r  and  8y.     Then,  PM  being  the  pen 
dicular  let  fall  on  OX,  u  cos  6  —  v  sin  6  =  velocity  parallel  to  OX 

=  j-  (OiV)  =  -r(xcos0  —  y  sin  0) 

=  #  cos  6  —  y  sin  0  —  (x  sin  0  +  y  cos  (?)  0, 
u  sin  0  +  v  cos  6  =  velocity  perpendicular  to  OX 

-  -T  (PJl/)  =  -T  (#  sin  0  +  y  cos  0), 

=  #  sin  0  + 1/  cos  0  -f  (#  cos  0  -  y  sin  0)  6. 
Eliminating  v  and  M  separately,  we  obtain 
u  =  x  —  yd,  and  v  =  y  +  xQ. 

Similarly,  if/  and  /*  are  the  accelerations  of  P,  at  the 
time  t,  parallel  to  Ox  and  Oy, 

/cos  0  —f  sin  0  =  -r  (velocity  parallel  to  OX) 

=  -T  (w  cos  0  —  v  sin  0) 
=  u  cos  0  —  v  sin  6  —  (u  sin  6  +  v  cos  0)  £ 
/sin  0  -f  /  cos  6  =  -r  (velocity  perpendicular  to  OX) 

=  -7-  (w  sin  6  +  v  cos  0) 

(it 

=  w  sin  6  +  v  cos  0  +  (M  cos  0  —  v  sin  0)  $, 
and  therefore,  eliminating/'  and / separately,  we  obtain 
/=  u  -  vO  and  f  =  v  +  u0. 

15.     Tangential   and  normal    accelerations    of  a 
moving  in  a  plane  curve. 

If  v  be  the  velocity  at  P  of  a  point  moving  in  a  curve, 
and  if  *  be  the  arc  OP  of  the  curve  measured  from  sumo 
fixed  point  0, 


TANGENTIAL   AND   NORMAL   ACCELERATIONS. 

The  tangential  acceleration  at  P 

(v  +  Sv)  cos  8(f>  —  v     dv     d*s 
oc  ctt     etc 
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and  the  normal  acceleration 

_ ,.    (v  +  8v)  sin  S<f>  _  vd<j>  _  vd<f>    ds  _  & 
Bt  dt        ds  '  dt  ~  p ' 

if  p  be  the  radius  of  curvature  at  P. 

If  the  motion  of  the  point  be  uniform  motion  in  a  circle, 
v  and  p  are  constant,  and,  if  w  be  the  angular  velocity,  v  —  cap. 
The  tangential  acceleration  is  then  zero,  and  the  normal 
acceleration,  measured  inwards,  is  equal  to  &>2p,  as  in 

Art.  (12). 

16.     Or  we  may  employ  the  following  method. 

If  P  is  the  moving  point,  and  if  PT,  the  tangent  to  its 
path,  is  inclined  at  the  angle  6  to  Ox, 

dx 


cos  6  =  ^  and  sin  6  =  -- . 
as  ds 


B.  D. 
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The  component  accelerations  parallel  to  x  anil  y 
x  and  y, 

the  tangential  acceleration  =  x  -=-  +  y  --• . 

dx     dx  ds  dx ..     (fcc 

^ow         -ji  =  ^r-j;>    •'•  *  =  -T  8  +  j-.  •  *\ 
rft      ds  dt  ds       of 


and  similarly 


d?y  .. 


Hence,  observing  that 

/rfa;\a      /^y  Y  _  -i 
W  +  W  ==  li 

and  therefore  SS  +  t^=°' 

it  follows  that 

tangential  acceleration  =  s. 

Also,  normal  acceleration  inwards  =  y  -, —  x-4 

.  (dx  fry  _  dy  d*x)  _  «* 
[ds  d&     ds  ds*)  ~  p  ' 

17.     The  Principles  of  Relative  velocities  and  R> 
accelerations. 

If  P  be  a  moving  point,  A,  B,  C,...  other  moving  points 
and  0  a  fixed  point,  the  velocity  of  P  in  any  direction  is  the 
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sum  of  the  velocities,  in  the  same  direction,  of  P  relative  to 
A,  of  A  relative  to  B,  of  B  relative  to  C,  and  so  on,  and  of 
the  last  moving  point  relative  to  0. 

For,  if  u  be  the  velocity  of  P  in  the  direction  considered, 
Wj,  u2,...un  of  the  moving  points  in  the  same  direction, 

U  =  (U  -  O  +  (ih  -  U2)  +  ......  +  (>«_!  -  Wn)  +  Un, 

which  establishes  the  statement. 

The  same  principle  is  equally  true  of  accelerations, 

du     d  ,  x       d  ,  dun 

f°r  dt=dt(u-U^+dt^-U^  +  ......  +^dt> 

that  is  the  acceleration  of  P  is  the  sum  of  the  relative 
accelerations. 

18.     By  aid  of  the  foregoing  principles  the  expressions  of 
Art.  (13)  are  at  once  obtained. 

For,  taking  the  figure  of  Art.  14, 

u  =  velocity  of  P  parallel  to  Ox 
—  velocity  of  P  relative  to  N  +  velocity  of  N 
=  -yQ  +  x, 
and  so  v  =  velocity  of  P  parallel  to  Oy 

=  velocity  of  P  relative  to  N  +  velocity  of  N 
=  y+x0. 
Again,  the  acceleration  of  N  in  the  direction  Ox 

=  'x-  xfr, 
and  that  of  P  relative  to  N  in  the  same  direction 


therefore  the  acceleration  of  P  in  the  direction  Ox 

=  x-x62-y'e-  2y6; 
and  similarly  the  acceleration  of  P  in  the  direction  Oy 


19.     We  can  also  obtain  the  expressions  for  the  accelera- 
tions in  the  following  manner. 


2—2 
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The  velocities  of  a  moving  point,  at  any  tinu-  t,  paralk-1  to 
two  moving  directions  Ox,  Oy,  can  be  represented  by 


a 


jff 


and  the  accelerations  parallel  to  x  and  y  will  be  th> 
change  of  u  and  v  in  these  directions  and  will  thrix-i'oru  be 

u  —  v6  and  v  +  ufi. 
Observing  that 

u  =  x  —  y$  and  v  =  y  +  x$, 

we  obtain  the  expressions  given  at  the  end  of  the  last  ar 

20.     Component  velocities  and  component  acceleratwnt  of 
a  moving  point  referred  to  two  axes  turning  round  the  o/ 
in  any  given  manner. 
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Let  6  and  <f>  be  the  inclinations,  at  any  instant,  of  Ox  and 
Oy  to  some  fixed  line  OX  in  the  plane,  and  represent  by  o> 
the  angle  xOy  or  <f>  —  6. 

The  velocity  of  P  relative  to  N  is  compounded  of  y  in  the 
direction  NP  and  y<j>  perpendicular  to  NP,  and  the  latter, 
by  the  triangle  of  velocities  EPN,  decomposes  into 

—  y$  cosec  «o  parallel  to  x, 
and  2/</>  cot  a>  parallel  to  y. 

The  velocity  of  N  in  direction  Ox  is  x,  and  perpendicular 
to  Ox  is  x6. 

The  latter,  by  the  triangle  of  velocities  ONF,  decomposes 
into  —  xQ  cot  a),  and  xQ  cosec  <w, 

parallel  to  x  and  y. 

Hence,  the  velocity  of  P  being  compounded  of  its 
velocity  with  regard  to  N,  and  of  the  velocity  of  N,  the 
components  parallel  to  x  and  y  are  respectively 

x  —  x6  cot  a)  —  y<j>  cosec  w, 
y  +  xQ  cosec  6>  +  y<j>  cot  w. 

In  exactly  the  same  manner  the  component  accelerations 
are  at  once  seen  to  be 


x  —  xfc  —  (x0  +  2x0)  cot  o>  —  (y$  +  2y<j>)  cosec  o>, 
y  —  ;?/<j>2  +  (xB  +  %xQ)  cosec  &>  +  (y$  +  2y</>)  cot  o>. 


21.     The   foregoing  expressions   can  be   obtained   in  a 
different  manner. 

Thus,  if  u  and  v  be  the  component  velocities  parallel  to 
Ox  and  Oy, 

u  cos  6  +  v  cos  <f>  =  velocity  parallel  to  OX 

—  ~jt  (x  cos  0  +  y cos  $)> 

w  sin  #  +  v  sin  <£  =  velocity  perpendicular  to  OX 
d  , 


i ,  \ i<-  '^.i  i-i  v  i   •/  ^m  ' 
dt 
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d? 

/cos  6  +/  cos  <f>  =  T-  (x  cos  0  +  y  cos  </>), 


and  if//'  are  the  component  accelerations, 

d? 
T 

eP 

/sin  B+f  siu<f>  =  -r- 

These  equations  give  the  expressions  for  w,  v,f,f  which 
are  obtained  in  the  previous  article. 

22.     Particular  illustrations  of  the  use  of  the  principle  of 
relative  velocities  and  relative  accelerations. 


(1)     A  point  P  describes  an   equiangular  spiral   unth 
uniform  angular  velocity  round  0,  and  a  point  Q  descril, 
equal  spiral  with  the  same  angular  velocity  round  P  •   it  is 
required  to  find  the  path  of  Q. 


O 

If  a  is  the  angle  of  the  spiral,  we  have  r  =  ae*00**,  and 
8  =  sec  o .  f  =  r$  coscc  a, 
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so  that,  if  fiOP  be  the  velocity  of  P,  in  the  direction  PT, 
pPQ  is  the  velocity  of  Q  relative  to  P  in  the  direction  QF, 
the  angles  OPT,  PQF  being  equal  and  constant. 

Hence  pOQ  is  the  actual  velocity  of  Q. 

Further  if  QE,  QF  represent  the  component  velocities  in 
direction  and  magnitude,  the  resulting  velocity  of  Q  is 
represented  by  QG  the  diagonal  of  the  parallelogram,  and 
the  angle  OQG  =  PQG  -  PQO  =  PQF  +  FQG  -  EGQ  =  PQF- 
hence  it  follows  that  the  path  of  Q  is  an  equal  spiral. 

(2)  A  circle  rolls  uniformly  inside  a  circle  of  double  tV.v 
radius ;  it  is  required  to  find  the  acceleration  of  any  carried 
point. 

If  P  be  the  carried  point  on  the  radius  CB,  and  if  OB 
produced  meet  the  circle  in  A,  it  follows,  since  the  angle 
QCB  =  2(705,  that  the  arcs  QA,  QB  are  equal. 

Therefore  A  is  a  fixed  point  and  B  moves  along  the  line 
AOA. 

Since  0(7,  CB  make  equal  angles  with  OA  it  follows  that 
the  angular  velocities  of  the  lines  00,  CP  are  equal. 

Hence,  if  o>  be  this  angular  velocity,  the  acceleration  of  C 
is  in  the  direction  CO  and  =  w2 .  CO,  and  the  acceleration  of 
P  relative  to  C  is  in  the  direction  PC  and  =  to2. P(7; 


therefore,   by  the   triangle   of   accelerations,   the   resulting 
acceleration  of  P  is  in  the  direction  PO  and  =  to2 .  PC/. 
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(3)     A  circle  rolls  on  a  straight  line;  it  is  required  to 
find  the  acceleration  of  the  point  of  the  circle  in  co>> 
the  line. 

If  d  be  the  angle  through  which  the  circle  has  rolled 
from  any  assigned  position,  and  a  the  radius  of  the  circle,  ad 
is  the  linear  space  traversed  by  the  centre  C  and  therefore  ad 
is  the  acceleration  of  the  centre. 

The  accelerations  of  the  point  of  contact  P,  relative  to  the 
centre  are  ad1  in  direction  PC,  and  ad  parallel  to  the  line  and 
in  the  direction  opposite  to  that  of  the  motion. 

Compounding  these  with  the  acceleration  of  C,  it  results 
that  the  acceleration  of  P  is  in  direction  PC  and  is  equal  to 
ad2,  or  to  ao>2,  if  a>  be  the  angular  velocity. 

This  result  may  otherwise  be  obtained  as  follows : 

Let  x  and  y  be  the  coordinates  of  the  point  initially  in 
contact;  then 

x  =  ad  —  a  sin  d,  and  y  =  a  —  a  cos  d, 
from  which  x  =  ad  —  a  (cos  d .  d  —  sin  d .  (P), 

y  =  a  (sin  d .  6 '  +  cos  d .  #*), 
and,  putting  d  =  0,  x  =  0,  and  y  =  ad*. 


CIRCLE   ROLLING   ON   A   CIRCLE. 
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We  hence  infer  that  if  p  be  the  radius  of  curvature,  at  the 
point  of  contact,  of  any  curve  rolling  on  a  straight  line,  the 
acceleration  of  the  point  of  the  curve  in  contact  with  the  line 
is  (0-p  in  the  direction  perpendicular  to  the  line. 

Or  we  can  give  a  proof  directly  from  the  definition  of 
acceleration. 

Let  the  curve  PQ  roll  on  a  straight  line,  the  point  P 
rising  from  the  point  A,  the  dotted  line  representing  its  path. 

When  at  A,  P  has  no  velocity,  and  when  Q  is  the  point 
of  contact,  and  is  therefore  the  instantaneous  centre,  the 
velocity  of  P  is  «  .  PQ  perpendicular  to  PQ. 

Taking  PQ  as  an  infinitesimal  arc,  and  E  as  the  centre  of 
curvature,  the  velocities  of  P  parallel  and  perpendicular  to 
the  line  are  a>  .  PQ  sin  80  and  &>  .  PQ  cos  86,  if  PEQ  =  2 


Hence,  if  8t  be  the  time,  the  accelerations  are  the  limits  of 

nr.  sin  86       ,      „  ~  cos  86  .  .,     ,      £         ,. 

<uPQ     g..     and  toPQ     g      ,  and,  as  PQ  =  p86,  the  first  of 
ot  ot 

these  ultimately  vanishes,  and  the  second  =  tarp. 

(4)  A  circle  of  radius  b  rolls  on  a  circle  of  radius  a  ;  it 
is  required  to  determine  the  acceleration  of  the  point  of 
contact. 
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Taking  the  arc  BP  equal  to  the  arc  AP,  and  o>  as  tin- 
angular  velocity, 


and  the  accelerations  of  P  relative  to  C,  in  the  direction  PC 
and  perpendicular  to  it,  are 

6o)Q  and  6o>. 

The  accelerations  of  C,  in  the  direction  CO  and 

dicular  to  it,  arc 

(a  +  6)  £  and  (a  +  6)  ft 

6»6>» 

or  -  r  and  bto. 

a  +  b 

Compounding  these  with  the  relative  accelerations  of  P, 
it  results  that  the  acceleration  of  P  is  in  the  direction  PC 
and  is  equal  to 

ab 

-  r  0)-. 

a  +  b 

Replacing  a  and  6  by  radii  of  curvature  this  expression 
gives  the  acceleration  of  the  point  of  contact  of  any  curve 
rolling  on  a  fixed  curve. 

23.  If  the  position  of  a  moving  point  P  be  defined 
by  the  length  r  of  the  tangent  PQ  to  a  given  curve,  and  the 
deflection  <f>  of  the  tangent, 

the  acceleration  parallel  to  PQ  relative  to  Q  =  r  —  r<j>*, 
and  that  of  Q  in  the  same  direction  =  's,  if  the  arc  OQ  =  8, 
/.  acceleration  of  P  in  the  direction  QP  =  f  —  rj>*  +  s, 
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and,  similarly,  acceleration  perpendicular  to  PQ 

s3 
=  r<j>  +  2r<j>  +  -, 

if  p  be  the  radius  of  curvature  at  Q. 

24.  A  point  moves  on  a  given  curve,  while  the  curve  turns 
round  a  fixed  point  in  its  plane:  it  is  required  to  find 
expressions  for  the  accelerations  of  the  point. 


If  OP  =  r,  the  accelerations  of  the  point  P  of  the  curve 
are  o>V  and  r&>  in  the  direction  PO  and  perpendicular  to  PO. 

If  the  moving  point  be  passing  over  the  point  P  its 
accelerations  are  those  of  P  compounded  with  its  accele- 
rations relative  to  P. 

These  relative  accelerations  are  due  to  the  angular 
motion  of  PT  and  to  the  motion  on  the  curve,  and,  in 
the  respective  directions  of  the  tangent  PT  and  the  normal 
at  P,  are,  if  s  be  the  arc  AP  measured  from  a  given  point  A 
of  the  curve, 

s* 
s  and  2<us  H — , 

P 
in  accordance  with  the  observation  of  Art.  (1 0). 
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If  we  take  0  to  represent  the  angle  AOP,  -7-  and  -- 
are  the  cosine  and  sine  of  the  supplement  of  the  angl<-  OJ'T. 

Hence  it  follows  that  the  accelerations  of  the  point  moving 
on  the  curve,  in  the  directions  of  the  tangent  and  normal  to 
the  curve,  that  is,  in  the  direction  PT  and  jHTpL-udicular  to 
it,  are  respectively, 

,7*.  J/3 

CtT        .       at/ 

8  —  tarr  -y-  4-  tor3  -j- , 
as  as 


and 


-  +  2<ws  +  to2?-2  -j-  +  wr  -r- . 
p  as          ds 


25.     These  results  can  also  be  obtained  by  help  of  the 
formulae  of  Art.  13. 


Taking  OA  and  the  line  Oy  perpendicular  to  it  as  axes  of 
x  and  y,  the  accelerations  of  the  moving  point  which  is 
passing  over  the  point  P  of  the  curve,  in  the  directions  Ox 
and  Oy,  are, 

x  —  yw  —  xor  —  2ya>  and  y  4-  xa>  —  yto*  -f  i 

dx 

Multiplying  the  first  of  these  expressions  by  -r-  and  the 

second  by  -j- ,  and  adding  them   together,  we  obtain 

CM 
acceleration  in  the  direction  PT,  and  this  becomes 
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..  dx     ..dy      .  (    dy        dx\        2  dr          / .  dy        dx\ 
ds        ds         \    ds        ds)  ds  \    ds      "  ds)' 

dx  .         .     dy  . 
JN  ow  x  =  -T-  s,       y  =  --i-s. 


ds        ds2  ds        ds* 

and  by  making  use  of  these  relations,  the  acceleration  tan- 
gential to  the  revolving  curve  takes  the  form, 

^de       «  dr 

s  +  wr^-j  --  «o2r  -j-  . 

as  as 

Similarly,  the  acceleration  in  direction  of  the  normal  at 
P  is  equal  to 

(l  11*  fi  I/ 

-  — 


(y  +  xd)  —  2/&>a  +  2x0))  -j  —  (x  —  y&  —  xaP  —  , 

as  as 

which  becomes 

s2      .    dr          nd6     a   . 
-  +  car  -r-  +  &)2r2  -=-  +  2ros. 
p  ds  ds 

It  is  also  an  instructive  exercise  to  obtain  these  ex- 
pressions by  taking  a  consecutive  position  P'  of  the  movii,^ 
point  on  the  curve,  when  twisted  through  a  small  angle  a&t, 
and  actually  resolving  its  velocities,  relative  to  P,  in  the 
directions  PT  and  perpendicular  to  it. 

The  changes  of  velocities  in  these  directions,  when  divided 
by  St,  will  in  the  limit  when  St  vanishes,  give  the  rates  of 
change,  that  is,  the  accelerations  in  those  directions. 


Motion  in  three  Dimensions. 

26.  If  ac,  y,  z  are  the  coordinates  of  a  moving  point  at 
the  time  t,  referred  to  a  system  of  fixed  axes  at  right  angles 
to  each  other,  x,  y,  and  z  are  the  distances  of  the  point  from 
the  planes  of  yz,  zx,  and  xy.  The  velocity  parallel  to  x  is 
the  rate  of  increase  of  the  distance  from  the  plane  yz,  and 

dsc 

therefore,  as  in  Art.  (3),  is  represented  by  -j-  or  x.     Similarly 

at 

y  and  z  represent  the  velocities  parallel  to  y  and  z. 


30 


PHOUOXOMY. 


If  u,  v,  and  w  are  these  velocities,  the  accelerations  pa- 
rallel to  the  axes  are,  by  the  same  reasoning  as  in  Art.  <  4  », 

,    ,  ,     du    dv        ,  dw 
represented  by  -j-  ,  -=-,  and  -7-  ,  or  u,  v,  and  w  ;  that  is,  they 

cPy    d*z 


27.     Case  of  a  point  moving  on  the  surface  of  a 
circular  cone. 


PN  being  perpendicular  to  the  axis,  let  OP  =  r,  and  the 
angle  between  the  moving  plane  NPO  and  a  fixed  plane 
AON  =  0,  and  let  Q  be  the  projection  of  P  on  a  plane 
through  0  perpendicular  to  the  axis  of  the  cone. 


r\  \r         - 
Acceleration  parallel  to  ON  =  —  -?-  —  =  -^—  cos  a  ......  (1). 

acceleration  in  direction  NP  =  that  of  Q  in  direction  OQ, 
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and  perpendicular  to  the  plane  NPO 


1  d  (  „  .  „  dd\  sin  a  d 
— • — ji  f*2  sin2  a -JT  I  =  -  - -r. 
r  sm  a  a£  V  a£/  r  a£ 


dt 


Multiplying  (1)  by  cos  a,  (2)  by  sin  a,  and  adding,  we  find 
that  the  acceleration  in  the  direction  OP 

d*r  (dO\* 

=  —-  —  r  sm2  al-jr)  =r  —  r  sm2  at/2. 
dtz  \dtj 

Multiplying  (1)  by  sin  a,  (2)  by  cos  a,  and  subtracting,  the 
acceleration  in  the  direction  of  the  normal  PG  to  the  surface 


=  r  sin  a  cos 


-T-     =  r  sm  a  cos 


28.     Case  of  a  point  moving  on  the  surface  of  a  sphere. 

OAC  being  a  fixed  plane,  and  00  a  fixed  radius,  and  PN 
being  perpendicular  to  00,  take  <£  as  the  angle  between  the 
planes  (MC  and  OPC,  and  6  as  the  angle  COP. 


The  accelerations  in  the  directions  ON,  NP  and  perpendi- 
cular to  the  plane  OPO  are  respectively 


and 


a  sin  6 


Multiplying  the  second  of  these  by  cos  0,  and  the  first  by 
sin  6,  the  difference  of  the  products  is  the  acceleration  in 
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direction  of  the  tangent  at  P  to  the  meridian  curve  GP,  and 
is  equal  to 

a6  —  a  sin  0  cos  6  .  <j>a. 

Similarly  the  acceleration  in  the  direction  PO  is  equal  to 
afr  +  a  sin'  0 .  <j>a. 

Also  the  acceleration  perpendicular  to  the  plane  OPC  is 
equal  to 

a  sin  0<j>  +  2a  cos  6 .  <j>0. 

29.     Case  of  a  point  moving  on  any  surface  ofrevr,J 

Take  cylindrical  coordinates  so  that,  when  P  is  the  posi- 
tion of  the  moving  point,  ON  =  z,  PN  =  r,  and  6  is  the  angle 
between  the  fixed  plane  AOz  and  the  moving  pi 


Then  the  accelerations  of  the  point  P  in  the  dire. 
,  NP,  and  perpendicular  to  the  plane  POz,  ar< 

z,     r  -  rfr,     rd  +  2r0. 

Hence  if  -^  is  the  inclination  to  Oz  of  the  tangent  TP  to 
the  meridian  curve  OP,  the  accelerations  in  the  direct i-m 


POLAR   COORDINATES. 


33 


TP,  in  the  direction  of  the  normal  PG,  and  perpendicular  to 
the  plane  POz  are  respectively 

z  cos  "\fr  +  (r  —  r02)  sin  i/r, 

z  sin  ty  —  (r  —  rfc)  cos  i/r, 

r'6  +  2r0. 

If  r=f(z)  is  the  equation  of  the  surface,  ty  is  given  by 
the  equation 

tan  *-*-/•(,> 

30.  In  the  general  case  in  which  the  position  of  a  moving 
point  at  any  time  is  defined  by  the  polar  co-ordinates  r,  0,  <f>, 
the  accelerations  of  P  in  the  directions  perpendicular  to  Oz 


in  the  plane  CPA,  and  perpendicular  to  that  plane,  are  the 
same  as  the  accelerations  of  Q,  and  are  therefore 

j-  (r  sin  0)  -  r  sin  0  (*g)  and       *      -£  (V'  sin<  0  %\ 
at*  \  dt  J  r  sin  0  dt  \  dtj 


the  former  in  the  direction  NP  and  the  latter  perpendicular 
to  the  plane  CPA. 


B.  D. 
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Also  the  acceleration  parallel  to  Oz 
d*.ON 


If  p,  T,  a-  be  the  component  accelerations  in  the  directions 
OP,  FT  perpendicular  to  OP  in  the  plane  CPA,  and 
perpendicular  to  that  plane,  it  follows,  oy  resolving  th«- 
above  accelerations,  that 

p  =  r  —  r&*  —  rtj)*  sin*  0, 

r  =  r'0  +  2r6  -  r<j>»  sin  6  cos  0, 

<r  =  r$sm0  +  2f<j>  sin  0  +  2r</>$  cos  6. 

31.     Accelerations  in  directions  of  the  tangent,  the  i>rincipnl 
normal,  and  the  binomial,  of  a  point  moving  in  a  tort 
curve. 

If  a,  y,  z  be  the  co-ordinates  of  the  point  referred  to  iix<  d 
rectangular  axes,  we  have 

dx  _  dx  f/x 
~dt~~ds  dt  ' 


d*x     d*sdx     fds\*d-x 
and  therefore          dt*  =  drfc  +  (dt)  ^  > 

dry  _  d*s  dy     fds\-  <Py 
~dt*~  dP~ds      \dt!  ds*' 


_ 

~~          dt         * 


Now    ;   t-ft-r  are  the  direction-cosines  of  the  tangent, 
ds    ds    ds 

and  if  p  be  the  radius  of  absolute  curvature, 
d?x       d*         d*z 


are  the  direction-cosines  of  the  principal  normal. 

The  above  equations  therefore  prove  that  the  roultant 
acceleration  of  the  point  is  compound'  •<  1  «  >f  the  acceleration    .  - 
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in  direction  of  the  tangent  and  of  the  acceleration  -  ( -^  ]   in 

p  \dt) 

direction  of  the  principal  normal. 

It  follows  at  once  that  there  is  no  acceleration  in  direction 
of  the  binomial. 

Or,  the  direction-cosines  of  the  binomial  being 
(dy  d?z     dz  d*y 


dx  d?y     dy 


if  we  multiply  the  above  equations  by  these  three  quantities 
respectively,  and  add  them  together,  the  right-hand  member 
vanishes  identically. 

These  results  can  also  be  obtained  by  the  considerations 
that  the  osculating  plane  is  the  plane  containing  two  con- 
secutive tangents,  and  that  the  consecutive  osculating  plane 
is  obtained  by  an  infinitesimal  twist  round  the  tangent. 

The  circles  PA,  PA'  in  the  accompanying  figure,  are 
consecutive  circles  of  curvature,  the  angle  between  their 
planes,  Srj,  being  the  angle  of  torsion,  and  the  circles  being, 
in  general,  small  circles  on  the  sphere  of  curvature.  The 
circles  may  be  in  certain  cases  coincident,  or  either  of  them 
may  be  a  great  circle. 

If  P'  be  a  consecutive  point  on  the  circle  PA',  Be  the 
angle  of  contingence,  that  is,  the  angle  between  the  tangents 
at  P  and  P',  v  the  velocity  at  P,  and  v  +  Bv  at  P', 


3—2 
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the  changes  of  velocity  in  directions  of  the  tangent  PT,  the 

|irin<'ipal  normal  PE,  and  the  binormal  an- 

(v  +  8v)  cos  8e  —  v,     (v  +  8v)  sin  Se  cos  &TJ, 
and  (v  +  Bv)  sin  8e .  sin  Brj ; 

dividing  by  Bt,  we  obtain  in  the  limit,  the  expi- 

dv       ,  v* 

and  - 

at  p 

from  the  first  two,  and  the  ratio  of  the  last  expression  to  Bt 
vanishes  in  the  limit. 

32.     We  have  considered  in  Art.  (7)  the  angular  velocity 
of  a  straight  line  moving  in  a  plane;  we-  shall  now  rind  it 
necessary  to  consider  the  angular  velocity  of  a  rigi 
of  lines  and  points  in  space. 

Definition. 

The  angular  velocity  of  a  rigid  system  about  an 
is  the  rate  of  increase  of  the  inclination  of  a  plant'   tixt-d 
in  the  system,  passing  through  the  axis,  to  a  plane  pa- 
through  the  axis,  fixed  in  space. 

Parallelogram  of  angular  velocities. 

Imagine  that  a  rigid  system  has  two  coexisten 
velocities    to,   o>'  about   two  axes   0^1,   OB.     Coi; 
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parallelogram  AOBC  such  that  OA  and  OB  are  in  the 
ratio  of  the  angular  velocities,  and  take  a  quantity  £1  such 
that 

OA  :  OB  :  00  ::  o>  :  o>'  :  H. 

If  P  be  any  point  in  the  plane  A  OB,  the  velocity  of  P, 
due  to  the  two  angular  velocities,  is  equal  to 

nPM+a'PN, 

perpendicular  to  the  plane. 

Now,  OACB  being  a  parallelogram,  we  know  that 
PL.OC  =  PM.  OA+PN.OB; 


and  therefore  the  velocity  of  P  =  fl  .  PL,  which  is  the  velocity 
due  to  an  angular  velocity  H  about  OC. 

The  line  00  therefore  represents  the  resultant  angular 
velocity. 

Hence  it  follows  that  angular  velocities  are  subject  to  the 
purallelogrammic  law,  and  can  be  compounded  and  decom- 
posed in  the  same  way  as  linear  velocities. 

In  other  words,  an  angular  velocity  is  a  vector. 

33.  If  a  rigid  system  be  in  motion  about  a  fixed  point, 
there  is  always  one  line  in  the  system  which  has  no  motion 
and  about  which  the  system  is  turning. 

It  is  clear  that  the  motion  of  the  sv.st.'iu  is  completely 
determined  by  the  motions  of  any  two  given  lines  OP,  OQ 
of  the  system.  Now,  at  any  instant,  OP  must  be  moving 
in  some  plane  and  therefore  must  be  turning  round  some 
straight  line  in  the  plane  through  OP  perpendicular  to  the 
plane  of  motion  of  OP. 

Similarly  OQ  must  be  turning  round  some  line  in  the 
plane  through  OQ  perpendicular  to  the  plane  of  motion 
of  OQ. 

If  then  OC  be  the  line  of  intersection  of  the  two  planes 
through  OP  and  OQ,  perpendicular  respectively  to  their 
planes  of  motion,  the  motion  of  the  system  is  completely 
represented  by  a  state  of  rotation  about  OC. 
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Any  state  of  motion  of  a  rigid  system  about  a  fix-  <1  \>»\u\ 
can   therefore  be  represented   by  a  single  angular  \\-\ 
about  an  axis  through   the  point,   or  by  thr< 
angular  velocities  about  three  axes  through  the  fix.  .1  ]><.im. 

And  generally  any  motion  of  a  rigid  system  in  space  can 
be  represented  by  the  motion  of  a  single  point  of  th 
combined  with  a  motion  of  rotation  about  an  axis  tin 
the  point. 

34.     Velocities  and  accelerations  of  a  point  referred  to 
three  moving  axes  at  right  angles  to  each  other. 

Let   01}  #„  0,  represent,   at   any   instant,   the   angular 
velocities  of  the  system  of  axes  about  the  axes  thernse 
or  rather,  about  the  lines  fixed  in  space  with  which  the  axes 
are,  at  the  instant,  coincident. 

If  u,  v,  w  be  the  component  velocities, 
w  =  velocity  of  P  relative  to  K  +  that  of  K  relative  : 
+  that  of  N  relative  to  0 


and  similarly 


v  =  y  —  zdl  +  x6it 
w  =  z  —  xQ*  +   Olf 


a. 

I 
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For  the  accelerations, 
let  OL  =  u,     OM=v,     ON=w 

represent  the  component  velocities ; 

then  the  accelerations  parallel  to  the  axes  are,  on  this  scale, 

the  velocities  of  P,  and  are  therefore 

v  -  wd-i  +  u03 
w  —  u0z  +  vOl . 

Or,  the  acceleration  of  P  relative  to  N,  in  the  direction 
Ox,  being  u  —  v03,  and  the  acceleration  of  N  in  the  same 
direction  being  wd.it  the  acceleration  of  P  parallel  to  Ox  is 
the  sum  of  these  two,  and  the  accelerations  parallel  to  Oy 
and  Oz  are  obtained  in  the  same  manner. 


EXAMPLES. 

1.  Assuming  that  the  earth  describes  a  circle  uniformly 
about  the  sun  in  a  year,  that  the  distance  of  their  centr< 
240  radii  of  the  sun,  and  that  the  radius  of  the  sun  is  100 
times  that  of  the  earth,  find  the  measure  of  the  velocity  of 
the  vertex  of  the  earth's  shadow,  taking  the  sun's  radius  as 
the  unit  of  length  and  a  year  as  the  unit  of  time. 

2.  If  one  point  move  uniformly  in  a  circle,  and  another 
move  with  equal  velocity  in  a  tangent  to  the  circle,  what  are 
their  relative  paths  ? 

o.  The  radius  of  the  earth  being  4000  miles,  the  latitude, 
X,  of  a  place  at  which  a  train  travelling  westward  at  the  rate 
of  1  mile  per  minute  is  at  rest  in  space  is  given  by 


4.  A  particle  B  describes  a  circle  uniformly  about  the 
fixed  point  A,  and  C  describes  a  circle  uniformly  in  the  same 
plane  about  B.  Find  the  motion  of  C  relative  to  A. 


4-0  \MPLES. 

A  circle  revolves  with  uniform  velocity  alioiit  its 
centre.  The  centre  moves  with  varying  velocity  along  a 
straight  line.  Find  the  velocity  parallel  to  this  line  at  any 
instant  of  a  point  on  the  circumference,  and  deduce 
acceleration  of  the  centre  necessary  for  this  point  to  be 
always  moving  at  right  angles  to  the  line. 

6.  A  point  moves  in  a  curve  in  such  a  way  that   its 
direction  of  motion  changes  at  a  rate  varying  as  the  vel< 
directly  and   the   whole   space   described   inversely.     Prove 
that  the  curvature  varies  inversely  as  the  arc. 

7.  A  wheel  revolves  uniformly  about  its  centre  C,  which 
is  fixed,  and  a  particle  A  moves  uniformly  in  a  straight  line 
through  the  centre;  describe  the  path  of  a  point  B  ii 
wheel  relative  to  A,  (1)  when  CA  is  in  the  plane  of  the  wheel, 
(2)  when  CA  is  perpendicular  to  that  plane. 

8.  If  the  resolved  parts  of  the  velocity  of  a  moving  par- 
ticle perpendicular  to  its  distances  from  two  fixed  points  are 
constant,  and  equal  to  one  another,  its  velocity  varies  as  the 
square  root  of  the  product  of  its  distances  from  these  poi 

9.  If  the  acceleration  of  a  falling  body  be  the  unit  of 
acceleration  and  a  velocity  of  60  miles  an  hour  the  unit  of 
velocity,  find  the  units  of  length  and  time. 

10.  In  two  different  systems  of  units  an  acceleration  is 
represented    by   the    same    number,    while    a    velocity 
represented  by  numbers  in  the  ratio  1  :  3.     Compare  the 
units  of  time  and  space. 

11.  Prove  that  the  locus  of  the  points  about  which  the 
angular  velocity  of  a  point  moving  in  any  manner  is,  a' 
same  instant,  the  same,  is  a  circle. 

12.  If  the  angular  velocity  of  a  particle  about  a  g 
point  in  its  plane  of  motion  be  constant,  prove   that  the 
transversal  component  of  its  acceleration  is  proportional  to 
the  radial  component  of  its  velocity. 

13.  If  the  velocities  of  a  point  parallel  and  perpendicular 
to  the  radius  vector  are  always  proportional  to  each  other, 
and  likewise  the  accelerations,  its  velocity  will  vai  \ 

power  of  the  radius  vector. 
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14.  If  the  velocity  of  a  point  be  resolved  into  any  number 
of  components  in  a  plane,  its  angular  velocity  about  any  fixed 
point  in  the  plane  is  the  sum  of  the  angular  velocities  due  to 
the  several  components. 

15.  If  the  angular  velocity  w  of  a  particle  about  the 
origin  is  constant,  and  the  '  rate  of  change  of  acceleration  '  is 
directed  wholly  along  the  radius  vector,  prove  that 


16.  A  point  P  moves  with  uniform  velocity  in  a  circle  ; 
Q  is  a  point  in  the  same  radius  at  double  the  distance  from. 
the  centre,  PR  is  a  tangent  at  P  equal  to  the  arc  described 
by  P  from  the  beginning  of  the  motion  ;   shew  that   thf 
acceleration  of  the  point  R  is  represented  in  magnitude  ami 
direction  by  RQ. 

17.  The  tangent  at  a  point  P  of  a  parabola  meets  the 
tangent  at  the  vertex  in  Y  and  the  axis  in  T.     If  Y  move 
with  uniform  velocity,  shew  that  T  moves  with  uniform  ac- 
celeration :  if  T  move  with  uniform  velocity,  the  velocity  of 
F  varies  inversely  as  A  Y. 

18.  If  the  time  is  a  quadratic  function  of  the  length  of 
the  path  of  a  moving  point,  prove  that  the  harmonic  mean  of 
the  initial  and  final  velocities  is  equal  to  the  velocity  at  the 
middle  point  of  the  path,  and  that  the  tangential  retardation 
is  proportional  to  the  cube  of  the  velocity. 

19.  Shew  that  it  is  possible  for  a  point  to  move  so  that 
the  velocity  at  any  time  shall  be  proportional  to  the  space 
described  from  a  fixed  origin  at  a  time  a  seconds  before,  and 
the  acceleration  at  any  time  shall  be  proportional  to  the 
velocity   a   seconds   after,   and   determine   the   law   of   the 
motion. 

20.  A  point  A  moves  in  a  straight  line,  and  a  second 
point  B  always  moves  towards'  A  and  keeps  at  a  constant 
distance  from  it.     Find  the  path  of  B  and  shew  that  its 
velocity  is  a  mean  proportional  between  the  velocity  of  its 
projection  on  the  path  of  A  and  the  velocity  of  A. 
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21.  A  point  movrs   in   an  ellipse  so  that  th> 
varies  as  the  square  of  the  diameter  parallel  to  the  diiv. 
of  motion:    prove   that   the  resultant   acceleration  at 
instant  will  be  in  the  direction  of  the  line  joining  the  point 
with  tin-  middle  point  of  the  perpendicular  from  tin-  centre  on 
tin-  tangent  at  the  point. 

22.  A  point  moves  in  a  plane  in  such  a  manm-i-  that 
its  tangential  and  normal  accelerations  are  always  equal,  ami 

its  velocity  varies  as  e1*""1';,  8  being  the  length  of  the  arc 
of  the  curve  measured  from  a  fixed  point ;  find  the  path. 

:i.'5.  If  a  curve  roll  in  contact  with  a  straight  line  with 
uniform  velocity,  shew  that  the  acceleration  of  the  point  in 
contact  with  the  straight  line  varies  inversely  as  p,  but  it' 
with  uniform  angular  velocity  directly  as  p ;  p  being  tin- 
radius  of  curvature  of  the  curve  at  the  point  of  contact. 

24.  A  curve  rolls  along  a  straight  line,  the  point   of 
contact  moving  uniformly  along  the  line.     Shew  that   tin- 
acceleration  of  the  centre  of  curvature  of  the  rolling  curve  at 

the  point  of  contact  is,  at  the  instant,  proportional  to  -  -,   . 

25.  Prove  that  the  angular  acceleration  of  the  direction 
of  motion  of  a  point  moving  in  a  plane  is 

v  dv      tf  dp 
p  ds     p 

26.  The  position  of  a  point  is  given  by  the  perpendiculars 
£,  77  on  two  fixed  lines  making  an  angle  a  with  each  other, 
prove  that  the  component  velocities  in  the  directions  of  f ,  // 
are  respectively 

(|  +  rf  cos  a)/sin8  a  and  (17  +  f  cos  a) 'sin'-  a. 

•11 .     A  point  moves  with  constant  linear  velocity  &></.  ami 
its  angular  velocity  about  the  pole  is  tar /a ;  shew  that  its  pat  h 
is  a  lemniscate  or  a  circle  and  explain  how  these  solution 
related.     Shew  further  that  its  acceleration  is  equal  to  3orr. 

If  the  axes  Ox  and  Oy  revolve  with  uniform  angular 
velocity  to,  and  the  component  velocities  of  the  point  (x,  y) 
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parallel  to  the  axes  be  Afx  and  B/'y,  then  the  square  of  the 
distance  of  the  point  from  the  origin  will  increase  uniformly 
with  the  time. 

29.  A  point  moves  in  a  plane  curve  and  sounds  as  it 
moves.     At  a  fixed  point  0  in  the  plane  the  whole  sound 
produced  is  heard  simultaneously.    Shew  (i)  that  if  the  point 
moves  uniformly,  the  curve  is  an  equiangular  spiral  —  (ii)  if 
the  velocity  of  the  point  vary  inversely  as  the  distance  of  C 
from  its  line  of  motion,  the  curve  is  a  reciprocal  spiral. 

30.  A  point  moves  in  the  arc  of  a  cycloid  so  that  the 
tangent  turns  uniformly  ;  prove  that  the  acceleration  of  the 
point  is  constant. 

31.  If  the  axes  Ox,  Oy  revolve  with  constant  angular 
velocity  «,  and  the  component  velocities  of  the  point  (xy} 
parallel  to  the  axes  are 

a-  -  b*  a-  -  l- 


prove  that  the  point  describes  relatively  to  the  axes  an  ellipse 
in  the  periodic  time 

TT    a-  +  6" 

to  '     ab 

32.  If  the  motion  be  referred  to  two  axes  one  of  which 
is  fixed,  and  the  other  revolves  about  the  origin  in  such 
a  way  that  the  line  joining  the  origin  to  the  particle  is 
equally  inclined  at  an  angle  \Q  to  the  axes,  shew  that  the 
component  acceleration  parallel  to  the  fixed  axis  (£)  is 


What  is  the  other  component  ? 

33.  If  the  radial  and  transversal  accelerations  of  a 
particle  be  each  proportional  to  the  velocity  in  the  direction 
of  the  other,  the  path  of  the  particle  is  given  by  an  equation 
of  the  form 


44 

34.  An  equilateral  triangle,  ABC,  turns  in  its  own  plane 
round  the  angular  point  A,  with  a  constant  angular  \elocity 
f(>,  and  a  point  P,  starting  from  B,  moves  along  BC  with  a 
e,,n-tant  velocity  v;  find  the  component  velocities,  ami  the 
eomponent  accelerations,  at  the  time  t,  of  the  point  in 
directions  AB  and  AC. 

:>">.     In  the  case  of  the  motion  of  an  area  in  ii- 
plane,  prove  that  the  component  accelerations  of  a  poi; 
the  distance  r  from  the  point  of  contact  of  the  fixed  and 
moving  centrodes  along  the  tangent  and  normal  to  its  path 
are 

cc  cc 

sin  Q   and  •/•<»*  --  —  ,  o>*  cos  6, 


, 

c  +  c  c  +  c 

where  c,  c'  are  the  radii  of  curvature  of  the  centrodes,  and  tf 
is  the  inclination  of  the  distance  r  to  the  common  normal 
of  the  centrodes*. 

36.  If  the  perpendiculars  from  a  point  P  on  ax< 

Oy  of  which  Ox  is  fixed,  and  Oy  revolves  uniformly,  are  £,  77 
respectively,  prove  that  the  accelerations  of  P  parallel  t> 
axes  at  the  instant  when  they  are  perpendicular  are 

77  —  2£o>  +  r)(D~,  and  £  ; 
the  angular  velocity  of  Oy  being  &>. 

37.  The   centre   C   of  an  elliptic  wire  is  moved  with 
uniform  velocity  along  a  fixed  line   CY  in   its  own    j 
whilst  the  wire  is  in  contact  at  P  with  a  fixed  line  7T 
perpendicular  to  CY;  shew  that  the  acceleration  perpen- 
dieular  to  PY  of  the  point  of  the    curve   in   contact   at 
Poc  ar~*y-^p-*,  where  CY  =  p,  and  x,  y  are  the  co-onli 

of  P  referred  to  the  axes. 

38.  A  point  moves  in  a  plane  with  an  angular  v. 

a),  and  the  plane  is  turning  round  the  radius  vector  with  an 
angular  velocity  to'  ;  prove  that  the  accelerations  in  the  i 
are  /'•  —  to'-r.  and  r<u  +  2ro>,  and  that  the  acceleration  perpen- 
dicular to  the  plane  is  ro>o>'. 

•')().     A  point  P  moves  on  a  straight  line  OP  which  is 
made  to  describe  uniformly  a  right  circular  cone  about  an 

•   Sec-  IJouli  ties  and  Glissettes,  Art.  60. 
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axis  OA,  while  OA  sweeps  out  uniformly  a  right  circular 
cylinder  ;  find  an  expression  for  the  acceleration  of  the  point 
P  in  the  direction  OP. 

40.  A  point  P  moves  so  that  its  velocity  is  compounded 
of  two  constant  velocities,  one  of  which  is  in  a  fixed  direction 
and  the  other  is  perpendicular  to  the  line  joining  P  to  a  fixed 
point.     Find  the  orbit  described  by  P. 

41.  A  plane  is  moving  about  an  axis  perpendicular  to  it, 
and  a  point  is  moving  in  a  given  curve  traced  on  the  plane  ; 
in  any  position  w  is  the  angular  velocity  of  the  plane,  v  the 
velocity  of  the  particle  relative  to  the  plane,  r  its  distance 
from  the  axis,  p  the  perpendicular  on  the  tangent,  s  the  arc 
described  along  the  plane  ;  prove  that  the  acceleration  along 
the  tangent  to  the  curve  is 

dv        do)\        ,  dr 


42.  The  position  of  a  point  is  determined  by  the  co-or- 
dinates x,  r,  where  r  is  the  distance  from  the  origin  of  the 
point  whose  rectangular  co-ordinates  are  #,  y  ;  shew  that  the 
component  accelerations  are 

uv       ,  .      oniv 

u-\  —  and  v  —   -—  , 
r  r2 

and  determine  u,  v  (the  component  velocities)  in  terms  of  x 
and  r. 

43.  The  position  of  a  point  is  given  by  the  co-ordinates 
x,  y,  r,  where  x,  y,  z,  r  have  their  usual  signification  relative 
to  rectangular  axes  ;  shew  that  the  component  accelerations 
in  the  directions  of  x,  y,  and  r  are 

uw  vw  uwx     vwy 

u-\  --  ,     v  4-  —  ,  and  w  --  ~  . 

r  r  r-         r3 

44.  A  circle  of  radius  a  rolls  on  a  fixed  circle  of  the 
same  radius.     If  0  and  G  are  the  centres  of  the  fixed  and 
moving  circles,  prove  that  the  accelerations  of  a  point  P  of 
the  rolling  circle  along  and  perpendicular  to  PG  are 

B  (         &  &\ 

2a  (26-  +  0  sin  0-fr  cos  0),  and  4a  sin  =  (  0  sin  -  -  fc  cos  -  )  . 

26  \  —  £  J 
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45.  Two  points  describe  the  rireuinti-ivnce  of  an  ellii 
with  velocities  which  are  to  one  another  in  the  ratio  of  the 
squares  on  the  diameters  parallel  to  their  K  -pn-t  i\  c  directions 
of  motion.     Prove  that  the  locus  of  the  point  of  inti  iM-rtion 
of  their  directions  of  motion  will  be  an  ellipse,  confocal  with 
the  given  one. 

46.  An  infinite  number  of  particles  are  arranged  a! 
a  curve  ;  they  move  normally  to  the  curve  with  \ 
which  are  always  proportional  to  the  perpendicular  from  the 
origin  on  the  tangent  to  the  locus  at  any  instant.     1' 
that  they  will  always  lie  in  a  similar  curve  with  the  origin 
for  a  centre  of  similitude,  and  that  if  they  move  so  a 
approach  the   origin,  they  will  reach  it  together  after  an 
infinite  time. 

47.  The  velocity  of  a  point  moving  in  a  plane  is  the 
resultant  of  two  velocities  v  and  v'  along  two  radii  v 

and  r  measured  from  two  fixed  points  at  a  distance  c  apart. 
Prove  that  the  corresponding  accelerations  are 


48.     Two  circles  are  taken,  and  the  motion  of  a  point  is 
given  by  the  component  velocities,  u,  u',  in  the  directions  of 
two   tangents   drawn   one  to   each   circle.     Shew  that   the 
component  accelerations  in  the  same  directions  are 
tively 

du         ,/l      cos  d>\        ,  du'         ,  (\      cos 
-  +  uu  (__  _^j  ttnd  -^  +  uu  (j-- 

where  I,  I'  are  the  lengths  of  the  tangents,  and  <f>  i*  their 
mutual  inclination. 


CHAPTER  IV. 

35.  THE  preceding  discussions  belong  to  the  domain  of 
pure  reason ;  we  have  now  to  introduce  the  facts  of  nature, 
and  to  employ  the  results  we  have  obtained  in  the  solution 
of  actual  cases  of  motion. 

For  this  purpose  the  laws  enunciated  by  Newton  are 
sufficient,  and,  once  enunciated,  the  solution  of  any  problem 
concerning  the  motion  of  a  body  or  a  system  reduces  itself  to 
the  integration  of  differential  equations  of  the  second  order, 
and  the  interpretation  of  the  solutions. 

The  introduction  of  the  principles  of  momentum  and  of 
energy  will  in  many  cases  enable  us  to  determine  the  motion 
of  a  body  or  a  system  in  a  simple  manner  and  without  the 
intervention  of  differential  equations  of  the  second  order. 

36.  A  particle  of  matter  is  supposed  to  be  a  very  small 
body,  but  possessing  a  sensible  mass  and  capable  of  being 
acted   upon   by   forces,  and,  for   theoretical   purposes,    two 
particles  are  supposed  to  differ  from  each  other  only  in  the 
case  of  their  having  different  masses. 

Force  is  any  cause  which  tends  to  change  the  state  of  rest 
or  motion  of  a  particle  or  a  body.  The  weight  of  a  body  for 
instance  is  the  force  of  the  action  of  gravity  upon  it,  and  is 
found  experimentally  to  be  proportional  to  the  mass  or  to  the 
quantity  of  matter  in  the  body. 

Experiments  cannot  be  made  with  particles,  such  as  we 
have  imagined,  but  experiments  made  with  bodies  of  various 
shapes  and  sizes  lead  to  the  enunciation  of,  and  belief  in 
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tlu-  laws  of  motion  as  applied  to  a  particle,  or  to  a  l>"dy  of 

any  kind  :  ami  tin-  P-nlts  of  theoretical  calculatio: 

l»v       ,i  riment,  and  applied,  on  a  large  scale,  to  the  mo- 

of  Planetary  Bodies,  have  led  to  a  profound  <  .,n\  i<-ti<ni.  in 

the  minds  of  students  of  mechanical  science,  of  the  truth  of 

these  laws. 


THE  LAWS  OF  MOTION. 

37.  First  Law  of  Motion. 

Every  body  continues  in  its  state  of  rest  or  of  uniform 
motion  in  a  straight  line,  except  in  so  far  as  it  is  c 
by  forces  acting  on  it  to  change  its  state. 

•ond  Law  of  Motion. 

Change  of  motion  is  proportional  to  the  acting  force,  and 
is  in  the  direction  in  which  the  force  is  acting. 

Third  Law  of  Motion. 

Action  and  Reaction  are  equal  and  opposi 

38.  With  regard  to  the  first  of  these  law-,  it   is  only 
necessary  to  remark  that  it  is  confirmed  by  the  perpetual 
experiences  of  all  ordinary  phenomena. 

Any  change  of  motion  of  a  body  is  seen  to  be  du»   t<»  tin- 
action  of  some  force,  and  the  more  we  can  eliminate  the 
action  of  external  force  the  more  nearly  we  find  tha; 
motion  of  a  body  approaches  to  that  of  uniform  motion  in  a 
straight  line. 

39.  The  Second  Law  contains  really  two  distinct  state- 
mei 

The  first  is  the  enunciation  of  the  principle  of  the  pl> 
independence  of  forces,  namely,  that  each  force  produr 
full  effect  in  its  own  direction. 

To  illustrate  this  consider  the  case  of  a  ball 
simultaneously,  two  impulses  in   different   direction^.     Sup- 
posing the  velocity  due  to  each   individual   impui 
applied  alone,  to  be  known,  then  the  second  law  tel. 
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the  ball  is  at  once  imbued  with  two  coexistent  and  given 
velocities  in  given  directions,  and  the  motion  of  the  ball,  due 
to  the  two  simultaneous  impulses,  is  immediately  determined 
by  the  parallelogram  of  velocities. 

The  second  is  the  quantitative  relation  between  the 
magnitude  of  the  acting  force  and  the  change  of  motion 
produced. 

Definitions.  If  m  be  the  mass  of  a  particle  and  v  its 
velocity,  the  product  mv  is  called  its  momentum  or  quantity 
of  motion,  and  the  rate  of  change  of  momentum  is  mv  or  mf, 
if  f  is  the  acceleration  of  the  particle. 

The  assertion  of  the  second  law  is  that  the  momentum 
produced  in  some  given  time  is  proportional  to  the  mag- 
nitude of  the  acting  force.  If  a  constant  force  P  acting 
on  a  body  of  mass  m,  produce  in  the  unit  of  time  the  velocity 
/,  mf  is  the  momentum  acquired  and  therefore 

Poem/ 

and,  if  we  choose  the  units  so  that  the  unit  of  mass  is  that  in 
which  the  unit  of  force  produces  the  unit  of  acceleration,  we 
obtain  P  =  mf. 

This  equation  really  contains  all  the  kinetics  of  a  single 
particle. 

In  any  case  whether  the  force  be  constant  or  variable, 
it  is  proportional  to  the  momentum  which  it  is  capable  of 
producing  in  a  given  time,  or,  which  is  the  same  thing,  to 
the  rate  of  change  of  momentum,  and  therefore,  in  general 

P  =  mf. 

Even  if  the  mass  which  is  acted  upon  be  variable,  the 
effect  of  force  upon  it  is  the  production  of  momentum, 
and  the  measure  of  the  force  is  the  rate  of  that  production, 

so  that  P  =  -T  (mv), 

or,  in  other  words,  force  is  the  time-flux  of  the  momentum. 

40.  Impulses.  We  have  spoken  of  an  impulse  as  an 
action  producing  velocity  instantaneously  in  a  given  mass, 

B.  D.  4 
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and  such  an  action  is  proportional  to  the  momentum  which 
is  apparently  at  once  produced  by  it,  so  that  if  Q  be  the 
measure  of  an  impulse  producing  a  velocity  v  in  a  n 

Q  =  mv. 

There  is  no  real  difference  between  a  momentum  produced 
gradually  and  a  momentum  produced  in  a  very  short  int.  i  \  al 
of  time. 

The  application  of  a  powerful  time-microscope  to  the 
latter  case  would  present  the  appearance  of  a  force  gradually 
accumulating  momentum,  and  the  final  result  is  that  which 
is  spoken  of  as  being  instantaneously  produced. 

If  P  be  the  measure  of  a  very  largjfr  and  variable  force 
acting  for  a  short  time  r,  and  producing  the  muiiR-ntum  mv, 

then  mv  =      Pdt. 


If  in  any  given  case  we  could  find  this  short  time  r,  then 
the  mean  value  of  the  measure  of  the  force  would  be  m  > 

The  expression  I    Pdt,  or  the  time  integral  of  the  force, 

Jo 

is  called  the  impulse  of  the  force,  or,  briefly,  the  impulse.  If 
the  time  r  be  infinitely  small,  and  the  force  P  infinitely  large, 
a  finite  momentum  mv  may  be  instantaneously  anjuiivd. 

41.  In  the  particular  case  of  the  action  of  gravity,  if  W 
be  the  weight  of  a  body,  and  g  the  acceleration  of  a  falling 
body,  it  follows  that 

W  =  mg. 

From  this  it  appears  if  we  take  a  pound  as  the  unit  of  mass, 
the  weight  of  a  pound  is  g  units  of  force,  BO  that,  g  being 
32  2  when  a  foot  and  a  second  are  units,  the  unit  of  force  is 
approximately  equal  to  the  weight  of  half  an  ounce.  This  is 
the  British  absolute  unit  of  force. 

42.  Parallelogram  of  for  >•*.     It'  a   particle   be   acted 
upon  by  two  known  forces  in  given  directions.  \\f  k; 

the  second  law  that  the  particle  has  co< 
dirt  rtions,  two  known  accelerations. 
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The  parallelogram  of  accelerations  gives  the  resultant  of 
these  two,  and  therefore  it  follows  that  the  resultant  of  the 
forces  follows  the  same  law,  and  the  parallelogram  of  forces 
is  at  once  established. 

43.  The  angular  momentum  of  a  particle  about  a  fixed 
axis  is  the  moment  of  its  momentum  about  the  axis ;  and 
therefore,  if  v  be  the  component,  perpendicular  to  the  axis,  of 
the  velocity  of  the  particle,  p  the  distance  between  the  axis 
and  the  line  of  this  velocity,  and  h  the  angular  momentum, 

h  =  mvp. 

Now  consider  the  motion  of  a  particle  in  a  plane,  and  let 
T  and  N  be  the  acting  forces  in  directions  of  the  tangent  and 
normal  to  its  path. 


YL. 


The  time-flux  of  the  angular  momentum  about  the  axis 
perpendicular  to  the  plane  through  the  fixed  point  0 

=  h  =  mvp  +  mvp. 

The  first  term  of  this  expression,  mvp,  is  equal  to  Tp 
and  represents  the  moment  about  the  axis  of  the  tangential 
force. 

4—2 


")2  ANGULAR 

During  an  infinitesimal  period  of  time  St,  the  velocity 
has  changed  to  v  +  8v,  and  the  direction  of  motion  has 
turned  through  an  angle  8$,  and  therefore  the  change  of 
momentum  in  direction  of  the  normal  PZ  is  m  (v  4-  &v)  sin  S<£, 
or  mvS<f>. 

Now,  if  OZ  be  the  perpendicular  on  the  normal 

vBp  =  v  .  OZ  .  &<(>, 
and  therefore  mv8p  =  mv8<f>  .  OZ. 

But,  N  being  the  normal  force  N8t  is  the  change  of 
momentum  in  direction  of  PZ,  and  therefore 

N&t  =  mvS(f>,  or  N  =  mv<f> 
and  consequently    mvp  =  mv<j>  .  OZ=  N.  OZt 
which  is  the  moment  of  the  normal  force. 
Hence  we  obtain 

h=T.OY+N.OZ, 

that  is,  the  time-flux  of  the  angular  momentum  is  equal  to 
the  moment  of  the  acting  forces. 

In  the  case  of  motion  in  a  tortuous  curv,  »r  in  ;m\ 
manner  in  three  dimensions,  the  same  result  is  true  if  the 
figure  represent  the  projection,  on  a  plane  perpendicular  t<> 
the  axis,  of  the  path  of  the  particla 

Other  methods  may  be  adopted  to  obtain  this  result. 

For  instance,  we  can  transform  to  polar  coord; 
observing  that  pSs  =  r'Bd,  each  being  the  double  of  the  area 
of  an  infinitesimal  triangle,  so  that 

h  =  mps  =  mr*^ 
and  A  = 


But  we  know  that  -  -r  (rVJ)  is  the  expression   for 

7*  ut 

transversal  acceleration,  and  therefore,  if  Q  be  the  transversal 
force  in  action, 

«="'• 
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so  that  h  =  Q  .  r, 

and  Qr  is  the  moment  of  the  acting  forces. 

If  A  be  the  vectorial  area,  or  the  area  swept  over  by  the 
radius  vector, 

A  =  ±1*6, 
and  therefore  h  =  2mA, 

and,  A  being  the  rate  at  which  area  is  being  swept  over  per 
unit  of  time,  h  is  the  product  of  a  mass  and  an  area,  and  also, 
being  a  vector,  or  directed  quantity,  it  can  be  represented  by 
a  straight  line,  and  is  subject  to  the  parallelogram mic  law. 

44.  The  third  law  expresses  the  fact  that  if  two  bodies 
act  on  each  other  in  any  way,  either  by  contact,  or  through  a 
connection  by  means  of  strings  or  rods,  or  by  mutual  attrac- 
tion or  repulsion,  the  force  which  one  body  exerts  on  another 
is  exactly  the  same  in  amount  but  opposite  in  direction  to 
that  which  the  other  body  exerts  on  the  one. 

Some  important  theorems  are  at  once  deducible  from  the 
third  law,  which  are  of  the  greatest  utility  in  the  discussion 
of  the  motion  of  systems  of  particles  or  bodies. 

Take  the  case  of  a  system  of  bodies,  attracting  or  repelling 
each  other,  acting  on  each  other  by  contact  for  a  finite  time, 
or  by  mutual  impulse.  In  this  case  any  momentum  which  is 
produced  or  destroyed  in  any  assigned  direction  is  accom- 
panied by  the  production  or  destruction  of  an  equal  momen- 
tum in  the  contrary  direction. 

ll'-nce  it  follows  that,  if  no  extraneous  forces  act  on  a 
system  of  bodies,  the  total  momentum  of  the  system  in  any 
assigned  direction  remains  constant. 

This  is  the  principle  of  the  conservation  of  linear  mo- 
mentum. 

Again  the  moments  of  two  equal  and  opposite  momenta 
about  any  straight  line  fixed  in  space  being  equal  and 
opposite  in  direction,  it  follows  that  the  angular  momentum 
((.lout  any  given  axis,  which  is  defined  to  be  the  sum  of  the 
moments  of  momenta  of  all  the  particles  of  the  system,  remains 
constant  provided  that  no  external  forces  act  on  the  system. 
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This   is   the   principle   of    the   conservation    of  ai._ 
momentum. 

45.  One  immediate  consequence  of  the  precedi 
is  that  if  no  extraneous  forces  act  on  a  syst. m,  i 

of  inertia  is  either  at  rest  or  moves  uniformly  in  a  straight 
line. 

For  if  %  be  the  distance  from   any  fixed   plane  of  the 
centre  of  inertia 

2  (m) .  t-  =  2  (mx), 

x  being  the  distance  from  the  plane  of  a  particle  m. 

This  gives 

2  (m) .  £  =  -  (mx), 

or  2  (m) .  £  is  equal  to  the  total  momentum  perpendicular  to 
the  plane,  and  as  this  is  constant,  £  is  constant  ;  and  the 
same  thing  is  true  of  any  other  direction. 

46.  Again,  as  any  acting  force  produces  momentum  in 
its  own  direction,  it  follows  that  the  sum  of  the  forces  a> 

on  a  system  in  any  assigned  direction  is  equal  to  the  rate  of 
the  change,  that  is  to  the  time-flux,  of  the  total  momentum 
of  the  system  in  that  direction;  and  that,  fur  inipu' 
actions,  the  sum  of  the  impulses  in  any  direction  is  equal  to 
the  immediate  change,  in  that  direction,  of  the  momentum  of 
the  system. 

Further,  since  the  aggregate  of  the  forces  which  are  at 
any  instant  acting  on  the  particles  of  a  system  have  for  th«-ir 
resultant  the  system  of  extraneous  acting  forces,  the  nun; 
of  these  two  systems  about  any  fixed  axis  are  equal 

But  the  former  are  producing  changes  of  angulai 
menta,  and  their  moments  about  the  fixed  axes  are  equal  to 
the  rates  of  change  of  the  angular  momenta  of  tin •  i 

Therefore  the  sum  of  the  moments,  about  any  t. 
of  the  extraneous  acting  forces  is  equal  to  the  rate  of  ch;t 
that  is,  to  the  time-flux,  of  the  angular  momenta 
system  about  that  axis. 
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For  impulsive  actions,  the  sum  of  the  moments  of  the 
extraneous  impulses  about  any  fixed  axis  is  equal  to  the 
immediate  change  in  the  angular  momentum  of  the  system 
about  that  axis. 

47.  We  now  see  that  the  principle  of  the  conservation 
of  angular  momentum,  as  stated  in  Art.  (40),  should  be,  more 
generally,  given  as  follows. 

If  the  extraneous  forces,  acting  on  a  system,  have  no 
moment  about  a  given  axis,  the  angular  momentum  of  the 
system  about  that  axis  remains  unchanged. 

48.  These  principles  of  motion,  which  are  derived  im- 
mediately from  Newton's  laws,  constitute  the  whole  of  the 
Kinetics  of  a  system. 

If  Q  be  the  linear  momentum  of  a  system  in  any  direction, 
and  P  the  sum  of  the  acting  forces  in  that  direction,  the 
connecting  equation  is 

«=p. 

If  H  be  the  angular  momentum  about  any  assigned  axis, 
fixed  in  space,  and  L  the  sum  of  the  moments  of  the  acting 
forces  about  that  axis,  the  connecting  equation  is 

H  =  L. 

For  impulsive  actions,  the  corresponding  equations  will 
be,  if  Q',  H'  be  the  new  values  of  Q  and  H, 


K  and  G  being  the  sums,  in  the  directions  considered,  of  the 
impulses  and  impulsive  couples. 

It  will  be  seen  that  linear  momentum  and  angular  mo- 
mentum are  quantities  of  the  nature  of  vectors  ;  that  is,  they 
can  be  represented  by  straight  lines,  and  are  subject  to  the 
parallelogrammic  law. 

49.  A  rigid  body  is  considered  to  be  an  aggregation  of 
particles,  or  molecules,  bound  together  by  the  forces  of 
internal  mutual  attractions  which  are  in  all  cases  equal  and 
opposite. 

It  follows  therefore  from  the  preceding  articles  that  the 
linear  and  angular  momenta  imparted  to  a  rigid  body  by  any 
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extraneous   forces   are   independent   of  the   shape,  size 
nature  of  the  body,  but  depend  only  on  the  acting  i'.>! 
and  hence  that  the  motion  of  the  cvnhv  of  gravity  <>f  'a  body 
is  the  same  as  if  it  were  a  single  particle  into  which  is 
concentrated   the   mass   of  the   body,   and  the  rotation  of 
the  body  about  the  centre  of  gravity  is  independent  of  the 
motion  of  that  point,  and  depends  on  the  moments,  about 
axes  through  it,  of  the  acting  forces. 

50.  We  can  now  state,  in  general  terms,  the  principles 
embodying  the  preceding  discussions. 

The  forces  affecting  the  particles  of  a  body  or  syst> 
any  kind,  are  the  extraneous  acting  forces,  and  the  internal 
forces,  due  to  mutual  pressures,  or  to  mutual  repulsions  or 
attractions,  and  these  systems  together  are  the  exact  equi- 
valents of  the  system  of  time-fluxes  of  momenta. 

But  the  system  of  internal  forces,  which  is  made  up  of 
sets  of  equal  and  opposite  forces,  has  no  resultant,  and  there- 
fore it  follows  that  • 

The  system  of  time-fluxes  of  momenta  is  the  exact  e>. 
lent  of  the  system  of  acting  forces. 

The  time-fluxes  of  momenta  of  the  particles  of  a  s\ 
are  sometimes  called  the  effective  forces  of  the  parti  • 

In  exactly  the  same  manner  it  follows  that,  when  impul- 
sive forces  are  applied  to  a  body  or  a  system  of  bod: 

The  system  of  changes  of  momenta  is  the  exact  equivalent 
of  the  system  of  applied  impulses. 

The  changes  of  momenta  of  the  particles  of  a  system  are 
sometimes  called  the  effective  momenta  of  the  parti' 

51.  Energy  is  capacity  for  doing  work,  and  a  sy.-t  i-m  may 
possess  energy  of  motion,  or  energy  of  position,  or  both,  the 
former  being  due  to  the  relative  motions  of  the  bodies  which 
constitute  the  system,  and  the  latter  to  their  relat 

tions. 

The  energy  of  motion  is  called  Kinetic  energy  and  is 
measured  by  the  expression  ^  2  (mv*),  v  being  the  velocity  of 
a  body,  m,  of  the  system. 


ENERGY.  57 

As  applied  to  a  single  particle  in  a  field  of  force,  if  P  be 

D  dvds          dv        d 

the  acting  force,  P  =  mv  =  m -,- -r  =  mv  -j-  =  %  -r  (mv), 

so  that  force  is  measured  by  the  space-flux  of  the  kinetic 
energy. 

The  energy  of  position,  or  the  Potential  energy,  of  a 
system  is  the  work  which  it  is  capable  of  doing  in  virtue  of 
its  configuration,  that  is,  the  relative  position  of  the  bodies 
of  the  system,  or  it  is  the  work  which  it  would  be  necessary 
to  expend  upon  it  in  moving  it  from  a  certain  defined  con- 
figuration to  its  present  configuration,  it  being  understood 
that  the  work  done  by  a  force  is  the  product  of  the  force  by 
the  space  through  which  it  is  exerted. 

Suppose  for  instance  that  two  equal  spherical  balls,  each 
of  mass  7?i  and  radius  a,  attract  each  other  with  a  constant 
force  P,  and  that  they  are  placed  at  rest  with  their  centres  at 
a  distance  2c. 

If  the  zero  configuration  be  when  they  are  in  contact,  the 
work  P  (2c  —  2a)  must  have  been  done  to  separate  them. 
This  is  the  initial  potential  energy  of  the  system  of  the  two 
balls,  their  kinetic  energy  being  initially  zero. 

The  system  being  left  to  itself,  the  balls  will  approach 
each  other,  and  when  their  centres  are  at  a  distance  2#,  the 

p 
kinetic  energy  of  each  is  £  m .  2  —  (c  —  x),  and  therefore  the 

kinetic  energy  of  the  system  is  2P  (c  —  x).  But  in  this  con- 
figuration the  potential  energy  of  the  system  P(2#  —  2a). 
The  sum  of  the  kinetic  and  potential  energies  is  therefore 
P(2c  —  2a),  and  is  constant  during  the  motion. 

For  another  instance  take  the  case  of  two  balls  connected 
by  an  elastic  string  and  pulled  apart ;  potential  energy  is 
thus  stored  up,  and  if  the  balls  be  let  go,  kinetic  energy  is 
acquired  which  is  the  exact  equivalent  of  the  loss  of  potential 
energy  due  to  the  contraction  of  the  string. 

52.  The  preceding  is  a  very  simple  case  of  a  great 
general  principle,  which  we  now  proceed  to  enunciate. 
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The  Principle  of  energy.  In  any  consermtirc  system  the 
sum  of  the  kinetic  and  potential  energies  is  a  constant  ijuaittity. 

As  applied  to  a  mechanical  system,  the  meaning  is  that, 
in  a  conservative   system,   there   is   no   loss  ol 
conversion  of  kinetic  energy  into  heat,  or  by  internal  fri< 
producing  loss  of  kinetic  energy  without  gain  of  potential 
energy. 

There  is  no  doubt  that  in  any  system  the  principle  is 
universally  true  and  that,  in  all  cases,  any  loss  of  ordinary 
mechanical  energy  is  accounted  for  by  its  conversi.m  int<> 
heat  or  some  other  form  of  energy. 

In   other  words  we  may  say  that  the  gain  of  kin.  tit- 
energy  of  a  system  is  equal  to  the  work  done  by  the  f> 
of  the  system,  which  is  in  effect  the  loss  of  potential 

53.    For  a  single  particle,  since  P  =  mv,  we  obtain 

Pv  =  77i vv  =  %  -r  (mv3). 
CM 

Since  v  =  s,  the  left-hand  member  of  the  equation  re- 
presents the  rate  at  which  work  is  being  done,  and  the  right- 
hand  member  is  the  rate  of  increase  per  unit  of  time,  or 
the  time-flux,  of  the  energy.  Hence  it  follows  that  the  w«  >rk 
done  in  any  time  gives  the  change  of  kinetic  energy  during 
that  time. 

Further  it  follows  that,  in  a  conservative  system ,  that  is, 
in  a  system  in  which  there  is  no  transformation  into  heat  or 
other  forms  of  energy,  the  change  in  the  kinetic  energy 
of  the  system  is  entirely  due  to,  and  is  measured  by  the 
work  done  by  the  acting  forces. 

Internal  friction,  collisions  and  explosions  may  produce 
or  destroy  energy,  but,  in  what  we  have  called  a  conservative 
system,  such  modes  of  developing  or  losing  energy  are  not 
supposed  to  exist  In  fact,  from  a  mechanical  point  of  view, 
forces  of  the  character  referred  to  are  of  the  nature  of  forces 
extraneous  to  the  system,  by  means  of  which  the  total  energy 
of  the  system  may  be  increased  or  diminished. 

64    In  the  chapter  of  the  Principia  on  "  Axiomat 
Leges  Motus,"   the   concluding  paragraph,  which   is 
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quoted  in  support  of  the  Law  of  Energy  as  a  fundamental 
law  is  the  following  : 

Nam  si  sestimetur  agentis  actio  ex  ejus  vi  et  velocitate 
conjunctim  ;  et  similiter  resistentis  reactio  aestimetur  con- 
junctim  ex  ejus  partium  singularum  velocitatibus  et  viribus 
resistendi  ab  earum  attritione,  cohaesione,  pondere,  et  ac- 
celeratione  oriundis ;  erunt  actio  et  reactio,  in  omni  instru- 
mentorum  usn,  sibi  invicem  semper  sequales.  Et  quatenus 
actio  propagatur  per  instrumentum,  et  ultimo  inprimitur 
in  corpus  omne  resistens,  ejus  ultima  determinatio  determi- 
nation! reactionis  semper  erit  contraria. 

This  passage  really  shadows  forth  the  principle  of  energy 
in  its  modern  form,  and  indeed  states  the  principle  as  fur  as 
it  could  be  stated  at  the  time  when  the  Principia  was 
written. 

It  was  not  until  Count  Rumford  began  to  make  obser- 
vations, and  to  draw  inferences  from  his  observations,  followed 
by  a  host  of  other  investigators,  that  the  principle  of  energy 
presented  itself  in  the  form  which  now  renders  it  the  one 
principle  of  the  greatest  utility  in  the  discussion  of  natural 
phenomena. 

The  magnificent  intuition,  which  forms  the  opening 
chapter  of  the  Mecanique  Analytique,  and  is  the  basis  of 
operations  of  that  great  work,  is,  in  effect,  only  a  particular 
case  of  the  general  principle  of  energy. 

55.  The  preceding  discussions  of  this  chapter  are 
sufficient  for  the  purposes  of  the  present  treatise ;  but  for 
elaborate  accounts,  historical  and  critical,  of  the  laws  of 
motion  and  the  science  of  energy,  the  student  will  consult 
the  Natural  Philosophy  of  Sir  W.  Thomson  and  Professor 
Tait. 

The  student  will  find  valuable  expositions  of  the  same 
ideas,  from  elementary  points  of  view,  in  Matter  and  Motion 
by  the  late  Professor  Clerk  Maxwell. 
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Formation  of  the  equations  of  n<  ,        cfe. 

56.     We  hence  see  that  the  solution  of  any  probl< 
the  motion  of  a  particle  depends  upon  the  equation 

P  =  mf. 

If  x,  y,  z  be  the  coordinates  of  a   particle  r 
three  fixed  axes,  and  mX,  mY,  mZ  be  the  component  1 
parallel  to  those  axes,  then,  since  the  acceleration  iit 
direction   is   entirely   due   to   the   resultant   force   in    that 
direction,  the  equations  of  motion  are 

mx  =  mX,   my  =  mY,  mz  =  mZ. 

If  the  axes  are  in  motion  about  the  origin,  the  equations  are, 
dividing  by  m, 

u  —v0t  +  w0,  =  X 

v  -  w0l  +  u0s  =  Y 

w  —u0t  +  v0!  =  Z. 

If  we  refer  to  the  tangent,  the  principal  normal  and  the 
bmormal,  the  equations  are 

s  =  S,-  =  N,o  =  T, 
P 

the  forces  in  the  respective  directions  being,  mS,  mN,  and 
mT. 

If  we  use  cylindrical  coordinates,  the  equations  are 

f-rfc  =  R,  r8  +  2r0  =  T,  z  =  Z, 
in  R,  mT,  and  mZ  being  the  forces. 

And,  if  we  use  any  other  system  of  representing  the  ac- 
celerations the  equations  are  formed  in  the  same  manner. 

The  integration  of  these  equations,  and  the  determination 
of  the  constants  of  integration  by  means  of  the  initial 
circumstances  of  motion,  constitute  the  solution  of  the 
(jut  stion  under  discussion. 

67.  Equations  of  motion  of  a  particle  wlu-n  impulsive 
forces  are  applied  to  it. 
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If  u,  v,  w  are  the  velocities  of  the  particle,  parallel  to 
three  directions  at  right  angles  to  each  other,  just  before, 
and  u',  v',  w  just  after  the  application  of  the  impulses,  the 
equations  of  motion  are 

m  (u'  —  u)  =  P,  m  (v'  —  v)  =  Q,m  (w'  —  w)  =  R, 
P,  Q,  R  being  the  measures  of  the  impulses. 

58.     Equations  of  motion  of  a  system  of  particles. 

The  inferences  which  have  been  drawn  from  the  laws  of 
motion,  when  expressed  in  mathematical  forms,  give  the 
equations  of  motion  of  a  system. 

Thus  if  m  be  the  mass  of  a  particle  of  the  system,  whose 
coordinates  are  x,  y,  z,  the  rates  of  change  of  momenta 
parallel  to  the  axes,  or  effective  forces,  are  mx,  my,  and  mz. 

We  have  shewn  that  the  system  of  these  quantities  is 
exactly  equivalent  to  the  system  of  acting  forces. 

If  then  X,  Y,  Z,  be  the  sums  of  the  acting  forces  resolved 
parallel  to  the  axis,  and  L,  M,  N,  the  sums  of  the  moments 
of  these  forces  about  the  axes,  we  at  once  obtain 
2m#  =  X,  2m$  =  Y,  2m^  =  Z, 

2m  (yz  —  zy)  =  L,  2m  (zx  —  x'z)  =  M,  2m  (xy  —  yir)  =  N. 

In  the  case  of  impulsive  forces  applied  to  a  system,  we 
have  to  express  the  equivalence  of  the  system  of  changes  of 
momenta,  or  effective  momenta,  and  the  system  of  applied 
impulses. 

If  P,  Q,  R  are  the  sums  of  the  applied  impulses  parallel 
to  the  axes,  and  if  U,  V,  W  are  the  sums  of  the  moments  of 
these  impulses  about  the  axes,  we  obtain 

2m  (u!  -u)=P,  2m  (v'  -v)  =  Q,  2m  (w'  -w)  =  R, 
2m  {(w'  —  w)y  —  (v'  —  v)  z\  =  U, 
2m  {(u'  —  u)z  —  (w'  —  w)  x\  =  V, 
2m  {(v'  -v)x-  (u'  -u)y}  =  W. 

As  in  the  case  of  a  particle  these  sets  of  equations  can  be 
presented  in  various  forms,  and  in  subsequent  chapters  some 
of  their  applications  and  developments  will  be  considered. 

At  present  they  are  placed  on  record,  as  being  immediate 
consequences  of  Newton's  Laws  of  Motion. 
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RECTILINEAR  MOTION. 

59.  THE  simplest  case  of  motion  is  that  of  a  particle  in 
a  straight  line  under  the  action  of  forces  in  that  line,  and  the 
equation  of  motion  in  that  case  is 

fti'x  =  vnX. 
If  the  force  be  constant  and  equal  to  wift 

x  —f  and  x  =ft  +  u, 
u  being  the  initial  velocity. 

Integrating   again,  a;  =  \fV  +  ut  +  a,  if  a  be  the  initial 
value  of  as. 

The  equation  may  also  be  written  in  the  form 

dv      . 

"•&"/' 

leading  to  \tf  =  £w*  +/R, 

60.  Motion  of  two  weights   connected   by  a  fine  string 
passing  over  a  smooth  fixed  pulley. 

If  m,  m'  be  the  masses,  T  the  tension  of  the  string  and  jc 
the  distance  of  m  from  the  pulley, 

mx  =  mg  —  T, 

and  similarly  a  —  x  being  the  distance  of  the  otlu  i  weight, 
-  m'x  =  m'g  -  T. 
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Solving  these  equations  we  find  that 


x= 


,   m     Zmm'q 
,0,  and  T  =  —   —  *. 
* 


,, 

m  +  m  *  m  +  7/1 

61.  Motion  of  a  particle,  initially  at  rest,  acted  upon 
by  a  force  to  a  fixed  point  varying  as  the  distance  from  that 
point. 

If  the  force  be  mp^c,  the  equation  of  motion  is 

£  =  —  fix 

or  x  +  px  =  0, 

the  solution  of  which  is 

x  =  A  cos  "Jfit  +  B  sin  ^fp.t, 
this  gives 

x  —-  —  A  \Tjj,  sin  *ffj.t  +  B  V/z,  cos  V/u^. 
If  initially  x  =  a,  and  x  =  0  ;  then  5  =  0, 
and  x  =  a  cos  */fit 

The  interpretation  of  this  equation  is  that  the  particle 
oscillates  through  the  centre  of  force  between  the  positions 
x  =  a  and  x  =  —  a,  the  time  of  a  complete  oscillation  being 

27T 

V>' 

If  we  multiply  the  equation  of  motion  by  2x  and  integrate, 
we  obtain  a?  =  //,  (a3  -  a?), 

shewing  as  before  that  the  velocity  vanishes  when  x=±a. 
If  the  force  be  repulsive  the  equation  of  motion  is 

x  =  fj-o;,  or  x  —  fix  =  0, 
leading  to 

this  gives 


and  introducing  the  initial  conditions  we  find  that 
a  =  A  +  B,  and  0=A-B, 
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so  that         x=e^t  + 


As  before  we  can  obtain  the  velocity  at  once  in  terms  of 
the  distance  from  the  equation,  or*  =  /j,  (a?  —  a"). 

62.  Motion  of  a  particle,  initially  at  rest,  under  the 
action  of  a  force  varying  inversely  as  the  square  of  the 
distance  from  a  faced  point. 

In  this  case,  the  force  being  supposed  attractive, 

x  =  —  fjjr*. 
Multiplying  by  2#,  and  integrating,  we  obtain 

1  ..  dt  1      /  ax 

-  ar1  =  //,  (or1  —  a  M,  or  -j-  =  +  -T=^\  /  - 

2  dx     -V2//V  a-x' 

where  a  is  the  initial  distance  of  the  particle  from  the  centre 
of  force. 

Assuming  that  the  motion  is  towards  the  centre  of  force, 
we  must  take  the  negative  sign,  and  we  then  have 


t  =  0,  x  =  a,  and  /.  C  =  0, 


Putting  x  =  0,   we   obtain    the    time   from   the    i  ; 
position  to  the  centre  of  force,  which  is 


TT     /o» 
2V  2/*' 


At  this  point  the  velocity  is  infinite,  and,  as  tho  partible 
passes  through  the  centre  of  force,  the  direction  of  the 
force  changes,  and  the  motion  of  the  particle  is  retarded. 
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Imagine  now  that  the  particle  is  projected  away  from  the 
origin  at  the  initial  distance  c  (less  than  a)  with  the  velocity 

^(c^-cr1). 

The  equation  of  motion  is  the  same,  and  we  obtain 

C. 


Initially  sc  =  c  and  x  =  V2/A  (c"1  —  u~l) 

C  =  -na-\ 
^x-  =  p  (x-1  —  a~J), 


and  x  =  *J2fjL  (ar1  —  a"1), 

taking  the  positive  sign  as  the  motion  is  outwards.  This 
shews  that  the  motion  is  exactly  reversed,  and  that  the 
particle  will  traverse  the  distance  from  x  —  c  to  x  =  a  and 
then  come  to  rest,  the  time  being  exactly  the  same  as  in  the 
inward  motion  from  x  =  a  to  x  =  c. 

This  is  an  instance  of  Mechanical  Reversion,  and  hence  it 
appears  that  the  particle,  in  the  first  case,  on  arriving  at  the 
centre  of  force,  will  pass  through  and  repeat  its  previous 
motion  in  exactly  the  reverse  order,  and  thus  perform 
complete  oscillations  in  the  time 


63.  We  have  found  that  in  the  case  of  Art.  (Gl),  tho 
time  to  the  centre  of  force  is  independent  of  the  initial 

distance,  and,  in  the  case  of  Art.  (62),  is  proportional  to  a  . 

The  consideration  of  dimensions  enables  us  to  predict 
each  of  these  results. 

In  each  case,  if  a  be  the  distance  and  /z  the  acceleration 
at  the  unit  of  distance,  the  time  must  depend  upon  a  and  fi. 

In  the  first  case,  if  we  assume  that  t «  apnq,  and  observe 
that  t  is  of  no  dimensions  in  line,  and  that,  px  being  an 
acceleration,  /z  is  of  no  dimensions  in  line,  and  of  —  '2 
dimensions  in  time,  we  see  that 

p  =  0  and  1  =  —  2q, 

so  that  t  «  -7-  and  is  independent  of  the  distance. 
V> 

B.  D.  5 
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In  the  second  case  p.  is  of  three  <limenMi>ns  in  h: 

is  au  acceleration,  and  therefore 

p  +  3g  =  0,  and  1  =  -  '2<j, 

a* 

so  that  t  o=  -7-  . 

V/x 

Conversely,  if  the  time  to  the  centre  be  independent  <>f 
the  initial  distance,  and  depend  only  upon  fi,  and  it 
assume  that  the  force  is  proportional  to  some  power  of  tin- 
distance,  say  the  nth  power,  then,  pop  representing  an  accelera- 
tion, which  is  of  one  dimension  in  line,  and  /*  being  a 
function  of  the  time  only,  it  follows  that  n  =  1,  so  that,  if 
the  force  vary  as  some  power  of  the  distance,  the  only 
possible  law  is  that  of  the  direct  distance. 

64.  Motion  of  a  particle,  initially  at  rest,  under  the. 
attraction  of  a  solid  sphere,  the  particles  of  which  attract 
according  to  the  law  of  nature. 

If  p  be  the  mass  of  the  sphere  and  m  the  mass  of  tin- 
particle,  the  force  on  the  particle  when  outside  at  a  tlis 
r  is  rtifj.r~a,  and  the  case  is  therefore  solved  in  the  preceding 
article. 

If  however  the   particle,  on  arriving  at  the  sphere,  be 
supposed  to  enter  into  a  fine  straight  tube,  in  the  line  of  its 
motion,  passing  through  the  centre,  the  force  at  the  dist 
/-,  less  than  the  radius  of  the  sphere,  is 

7T/J7-3  -:-  r3,  or     Trpr,  or      r, 


p  being  the  density  of  the  sphere,  and  a  its  radius. 

This  being  proportional  to  the  distance  the  motion  inside 
the  sphere  is  determined  as  in  the  case  of  Art.  (61). 

If  b  is  the  initial  distance  of  the  particle  from  the  centre 
of  the  sphere. 

dt 


dr        V2/tt  V  b  -  r ' 
BO  long  as  the  particle  is  outside  the  sphere. 
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Hence  the  time  from  the  iuitial  position  to  the  surface  of 
the  sphere 

br~'  , 


and,  putting  r  =  b  cos3  $,  we  obtain  the  time  in  the  form 
/  b3  (      _j     /a     Va6  —  a8) 

V2^r  V&  +  ~i   r 

For  the  motion  inside  the  sphere,  r  =  —  fM~zr\ 

•        LL  i  oo  *"""  *»(X  \      LL¥~ 
•  ij»-  —  —  i i  _  — 

a(      b      J      a3' 
observing  that,  when 


6-o)» 
r-a.  r  — 


Hence  it  follows  that  the  time  from  the  surface  to  the 
centre  of  the  sphere  is 

6" 


If  the   tube   extend  through  the  sphere  the  time  of  a 
complete  oscillation  is 

aft  (6  -a)         /a5  . 

~—         "" 


65.  Motion  in  a  straight  line,  in  which  a  centre  of  force, 
the  attraction  to  which  varies  as  the  distance,  is  moving  trt'.h 
a  given  constant  acceleration  f. 

If  the  original  position  of  the  centre  of  force  be  taken  as 
the  origin,  the  equation  of  motion  is 


or,  if  x  —  \ft"  =  r, 

r  +  f—  —  pr,  or  r  +  n  f  r  +  *-  J  =0, 

the  solution  of  which  is 

f 
r  +  —  =  A  cos  V/it  +  B  sin  V/xf. 

5—2 
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Introducing  tli<-  initial  conditions,  we  fiiul  A   ami  / 
thus  determine  x  in  terms  of  the  time. 

66.     Motion  of  a  heavy  particle,  suspended  from  a  fixed 
point  by  an  elastic  string. 

If  x  be  the  length  at   the  time  t,  and    T  the  t( : 
the  equation  of  motion  is 

mx  =  mn  —  T  =  my  —  X  —    — ,  by  Hooke's  Law, 

a 

«+.i(._a_=s)_a 

ma\  X  / 

maq 
whence       x  —  a r*  =  A  cos , 

Suppose  that  initially  the  particle  is  held  at  the 
a,  the  natural  length  of  the  string,  and  then  let  go ;  that  is, 
when  t  =  0,  let  x  =  a,  and  x  =  0,  then 


as  =  a  +  ^^  (1  -  cos  A  /  —  t]  . 
\    \  v  ma  J 

This  shews  that   the   particle  descends  through  the  s; 
2a  —  -  ,  and  then  rises  again  to  its  initial  position  and  con- 

A, 

tinues  to  oscillate,  the  time  of  a  complete  oscillation  l> 


ma 


The  range   of  oscillation   can  be   obtained   at   on 
the  principle  of  energy,  for  the  particle  will  fall  until  th«- 
gain  of  potential  energy  developed  by  extension  is  equal  to 
the  loss  of  potential  energy  due  to  the  fall. 

Now  the  potential  energy  of  a  stretched  elastic  string 

=  £  (Tension)  (Extension), 
and  therefore,  if  z  be  the  total  fall, 


-z  =  mgzt  or  2  =  2a—   . 


67.     Fall   of  a   heavy  particle  in  a   resisting   medium 
when  the  force  of  resistance  is  proportional  to  the  velucitj. 
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Measuring  x  downwards  the  equation  of  motion  is 

x  =  g  —  lex, 
which  gives  x  +  kx  =  gt, 

if  the  particle  fall  from  rest,  and  the  initial  position  be  taken 
as  the  origin. 

/.     a***  =  fgt<&  dt,  [Chap,  n.] 

at      q      q     ,., 

—  k-*+iff*' 

taking  a;  =  0,  when  t  =  0. 

Hence  x  =  f  —  f  e~tt. 

k     k 

and,  if  t  increase  indefinitely,  x  =  ^  . 
This  is  called  the  terminal  velocity. 

68.     Fall  of  a  heavy  particle  in  a  medium,  the  resistance 
of  which  varies  as  the  square  of  the  velocity. 

Measuring  x  downwards  the  equation  of  motion  is 


from  which  vV-**  =  |  e**  +  C,  [Chap.  1  1.] 

and,  choosing  the  origin  so  that  v  =  0  when  x  =  0, 


In  this  case  the  terminal  velocity  is  A/'/. 

V  Ic 

lit  /If  £** 

Further,  £  =  V     j==  =  > 


from  which  we  obtain, 

kx  =  log  ( —    -  J  =  log  cosh 
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IN  presenting  by  w   the  terminal   velocity,  g  =  kwj,  and 
the  result  takes  the  form, 

w*.  ,   (qt\ 

x  =  —  log  cosh    -  - 1 , 

g  W' 

<»r  we  may  use  the  equation, 

v  —  g  —  AT*, 
which  leads  to 

Jr«-S 

=tanli 


and  gives  the  same  value  of  #  as  before. 

69.     Motion  of  a  heavy  particle  projected  vertically  up- 
wards in  the  same  medium. 

In  this  case,  measuring  a;  upwards, 
dv  _  «* 

Integrating  and  taking  u  as  the  initial  velocity, 

=  e   w>  , 

shewing  that  the  particle  rises  to  the  height 


_ 

Further,  tf  =  (u1  +  to1)  e   *  -vf. 


g* 

dt  €- 


/ 

V  Ml 


m 


at      .          we**         .  w 

—  =  sin"1  -  --  —  sin"1  -r. 


which  gives 


w       w  w 
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Or,  starting  from  the  equation, 


,  .  .  at  u  v 

\\Q  obtain  -  =  tan  !  --  tan  l  -  , 

WWW 

qt  .    gt 

u  cos  i  --  w  sin  — 

,  ,,        f  v  w  _  w 

and  therefore          -  =  .  , 

w  qt  .     qt 

wcos  —  +  u  sin  — 

w  w 

giving  the  same  value  of  x  as  before. 

70.  A  particle  moves  from  rest,  in  a  medium  the  resistance 
of  which  varies  as  the  square  of  the  velocity,  under  the  action  of 
a  force  to  a  fixed  point  varying  as  the  distance. 

In  this  case 

dv      ,  , 
v  -j-  -  KV*  -  u-x, 
ax 

and  therefore 


[Chap,  u.] 
observing  that  v  =  0  when  x  =  a. 

71.  Motion  of  a  piece  of  uniform  chain  in  a  straight  line, 
under  the  action  of  forces  in  that  line. 

Taking  a  fixed  point  0  in  the  line,  let  x  be  the  distance 
from  0  of  one  end  A  of  the  chain  and  take  r  as  the  distance 
from  A  of  a  point  P  of  the  chain. 

The  motion  of  the  element  PQ  (8r)  depends  upon  the 
tensions  at  P  and  Q  and  the  acting  force. 


If  m  be  the  mass  of  unit  length,  the  mass  of  the  element 
is  mSr,  and  if  m&rX  be  the  force  acting  upon  it,  the  equation 
of  motion  is 

mBr .  x  =  8T  +  m&r .  X, 
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taking  T  as  the  tension  at  P,  and  observing  that  the  ac. 
ration  of  every  point  of  the  string  is  the  same  as  that  <>t'  the 
point  A. 

Integrating  this  equation  over  the  length  of  the  chain  we 
shall  obtain  an  equation  for  determining  X  in  terms  of  the 
time. 

Suppose  for  instance  that  the  force  is  repulsive  and  varies 
as  the  distance  from  the  point  0,  or  that 

X  =  n  (x  +  r). 
Integrating, 


mrx  = 
and,  observing  that  T  =  0,  when  r  =  0  and  when  r  =  at 


a 


the  solution  of  which  is  the  same  as  in  previous  cases. 
Substituting  for  X-  we  find  that 

T  =  ^nifjir  (a  —  r). 


72.     Direct  impact  of  elastic  balls  on  each  other. 

If  two  elastic  balls  impinge  directly  on  each  other,  that  is 
if  the  line  joining  their  centres  be  the  line  of  motion  of  each 
ball,  the  effect  of  the  impact  is  an  immediate  change  in  the 
momentum  of  each  ball. 

But,  since  action  and  reaction  are  equal  and  opposite,  the 
momentum  added  to  one  ball  is  equal  to  that  which  is  lost 
by  the  other,  so  that  the  total  momentum  remains  un- 
changed. 

This  gives  one  equation  of  motion. 

For  another  we  appeal  to  experiment,  and  assume  tl 
perimental  law  that,  if  e  be  the  coefficient  of  elasticity,  tin- 
relative  velocity  of  the  two  balls  after  impart  is  reversed  in 
direction  and  is  to  the  relative  velocity  before  impact  in  the 
ratio  of  e  to  unity. 

Hence  if  the  ball  m  impinge  with  velocity  u  on  th 
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m  moving  in  the  same  direction  with  velocity  u,  and  if  v 
and  v'  be  the  velocities  after  impact,  both  measured  in  the 
.same  direction  as  before,  we  have  the  equations, 

mv  +  m'v  =  mu  +  m'u', 
v  —  v  =  e  (u  —  u'), 
from  which  we  obtain 

(m  +  m)  v'  =  u  (m  -f  em)  +  u'  (m  —  em\ 
(m  +  m')  v  =  u  (m—  em')  +  u  (m'  +  em'). 

It  is  worth  mentioning  that,  in  all  cases  of  the  impact  of 
clastic  bodies,  energy  is  lost  by  impact ;  only,  if  the  elasticity 
be  perfect,  that  is,  if  e  =  1,  no  energy  is  lost. 

Thus,  in  the  case  of  the  direct  impact  of  two  elastic  balls, 
we  see  from  the  preceding  equation  that 

u  —  u'  >  v  —  v 

so  that  v'  +  u  <  u  +  v. 

Also  m'  (v  —  u)  =  in  (u  —  v\ 

: .  m'  (v'*  —  u'3)  <m(u*  —  v3) 
or  mv2  +  m'v'3  <  mv?  +  m'u'*. 

If  two  elastic  balls  impinge  obliquely  on  each  other,  all 
that  is  necessary  is  to  resolve  the  velocities  parallel  and  per- 
pendicular to  the  line  of  centres ;  the  motions  perpendicular 
to  the  line  of  centres  are  unchanged,  and  the  preceding  equa- 
tions determine  the  changes  of  motion  along  the  line  of 
centres. 

Since  the  total  kinetic  energy  is  the  sum  of  the  kinetic 
energies  due  to  the  motions  perpendicular  to  and  in  the  line 
of  centres,  it  follows  that  in  this  case  also  kinetic  energy 
is  lost  by  impact. 

73.  In  the  case  of  Art.  60,  it  is  required  to  examine  the 
effect  of  suddenly  attaching  a  weight,  mass  p.,  to  any  point  of 
the  ascending  string. 

The  mass  /LI,  having  no  momentum  before  it  is  attached, 
acquires  momentum  instantaneously,  and  if  m  be  the  descend- 
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ing  body  its  motion  is  suddenly  checked,  while  the  portion  of 

istrini:  Ix'tw.-ni  fjk  and  m  is  slackened  and  m  ly. 

If  u  be  the  velocity  with  which  the  two  are  moving  at  th.- 
instant  before  fi  is  attached,  and  u'  immediately  altn  -wards, 

(m  +  fjk)u  =  mu, 
since  the  momentum  in  the  direction  of  motion  is  um-hai. 

The  impulsive  tension  Q  of  the  string  is  given  by  tli-- 
equations 

m  (u  —  u)  =  —  Q,  fiu'  =  Q, 

the  effect  of  the   impulse  on  each  body  being  change  of 
momentum. 

Subsequently,  if  t  be  the  time  which  elapses  before  tho 
lower  string  becomes  tightened, 


this  determines  t,  and  therefore  determines  the  velocities  of 
m  and  of  p  and  m  at  that  time. 

A  jerk  then  takes  place,  and  the  momentum  of  thr> 
system  in  direction  of  motion  remaining  unchanged  tin- 
new  velocity  is  at  once  determined,  and  the  subsequent 
acceleration  is 


74.  A  straight  piece  of  uniform  chain  lying  on  a  smooth 
horizontal  table  receives  at  one  end  a  given  impulse  in  direction 
of  its  length;  it  is  required  to  determine  the  motion  and  tJie 
impulsive  tension  at  any  point. 


Let  m  be  the  mass  of  the  chain,  and  a  its  length  ;  tli'-n  if 
v  be  the  velocity  produced  by  the  impulse, 

Q  =  mv, 
niid,  if  T  be  the  impulsive  tension  at  a  point  P, 

T      BP          ur 

T  =  m  —  v  =  0  .  -  , 
a  a 

for  the  mass  of  BP  is  set  in  motion  by  the  impulse  T. 
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75.  A  heavy  uniform  chain  is  suspended  by  one  end  above 
a  horizontal  table,  its  lower  end  being  just  above  the  table ;  if 
it  be  allowed  to  fall,  it  is  required  to  find  the  pressure  on  the 
table. 

We  have  seen  that  force  is  measured  by  the  rate  of  pro- 
duction, or  destruction,  of  momentum. 

As  the  chain  falls,  the  table  receives  an  infinite  number 
of  infinitely  small  impulses,  and  the  result  is  that  a  finite 
varying  pressure  is  produced,  which,  added  to  the  weight  of 
the  portion  coiled  up  at  the  instant  considered,  gives  the 
pressure  on  the  table  at  that  instant. 

When  a  length  x  has  been  coiled  up,  the  velocity  is  */2gx, 
and  therefore  the  portion  coiled  up  in  a  small  time  Bt  is 
8t  ^/2gx,  and  the  momentum  of  this  portion,  which  is  de- 
stroyed in  the  time  St, 


M  being  the  mass  of  the  chain  and  a  its  length. 

3C 

Hence  momentum  is  being  destroyed  at  the  rate  of  2Mg 

CL 

per  unit  of  time ;  and  therefore,  adding  the  weight  of  the  coil, 
the  pressure  on  the  table  is  three  times  the  weight  of  the  coil. 

76.  One  end,  B,  of  a  heavy  uniform  chain  hangs  over  a 
small  pulley  A,  and  the  other  is  coiled  up  on  a  table  at  C ;  if 
B  preponderate  it  is  required  to  determine  the  motion  and  the 
tension  at  C. 

It  is  easily  seen  in  this  case  that  all  internal  tensions 
neutralise  each  other,  and  that  the  momentum  of  the  system 
in  the  direction  of  motion  is  due  to  the  external  forces  acting 
on  the  system  in  that  direction,  that  is  to  gravity,  and  the 
reaction  of  the  table. 

This  reaction  is  equal  to  the  weight  of  the  coil  on  the 
table,  and  the  resulting  force  in  direction  of  the  motion  is 
therefore  the  difference  of  the  weights  of  the  two  straight 
portions  of  chain. 

If  AC=a,  and  AB  =  x,  and  if  v  be  the   velocity,  the 
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Tii«.tni-ntiim  =  /&(#  +  a)  v,  /*  being   the   mass   of  an    unit  <>f 
length;  therefore 

~dt{(x+a)v}=g(x-a), 

dx  .         .     dv 

or,  since          -j-  =  v,  (x  +  a)  v  j-  +  v*  =  g  (x  —  a), 

the  integral  of  this  equation  is 


the  constant  being  determined  by  initial  conditions. 

If  for  instance  x  =  a,  initially,  that  is,  if  x  be  just  greater 
than  o,  G  =  ^a3, 

O  +  a)3  v8  =  -/  (a;  -  a)s  (x  +  2a). 

o 

Also,  (the  tension  at  (7)  x  St  =  momentum  generated  in  the 
time  Bt  by  the  action  of  the  tension 

=  (nvSt)  v  ; 

therefore  tension  =  ^v3. 

(  >r,  we  might  have  arranged  the  process  thus: 
taking  T  to  represent  the  tension  at  C, 

p(x  +  a)v-j   =  fiff  (x  —  a)  —  T 

CUE 

is  the  equation  of  motion  of  the  portion  of  chain  CAB,  and, 
as  above,  T=piP. 

Or,  if  T'  represent  the  tension  at  the  pulley,  we  r.m  writo 
down  the  equations  of  motion  of  the  two  straight  piec 
string,  and  we  thus  have 

p.av  -r-  =  T'  — 


nnd  adding  these  equations  we  obtain  the  same  result  as 

bfl< 
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77.  Two  coils  of  heavy  uniform  chains  are  fastened  to  tie 
ends  of  a  piece  of  fine  string  which  passes  over  a  fixed  smooth 
pulley  ;  the  coils  are  held  so  that  the  portions  of  string  are 
vertical  and  are  then  let  go. 

Let  a  and  b  represent  the  initial  lengths  of  the  straight 
pieces  of  string. 

At  the  time  Met  a  +  z  and  b  —  z  be  the  lengths  of  string, 
and  x,  y,  the  lengths  of  the  straightened  pieces  of  the  coils. 

Then,  if  /j,  and  //  represent  the  masses  of  unit  lengths  of 
the  chains,  and  I,  I'  their  lengths,  the  momentum  of  the 
system,  at  the  time  t,  in  the  direction  of  the  /x  chain,  is 

iucz  +  p(l-x)gt  +  n'yz  -  p  (I'  -  y)gt. 

The  force  in  action  on  the  system  in  the  direction  of  the  /* 
chain  is  pig  —  p'l'g,  and  the  momentum  acquired  in  the  timo 
t  is  therefore 


Equating  these  two  expressions  for  the  momentum,  we  ob- 
tain 

nx  (z  -  gt)  +  fiy  (z  +  gt)  =  0. 

Now  a;  +  z  =     P,     and        —  z  =      t-, 


z-gt  =  -x,  z 

Hence  fjixj  =  pyy,    and    fjus3  =  pfy". 

The  straight  pieces  of  chain  at  the  time  t  are  therefore 

-^—,gV,  and 

* 


so  long  as  neither  coil  is  completely  straightened,  and  the 
rising  chain  has  not  reached  the  pulley. 

The  tension  of  the  fine  string  is  given  by  the  equation 


-  x)gt]  =  pig  -  T, 
so  that  T  (vV  +  V/)2  = 
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78.     A  ft/>ncrir,d  raindrop,  as  it  falls,  receives  continual!'/ 
by  precipitation  of  vapour,  an  accession  of  mass  proportional 
to  its  surface  ;  neglecting  the  resistance  of  the  air,  it  is  requ 
t<>  determine  the  motion. 

If  a  be  the  initial  radius,  and  e  the  thickness  of  the  shell 
deposited  in  the  unit  of  time,  the  radius  r  at  the  time  t  is 

a  +  et. 

Hence  the  momentum  at  the  time 
t  =  |TT/)  (a  +  et)s  v, 

and  jtU'Jrp( 

dv 


n  (  a4     ) 

and  v  =  —  {a+  et  —  ,  —  -77-,  >  . 

*•  |  (a  +  etj\ 

This  Article  and  Articles  75  and  76  were  published  in  1873, 
in  a  paper  in  the  Quarterly  Journal  of  Mathematics. 

79.     Fall  of  snow  down  a  sloping  roof. 

Imagine  the  snow  to  be  just  supported  by  friction  or 
adhesion,  and  that  a  very  slight  downward  impulse  is  gi\vn 
to  the  top  liue  of  the  snow  just  below  the  ridge  of  the  roof. 

In  that  case  the  snow  will  slide  down  from  the  top  and 
gradually  set  the  whole  in  motion. 

Take  b  as  the  breadth  in  motion  and  m  as  the  mass  of 
unit  area;  then,  neglecting  the  friction  on  the  mass  in  motion. 
which  is  practically  very  slight,  the  equation  of  motion  is 

-T-  (mbxx)  =  mbxg  sin  a, 
at 


or  xx  +     =  gx  sn  a, 

which  gives  &  =  \gx  sin  a, 

and  shews  that  the  acceleration  is  one-third  of  that  of  a 
sliding  fi 
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80.  The  equilibrium  and  motion  of  a  heavy  ball,  supported 
by  a  vertical  jet  of  sand. 

We  shall  consider  the  case  of  a  cylindrical  homogeneous 
jet,  supporting  the  ball  symmetrically,  and  assume  that  the 
reflected  particles  of  sand  do  not  interfere  with  the  ascending 
particles. 

The  weight  of  the  ball  will  be  equal  to  the  rate  at 
which  momentum  is  being  destroyed,  or  created  in  a  reversed 
direction,  when  resolved  vertically. 

In  other  words  the  weight  will  be  equal  to  the  resultant, 
which  is  clearly  vertical,  of  the  negative  time-fluxes  of  the 
momenta. 

We  shall  assume  that  the  velocity  of  the  jet  is  consider- 
able, so  that  we  may  neglect  the  changes  in  the  velocities  of 
its  particles  due  to  the  action  of  gravity. 


If  m  be  the  mass  of  the  unit  of  volume  of  the  sand,  and  « 
its  velocity,  the  quantity  which  impinges  on  an  elementary 
zone  in  the  time  St  is 

m  .  27ra  sin  6  .  a  cos  0Sd  .  uBt, 

and  the  normal  component  of  the  momentum  of  this  quantity 
of  sand  is 


sin  6  cos2  6&0St. 
Multiplying  this  by  1  +  e,  where  e  is  the  coefficient  of 
elasticity  between  the  ball  and  the  sand,  we  shall  obtain  the 
quantity  of  motion  created  in  the  normal  direction  outwards 
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round    tin-   /one,   ami,   dividing  by  &t,   we    then   obtain    the 

•.  live  time-thix  of  the  momenta,  which  is   the   ; 
on  the  ball. 

The  last  result,  when  multiplied  by  cos  0,  will  be  the 
ivsultant  vertical  pressure  on  the  /.one,  and,  if  the  bivadth  of 
the  jet  subtend  an  angle  2a  at  the  centre  of  the  sphere,  and 
J\I  be  the  mass  of  the  sphere,  it  follows  that 

Mg  —  ^TTTnaV  (1  +  e)  (1  —  cos4  a). 

If  the  ball  be  in  motion,  suppose  that  at  any  instant  its 
vertical  velocity  is  v;  then  the  equation  of  motion  of 
ball  is 

Mi)  —  \Trma?  (u  —  v)*  (1  +  e)  (1  —  cos4  a)  —  My, 

or  v^-  =  -  £(2uv-v9\ 

dx         wsv 

Integrating  we  obtain 

gx 

2u-v  =  Ceu1  ; 

and,  if  we  suppose  the  ball  to  start  upwards  with  a  \»  ! 
v',  it  will  have  its  velocity  destroyed  after  ascending  through 
the  space 


g        2u-v 

and  will   then   be   under  conditions  consistent  with   equi- 
librium. 

The  time  in  which  this  takes  place  is  obtained  by  inte- 
grating the  equation 


and  the  theoretical  result  is  that  an  infinite  time  nn; 
In-fore  the  ball  absolutely  loses  its  velocity. 

The  simplest  method  of  illustrating  the  idea  of  this  article 
is  to  employ  a  jet  of  water.  The  ball  rises  and  falls  inter- 
mittently, and  is  occasionally  at  rest  for  a  sensible  time.  A- 
in  the  case  imagined  of  a  jet  of  sand,  the  pressure  is  due  t-> 
the  rate  of  destruction,  and  of  creation  in  the  contrary  <i 
tion,  of  the  momenta,  in  directions  perpendicular  to  the 
surface  of  the  sphere,  of  all  the  elementary  cylindrical  shells 
which  constitute  the  impinging  stream. 
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EXAMPLES. 

1.  A  smooth  wedge  on  a  horizontal  plane  is  moved  from 
rest  with  an  uniform  acceleration ;   find  the  direction  and 
amount  of  the  acceleration  that  a  heavy  particle  placed  on 
its  inclined  plane  surface  may  be  in  equilibrium  relative 
to  it. 

If  the  acceleration  be  given,  find  the  motion  of  the 
particle,  supposed  initially  at  rest,  upon  the  inclined  surface. 

2.  Particles  slide  from  a  fixed  point  down  rough  planes 
to  points  in  the  surface  of  a  cone,  whose  axis,  passing  in 
direction  through  the  point,  is  vertical,  and  vertex  upwards. 

Shew  that,  if  the  vertical  angle  of  the   cone  =  2  tan"1  - , 

the  particles  will  all  have  the  same  velocity  on  arriving  at 
the  cone. 

3.  Give  a  geometrical  construction  for  determining  the 
straight  line  of  quickest  descent  of  a  heavy  particle  from  a 
given  point  to  a  given  curve. 

If  the  curve  be  a  conic,  with  its  vertex  upwards,  prove 
that  the  length  of  the  line  of  quickest  descent  from  the  focus 
to  the  curve  is  equal  to  the  latus  rectum. 

4.  Determine  the  motion  of  a  particle,  initially  at  rest, 
under  the  action  of  a  force  to  a  fixed  point  varying  inversely 
as  the  cube  of  the  distance. 

•">.  A  hyperbola  is  placed  in  a  vertical  plane  with  its 
transverse  axis  horizontal ;  prove  that  when  the  time  of 
descent  down  a  diameter  is  least,  the  conjugate  diameter  is 
equal  to  the  distance  between  the  foci. 

6.  Find  the  locus  of  points  from  which  inelastic  particles 
may  be  let  fall  on  a  smooth  inclined  plane,  so  as  always  to 
have  the  same  velocity  on  arriving  at  the  same  horizontal 
line  in  the  plane. 

B.  D.  6 
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7.  Two  equal  weights  are  fastened  to  the  extremities  of 
a  string  and  are  then  hung  over  two  small  smooth  pullies 
A,  B  which  are  in  the  same  horizontal  line.      If  a  thin! 
equal  weight  be  fastened  at  the  middle  of  the  horizontal 
portion   AB   of   the   string,   shew   that   it    will   descend   a 
distance  equal  to  two-thirds  of  AB,  and  find  the  vt •!< 

in  any  position. 

8.  Two  bodies,  2P  and  P,  are   connected   by    an    in- 
extensible  string,  which  passes  over  a  fixed  smooth  pulley  ; 
determine  the  motion  and  the  tension  of  the  string. 

If,  after  the  motion  has  gone  on  for  one  second,  another 
body  P,  having  no  velocity,  be  suddenly  attached  to  the 
descending  body  2P,  determine  completely  the  sir 
motion  of  the  system. 

9.  Prove  that  in  a  boat  sailing  on  ice  with  the  sai 

at  the  angle  a  with  the  keel  the  maximum  speed  is  obtained 
when  the  wind  acts  at  the  angle  a  abaft  the  beam,  supp. 
that  the  boat  can  only  move  in  the  direction  of  the  keel,  and 
that  the  resistance  to  motion  is  insensible. 

Prove  also  that,  if  the  sails  can  be   set   so   that   this 
maximum   speed   is   more   than   three   times    the    ve' 
of  the   wind,   it    is    possible    to   work    to    windward    t 
than  the  wind  blows  in  the  opposite  direction. 

10.  A  rope  passes  over  a  smooth  pulley,  having 
attached  to  one  end,  and  a  monkey  hanging  at  the  other 
end,  just  balancing  the  weight.    The  monkey  sudd,  i 

off,  runs  up  a  certain  length  of  the  rope  at  a  uniform  rate, 
and  then  holds  on;  determine  the  whole  motion,  and  ) 
that,  if  the  monkey  exert  his  whole  strength  in   elim 
and  be  at  all  fatigued  by  the  effort,  he  will  be  certainly 
jerked  off. 

11.  On  a  certain  day  between  one  and  four  o'clock  in 
the  afternoon  ^  an  inch  of  rain  fell.     Assuming  that 
(Imps  were  indefinitely  small  and  that  their  terminal  ve] 

1 0  feet  per  second,  find  the  pressure  in  toi  i 
square  mile,  assuming  that  a  cubic  foot  of  water  contains 
1000  oz.  and  that  the  rain  fell  uniformly  and  continuously. 
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12.  If  a  centre  of  attractive  force  varying  as  the  distance 
be  situated  in  the  radius  of  a  circle  AC  produced  (C  being 
the  centre  of  the  circle),  and  a  particle  be  constrained  to 
move  along  a  chord  from  rest  at  A,  shew  that  the  time 
of  describing  all  such  chords  will  be  the  same. 

13.  A   particle   is   projected    in    a    resisting    medium 
towards  a  centre  of  attractive   force  which  varies   as   the 
inverse  cube  of  the  distance  :  the  resistance  of  the  medium 
varies  as  its  density  and  as  the  square  of  the  velocity,  the 
density  varying  as  the  inverse  cube  of  the  distance  from  the 
centre  :  prove  that  the  particle's  velocity  on  reaching  the 
centre  is  independent  both  of  its  initial  distance  and  of  its 
initial  velocity. 

14.  A  particle  starts  from  rest  at  a  distance  b  from  a 
fixed  point,  under  the  action  of  a  force  through  the  fixed 

point,  the  law  of  which  at  a  distance  x  is  /*  (  1  --  j  towards 

\        *£/ 

the  fixed  point  when  x  is  greater  than  a,  but  /*  I  —  --  ) 

\Sr        XI 

from  the  same  point  when  x  is  less  than  a  :  prove  that  the 
particle  will  oscillate  through  a  space  —  T  —  . 

15.  In  a  single  moveable  pulley  when  there  is  equi- 
librium the  power  and  the  weight  hang  by  vertical  strings  ; 
the  weight  being  doubled  and  the  power  being  halved,  prove 
that  the  tension  of  the  string  will  be  unchanged. 

16.  If  in  the  second  system  of  pullies  there  are  n  strings 
at  the  lower  block,  prove  that  the  upward  acceleration  of  W 
due  to  a  power  P  will  be 

nP-W 


If  when  W  has  an  upward  velocity  v,  the  weight  P  reach 
the  ground,  prove  that  there  will  presently  be  upon  the 
string  an  impulsive  strain 

nPWv 


6—2 
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17.     Two  weights  P  and  Q,  connect r<l  by  a  string  pa 
over  a  smooth  pulley,  are  held  at  a  distance  c  above  a  haul 
inelastic   horizontal   plane   and   let  go.     After  a   serit 
impacts  by  the  heavier  weight  P  on  the  plane,  the  s 
length  comes  to  rest.    Shew  that  the  whole  time  of  moti 


/P  +  Q   c_ 
VP- 


18.  Two  balls,  of  elasticity  e,  moving  in  parallel  < 
tions  with  equal  momenta,  impinge  ;    prove  that,  it 
directions  of  motion  be  opposite,  they  will  move  after  impact 
in  parallel  directions  with  equal  momenta;  and  that  ti 
directions  will  be  perpendicular  to   the   original   din 

if  their  common  normal  is  inclined  at  an  angle  sec-1(l  +e) 
to  that  direction. 

19.  Prove  that,  in  order  to  produce  the  gr< 
viation  in  the  direction  of  a  smooth  billiard  ball  of  dian. 
a  by  impact  on  another  equal  ball  at  rest,  the  former  i: 
be  projected  in  a  direction  making  an  angle 

sin" 

with  the  line  (of  length  c)  joining  the  two  centres;  e  K 
the  coefficient  of  elasticity. 

20.  A   weight   P   hanging   vertically  just   supp<> 
weight  W  in  that  system  of  pullies  in  which  there  is  only 
one  string.     Shew  that,  neglecting  the  masses  of  the  ju 

if  P  and  W  be  interchanged  their  centre  of  gravity  will 
descend  with  an  acceleration 


21.     If  the  weight  (P),  on  a  wheel  and  a\l«\  susj 
from  the  wheel  preponderate  over  the  weight  (TF)  suspended 
from  the  axle,  prove  that  the  acceleration  of  P  i- 

a'P-abW 
9 
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where  a  and  b  are  the  radii  of  the  wheel  and  axle,  the  inertia 
of  the  wheel  and  axle  being  neglected. 

If  an  additional  weight  (w)  be  suddenly  attached  to  W, 
find  the  impulsive  tensions  of  the  two  strings. 

22.  Two  trains  of  equal  weight  are  being  drawn  along 
smooth  level  rails  by  engines,  one  of  which  exerts  a  constant 
tractive  force,  while  the  other's  rate  of  working  is  uniform. 
Prove  that  if  their  velocities  at  two  instants  are  equal,  the 
second  train  moves  through  the  greater  distance  during  the 
interval  between  the  two  instants,  and  that  they  are  working 
at  the  same  rate,  at  the  end  of  half  this  interval. 

23.  Shew  that  the  locus  of  the  points  in  the  vertical 
plane  through  two  given  points,  from  which  the  times  of 
descent  to  the   two   points  are  the  same,  is  a  rectangular 
hyperbola. 

Shew  also  that,  if  two  equal  circles  be  in  the  same 
vertical  plane,  the  locus  of  the  points  from  which  the  times 
of  shortest  descent  to  the  circles  are  the  same  is  a  rect- 
angular hyperbola. 

24.  A  particle  moves  in  a  straight  line  tinder  a  centre  of 
attractive  force  fj?r  in  that  straight  line  ;  if  it  be  initially  at 
a  distance  c  from  the  centre  of  force  and  be  projected  in  the 
straight  line  with  velocity  V,  shew  that  it  will  arrive  at 
the  origin  in  a  time  equal  to 

1    .  /AC 

-  sin"1 


2-").  A  cycloid  has  its  base  horizontal  and  vertex  up- 
wards; prove  that  the  time  of  falling  down  any  radius  of 
curvature  is  constant. 

26.  The  mean  time  of  descent  down  a  given  inclined 
plane  of  unknown  roughness  is  equal  to  twice  that  down 
an  equal  smooth  plane,  all  coefficients  of  friction,  for  which 
motion  is  possible,  being  considered  equally  probable. 

27.  A  heavy  particle  is  attached  by  an  elastic  string  to 
a  fixed  point  on  a  smooth  horizontal  table  ;  the  particle  is 
drawn  out  along  the  table  till  the  string  is  double  its  natural 
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(a)  and  it  is  then  let  go;   find  the  velocity  of 
particle  in  any  position  and   shew   that   it   will    return    to 

the  starting  point  after  a  time  =  2  A/    (?r  +  2):  the  modulus 

of  elasticity  of  the  string  being  equal  to  the  weight  of  the 
particle. 

28.  Two  equal  particles  which  mutually  repel  on 
other  with  a  force  varying  as  the  distance  between  them 
connected  by  a  light  elastic  string;  find  the  condition  that 
the  motion  may  be  oscillatory;  and  assuming  that  the  par- 
ticles would  rest  in  equilibrium  with  the  string  stretched  to 
twice  its  natural  length  find  the  amplitude  of  the  oscill.v 

if  the  particles  just  meet. 

29.  Two  particles  start  simultaneously  from  the 
point   and   move   along   two   straight   lines,   the   one   with 
uniform    velocity,  and   the   other   from   rest   with    uniform 
acceleration.    Prove  that  the  line  joining  the  particles  at  anv 
time  is  always  a  tangent  to  a  fixed  parabola. 

30.  An  elastic  string  is  extended  between  two 
points  to  double  its  natural  length,  and  a  particle  of  m.i 

is  fastened  to  the  middle  point  of  the  string.     If  the  particle 
be  drawn  towards  one  of  the  fixed  points  through  half  its 
distance  from  that  point,  and  then  let  go,  find  the  gre.v 
velocity  which  it  subsequently  acquires. 

If  a,  be  the  natural  length  of  the  string,  prove  that  the 
time  of  a  complete  oscillation  is  TT  Vma  -r  >J\. 

31.  A  particle  is  placed  initially  at  a  distance  a  fi 
centre  of  force  the  attraction  to  which  varies  inversely  a^ 
distance ;   prove  that  the  time  of  arriving  at  the  centre  of 

force  is  o  *  /=- . 
v   2/A 

32.  A  particle  moves  under  a  retardation  f(f)  which 
brings  it  to  rest  in  a  time  a;  prove  that  the  space  travt-i 

is  \tf(i)dt. 

Jo 

33.  The  upper  extremity  of  a  piece  of  chain,  hai 
vertically  is  made  to  move  upwards,  with  a  given  accelerat : 
find  the  tension  at  any  point  of  the  chain. 
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34.  An  endless  elastic  string,  modulus  \  and  natural 
length  2?rc,  is  placed  in  the  form  of  a  circle  on  a  smooth 
horizontal  plane,  and  is  acted  upon  by  a  force  from  its  centre 
equal  to  fir  per  unit  mass  of  the  string.  Shew  that  its 
radius  will  vary  harmonically  about  a  mean  length 

2?rXc  -T-  2-TrA,  —  nific, 
m  being  the  mass  of  the  string,  if  2?rX  >  >n/j,c. 

Examine  the  case  when  2vrX  = 


35.  P  is  a  point  to  which  the  time  t  of  sliding  from  A 
and  E  in  straight  lines  is  the  same.     Find  another  point  Q 
for  which  the  times  from  A  and  B  are  also  t  ;  and  shew  that 
if  t'  be  the  time  from  P  to  Q  or  Q  to  P 

t*~t'*_AP.BP       AQ.BQ 
t*  +  t'*~AQ.BQ  °r  AP.BP' 

36.  A  string  hangs  over  a  fixed  pulley  ;  a  weight  of  two 
pounds  hangs  at  one  end,  and  a  pulley  at  the  other  ;  over  the 
pulley  hangs  a  string,  carrying  a  weight  of  one  pound  at  each 
end  ;  when  the  whole  is  in  equilibrium,  any  force  is  applied 
to  one  of  the  smaller  weights  :  shew  that,  when  it  has  pulled 
it  down  three  inches,  the  other  one  pound  weight,  and  the 
two  pound  weight  has  each  risen  one  inch  ;  shew  also  that,  if 
the  motion  of  the  weight  to  which  the  force  was  applied 
be  stopped  in  any  gradual  manner,  the  whole  will  be  brought 
to  rest,  and  the  distances  travelled  by  the  weights  will  be  as 
3:1:1. 

37.  A  particle,  of  mass  m,  initially  at  rest  at  a  distance  a 

I       d*\ 
from  the  origin,  is  acted  upon  by  the  force  rn.fi   r+-^    to  the 


origin,  r  being  the  distance  ;  find  the  time  in  which  it  arrives 
at  the  origin. 

38.  A  train  travels  at  the  rate  of  45  miles  an  hour. 
Rain  is  falling  vertically,  but  owing  to  the  motion  of  the 
train,  the  drops  appear  to  fall  past  the  window  at  an  angle 
tan-1  1'5  with  the  vertical.  Find  the  velocity  of  the  rain- 
drops. 

If  the  raindrop  were  divided  into  10006  equal  spherical 
portions,  prove  that  the  cloud  so  formed  would  have  a  velo- 
city of  *044  ft.  per  second. 
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The  velocities  are  supposed  to  be  full  speed  velocities,  and 
the  resistance  of  the  air  to  vary  as  the  square  of  the  product 
•  if  the  velocity  into  the  diameter  of  the  drop. 

39.  In   an   At  wood's   machine   the  heavier  body  P  is 
perfectly  elastic,  and  Q  is  perfectly  inelastic,  and  they  start 
from  rest  at  the  same  distance  a  above  a  fixed  horizontal 
plane  ;    and  when  P  impinges  on  the  plane  and  rebounds 
with  unchanged  velocity,  Q  strikes  against  a  fixed  obstacle 
and  is  reduced  to  instantaneous  rest  :  determine  the  subse- 
quent motion,  and  shew  that  the  two  bodies  are  again  at 
instantaneous  rest  when  P  is  at  a  height  P'a  -=-  (P  +  Q)2  above 
the  horizontal  plane. 

40.  A  piece  of  uniform  chain  hangs  vertically  from  its 
upper  end,  with  its  lower  end  just  above  a  smooth  inclined 
plane  ;  if  it  be  let  go,  find  the  pressure  on  the  plane  during 
the  fall. 

41.  A  heavy  chain  is  suspended  from  one  end  above  a 
rigid  horizontal  plane  ;  on  the  other  side  of  the  plane  in  the 
vertical  line  of  the  chain,  there  is  a  centre  of  force  the 
attraction  to  which  varies  inversely  as  the  square  of  the 
distance  ;  find  the  motion  of  the  chain,  and  the  pressure  on 
the  table  during  the  fall  of  the  chain  upon  it. 

42.  A  fine  string  without  weight  passing  over  a  smooth 
pulley,  supports  two  equal  scale-pans;  a  heavy  chain  is  hcM 
by  its  upper  end  above  one  of  the  scale-pans,  its  lower  m<l 
being  just  above  the  scale-pan  ;  if  the  upper  end  be  let  go,- 
determine  the  motion  completely,  and  find,  at  any  time,  the 
pressure  on  the  scale-pan. 

43.  If  the  force  to  a  fixed  point  at  the  distance  r  be 


and  if  a  particle  start  from  rest  at  the  distance  a,  then 

a 


(ii)    6<« 

(iii)    a>V2,         r  =  a 


- 
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44.  The  potential  at  the  distance  r  from  a  fixed  centre 
"being  prn,  find  the  motion  of  a  particle  originally  at  rest  at  a 
distance  a  from  the  centre,  and  prove  that  the  time  of 
oscillation  is 


4  /7T  W 

IT'V   V    T-/1    .    V 


?m  -to- 

\2     n 

45.  An  elastic  flexible  ring  of  natural  radius  a  is  stretched 

(/2\ 
1  -f  i  /  -  ]  a,  and  is 

then  pushed  off  so  that  all  the  points  of  the  ring  quit  the 
cylinder  at  once.  Assume  the  law  of  compression  to  be  that 
the  compressed  length  is  to  the  natural  length  as  \  :  P  +  X 
where  X  is  the  pressure  which  would  halve  the  length  of  the 
string,  and  is  equal  to  the  tension  which  would  double  it 
according  to  Hooke's  law.  Prove  that  in  the  subsequent 

motion  the  least  radius  of  the  ring  will  be  -  ,  where  e  is  the 
number  2718281828. 

46.  Two  particles  of  equal  mass  m  are  placed  in  two 
smooth  straight  tubes,  between  which  the  shortest  distance 
is  c  and  the  angle  2oc. 

The  accelerating  effect  of  the  attraction  of  either  upon 
the  other  is  mf(p)  at  distance  p.  Each  particle  is  initially  at 
rest,  one  at  the  foot  of  the  perpendicular,  the  other  at  a  very 
small  distance  /9  from  it,  shew  that  their  respective  distances 
from  it  at  the  time  t  will  be 

^/3  {cos  (t*Jp,  sin  a)  +  cos  (£<vV  cos  a)}, 
Avhere  2/xc  =  mf(c). 

47.  A  ball  is  supported  by  a  uniform  jet  of  sand,  in  the 
form  of  a  thin  conical  surface,  impinging  upon  it  symmetri- 
cally as  regards  its  vertical  diameter:  prove  that  the  weight 
of  the   ball   is   Qv(I  -f  e)  cos  a  cos  (a  + /3) ;    where  Q  is  the 
quantity  of  sand  discharged  from  the  jet  per  unit  of  time,  v 
the  velocity  of  discharge,  e  the  coefficient  of  elasticity  between 
the  ball  and  the  sand,  a  the  angular  radius  of  the  circle 
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in  which  the  jet  impinges,  /3  the  semi-  vertical  angle  oi 
jet 

48.  Two  equal  buckets  are  connected  by  a  string  without 
weight  passing  over  a  smooth  pulley,  and  over  one  of  the 
buckets  a  heavy  chain  is  held  by  its  upper  end,  with  its  lower 
end  just  above  the  base  of  the  bucket;   if  the  upper  »-n<i 
be   let  go,  prove  that  the  equilibrium  may  be  maintain*  •<! 
by  pouring  water  gently  and  uniformly  into  the  other  bu< 
provided  the  weight  of  water  which  can  be  pound  in  i> 
three  times  the  weight  of  the  chain.     After  the  chain  ha- 
entirely  fallen  in,  find  its  pressure  on  the  bucket  in  which  it 
lies,  supposing  the  flow  of  water  then  to  cease. 

49.  One  end  of  a  heavy  chain  length  3a  is  fa*' 
to  a  small  smooth  ring  through  which  the  chain  is  passe-  < 
as  to  be  in  equilibrium  with  a  length  a  hanging  freel  \ 

that  if  the  free  end  be  slightly  displaced  downwards  its 
velocity  Fwhen  the  length  of  the  free  portion  is  x  is  giv.  n 
by  the  equation 


50.     A  mass  in  the  form  of  a  solid  cylinder  of  radius  c, 
acted  upon  by  no  forces,  moves  parallel  to  its  axis  through  a 
uniform  cloud  of  fine  dust,  volume  density  p,  which   i 
rest.     If  the  particles  of  dust  which  meet  the  mass  adhere  to 
it,  and  if  M  and  u  be  the  mass  and  velocity  at  the  beginning 
of  the  motion,  prove  that  the  distance  x,  traversed  in 
time  t,  is  given  by  the  equation 
(M 


51.  A  heavy  chain,  of  length  4a,  is  coiled   up  on  a 
horizontal  table,  at  the  distance  a  from  one  edge  of  the 
table,  and  one  end  of  the  chain  is  then  drawn  out  at  i 
angles  to  the  edge  and  just  over  it  ;  the  height  of  the  table 
above  the  floor  being  a,  investigate  completely  the  motion  of 
the  chain. 

52.  A  chain  of  given  length  is  at  rest  on  a  smooth  hori- 
zontal plane,  with  one  end  fastened  to  a  point  on  th«,-  plan.-. 
under  the  action  of  a  repulsive  force  from  that  point  vai 

as  the  distance.     If  the  chain  be  set  tiv.-.  tind  the  initial 


EXAMPLES.  91 

change  of  tension  at  any  point,  and  the  subsequent  motion  of 
the  chain. 

If  the  chain  impinge  upon  a  vertical  wall  perpendicular 
to  its  own  direction,  find  the  pressure  upon  the  wall  at  any 
subsequent  period. 

.53.  A  fine  string  without  weight,  passing  over  a  smooth 
pulley,  supports  two  scale-pans,  each  of  weight  W;  a  heavy 
chain  of  weight  w  and  length  I  is  held  by  its  upper  end 
above  one  of  the  scale-pans,  its  lower  end  being  just  above 
the  scale-pan ;  if  the  upper  end  be  let  go,  determine  the 
motion  completely,  and  prove  that  the  chain  will  be  entirely 
coiled  up  on  the  scale-pan  after  the  time 


54.  A  fine  string  of  length  2h  —  I  passes  over  a  smooth 
peg  at  a  height  h  above  a  table,  and  its  ends  are  fixed  to  two 
coils  of  uniform  chain  on  the  table  ;  if  the  whole  be  released 
from  rest  when  a  length  I  of  one  chain  is  vertical  and  the 
whole  of  the  other  rests  on  the  table,  then  the  chains  will  be 
momentarily  at  rest  at  the  instant  when  the  length  of  the 
vertical  portion  I  is  reduced  to  I  -  x,  where 


and  the  maximum  velocity  is  acquired  when  2x/l  =  log,,  2. 

55.  A  heavy  uniform  chain  is  coiled  at  the  edge  of  a 
smooth  table  and  one  end  slips  over;  prove  that  it  will  in 
time  t  descend  through  a  space  %gt'-. 

If  a  weight  equal  to  a  length  I  of  the  chain  had  been 
fastened  to  the  end  of  the  coil,  and  projected  vertically 
upwards  with  velocity  due  to  the  height  h,  it  would  have 
ascended  through  a  height 


56.  Two  equal  weights  W  are  connected  by  a  string  of 
length  2£,  whose  weight  per  unit  of  length  is  w,  which  passes 
over  a  small  pulley.  The  system  is  put  in  motion  by  adding 
a  weight  W  at  one  end.  Shew  that  when  either  weight  has 
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moved   through   a  distance  x,  the  kinetic  energy  will  be 
greater  than  if  the  string  were  weightless  by  wop. 

57.  An  indefinite  quantity  of  a  uniform  string 

in  a  heap  on  the  floor  of  a  room  and  escapes  into  the  room 
below  through  a  hole  in  the  floor;  shew  that  tl; 
escape  can  never  exceed  \/ga,  where  a  is  the  height  •>}'  the 
hole  above  the  floor  of  the  room  below. 

58.  A  chain  of  length  a  is  coiled  up  on  a  ledge  at  the 
top  of  a  rough  inclined  plane,  and  one  end  is  allowed  to  slide 
down.     Prove  that,  if  the  inclination  of  the  plane  be  double 
the  angle  of  friction  (X),  the  chain  will  be  moving  lively  at 
the  end  of  the  time 


59.     A  meteor  is  seen  to  fall  vertically  to   tin-   K.uth, 
leaving  a  bright  trail  behind  it.     If  the  resistance  of  1  1  ; 
be  constant  and  equal  to  R,  the  rate  of  loss  of  matter  burnt 

off  be  Y  Rv,  and  if  M,  V  be  ite  mass  and  velocity  j 

JC 

entering  the  atmosphere,  shew  that  the  velocity  after  falling 
through  a  distance  z  is  given  by 


kM 

where  X  =    ~-  . 
J\ 

60.     An  uniform  string,  whose  length  is  I  and  weigl 
unit  of  length  w,  hangs  over  a  small  smooth  pulley  with  its 
ends  just  in  contact  with  a  horizontal  plane  ;  if  the  string  be 
slightly  displaced,  shew  that  when  one  end  has  risen  through 
a  height  h  the  pressure  of  the  string  on  the  plane  is 


and  its  resultant  pressure  on  the  pulley  is 

,  /  -  2A 

Wl  l-h' 

61.     Two  particles   of  masses   m,  m'  are  joined  by  an 
elastic  string  without  mass,  of  length   I,  and  a  of 
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elasticity  X.  They  are  laid  on  a  smooth  table  with  in  at  the 
edge  and  ra'  on  the  line  perpendicular  to  the  edge  and  at  a 
distance  I.  The  mass  ra  is  then  just  pushed  over  the  edge. 
Prove  that  if  the  extension  of  the  string  at  any  time  be  5 
the  velocity  with  which  it  is  then  being  extended  is  given 
by 

,,.8 


If  at  time  t,  m  has  fallen  through  a  distance  z,  and  m'  be 
at  a  distance  x  from  the  edge,  prove  that 
mf  (I  —  x)  +  mz  =  fyngt3. 

62.  A  chain  whose  density  varies  as  the  distance  from 
the  end  A  is  coiled  up  close  to  the  edge  of  a  smooth  table 
and  the  end  A  allowed  to  hang  over.     Shew  that  the  motion 
is  uniformly  accelerated  and  the  tension  at  the  edge  of  the 
table  varies  as  the  fourth  power  of  the  time  elapsed  since  the 
commencement  of  motion. 

63.  A  pulley  is  fixed  above  a  horizontal  plane.     Over 
the  pulley  passes  a  fine  string  which  has  two  equal  chains 
fastened  to  its  two  ends.     In  the  position  of  equilibrium  a 
length  c  of  each  chain  is  vertical,  the  remainder  of  the  chains 
being  coiled  up  on  the  table. 

If  now  one  chain  be  drawn  through  a  distance  nc  and 
then  let  go,  prove  that  the  system  will  next  come  to  rest 
when  the  upper  end  of  the  other  string  is  at  a  distance  me 
below  its  mean  position,  ra  being  given  by  the  equation 
(1  -  ra)  em  =  (1+  n)  e-». 

64.  A  flexible  chain  hangs  in  equilibrium  over  a  smooth 
vertical   circle  with   one  end  fixed  to  the  extremity  of  a 
horizontal  diameter  and  a  portion  hanging  vertically  at  both 
sides  of  the  circle  ;  if  the  fixed  end  be  set  free,  shew  that  the 
equation  for  determining  y  the  distance  of  the  lowest  point 
of  the  chain  from  the  horizontal  diameter  during  the  first 
part  of  the  motion  is 

dy 


where  I  is  the  length  of  the  whole  string  and  2c  is  the 
circumference  of  the  circle. 


CHAPTER  VI. 

ACCELERATIONS  PARALLEL  TO   CO-ORDIXATE   AN 

81.  WE   now   proceed    to    illustrate    the    use    of    the 
equations 

mx  =  mX,  my  = 

by  the  consideration  of  some  cases  to  which  these  equa? 
are  the  most  easily  applied. 

If  the  forces  are  given,  and  the  initial  circumstances  of 
motion,  the  equations  determine  the  path  of  the  particle; 
and,  if  the  path  be  given,  with  some  other  condition  be.- 
the  forces  are  determined. 

82.  Motion  of  a  heavy  particle  in  a  vertical  plane. 

Measuring  y  vertically  upwards  the  equations  of  motion 
are 

x  =  0,  y  =  -  g. 

If  u  be  the  initial  velocity  and  a  the  inclination  t 
horizontal  plane  of  its  direction,  we  obtain 

x  =  u  cos  a,  y  =  u  sin  a  —  gt, 
and  if  the  point  of  projection  be  the  origin, 

<c  =  ut  cos  a,  y  =  ut  sin  a  —  \gt*. 

Eliminating  t  we  obtain  the  equation  to  the  path  of  the 
particle, 

ff& 

y  =  x  tan  o  -  5-^   — r-, 
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which  is  a  parabola,  having  its   axis    vertical   and   vertex 
upwards,  the  co-ordinates  of  the  vertex  being 

u*  sin  2a/2g  and  u-  sin2  a/2g. 

The  latus  rectum  is  2w2  cos2  afg,  and  the  height  of  the 
directrix  above  the  point  of  projection  is  uz/2g. 

The  direction  of  motion  at  the  time  t  is  given  by  the 
equation 

„     u  sin  a  —  at 
tan0=-         — «-, 
Mcosa 

and,  if  v  be  the  velocity  at  the  point  (x,  y\ 

v*  =  a?  +  yn-  =  u*  +  gH*  -  2ugt  sin  a  =  u2  -  2gy, 

shewing  that  the  velocity  at  any  point  is  equal  to  the  velocity 
due  to  a  fall  to  that  point  from  the  directrix. 

The  range  of  a  projectile  on  the  horizontal  plane  through 
the  point  of  projection  is  at  once  seen  to  be 

w2  sin  2a/g. 

To  obtain  the  range  on  an  inclined  plane,  perpendicular 
to  the  plane  of  motion,  through  the  point  of  projection, 
measure  x  and  y  parallel  and  perpendicular  to  the  plane. 

Then,  if  /3  be  the  inclination  of  the  plane, 

x=-gsm@,  y  =  - 
.'.  x  =  u  cos  (a  —  /3). 

y  =  u  sin  (a  —  /?) .  t  —  $g  cos  fit*. 
Putting  y  =  0,  and  eliminating  t,  we  obtain 
_  2u2cos  a  sin  (a  —  yS) 
0cos2£  ' 

which  is  the  range  on  an  inclined  plane/and  is  a  maximum 

when  a  =  i(<>+/3j,  that  is,  when  the  direction  of  projection 

bisects  the  angle  between  the  inclined  plane  and  the  ver- 
tical. 

To  find  the  direction  of  projection  in  order  that  the 
} (article  may  pass  through  a  given  point  is  the  same  thing 
as  finding  the  direction  of  projection  in  order  that  the  range 
on  a  given  inclined  plane  may  be  a  given  quantity. 
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1  Icnce  from  above  cos  a  am  (a  —  $)  is  given. 
and  therefore  sin.  (2ot  —  /?)  is  given. 

If  then  a'  and  a"  be  the  two  values  of  a,  the  expressions 
2(a'—  £)  +  $  and  2(a"  —  j9)  +  /3  are  supplementary,  ;md 
therefore 


shewing  that  there  are  two   directions   of  projection 
that  they  are  equally  inclined  to  the  direction  of  projer 
which  gives  the  greatest  range. 

83.  Conversely,  if  the  given  path  be  a  parabola,  ami  it 
be  given  that  the  force  is  parallel  to  its  axis,  we  ha 

y*  =  box, 

with  the  equations         irix  =  mX,  y  =  Q, 
so  that  y  =  c,&  constant, 

ll(*  C^ 

and  therefore  x  =  ~-  and  x  =  ^-  , 

2a  2a 

shewing  that  the  force  is  constant. 

84.  To  find  the  force  perpendicular  to  the  axis  under 
the  action  of  which  a  conic  section  can  be  described,  we  have 
the  equations,  y,  =  2/a,  _  ^ 

£  =  0,  my  =  mY. 
From  these  we  obtain 

x  =  c,  and  yy  =  (l  —  rue)  c, 

l-c* 
hence       yy  +  y*=—  n<?,  and  therefore  y  =•  —  —  , 

y 

shewing  that  the  force  varies  inversely  as  the  cube  of  the 
ordinate. 

Conversely,  if  it  be  given  that  the  force  is  perpendicular 
to  the  axis  of  x  and  inversely  proportional  to  yj,  the  equations 
of  motion  are 


and  therefore          x  =  c,  y*  =  p.  (  -  ±  j-j  , 
c  and  b  being  constants. 
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1  dx  bu 

Hence,  -  -7-  =          --  —  —  , 

c  dy     V/u,  (62  ±  y-) 

/f>  Q  .  __ 

and  therefore  -  +  a  =  -j-  v  62  +  y'3, 

c  v> 

which  is  the  equation  of  a  conic  section. 

85.  It  is  required  to  find  the  force,  perpendicular  to  the 
asymptote,  under  the  action  of  which  the  curve,  a?  +  y*  =  a3, 
can  be  described. 

In  this  case,  if  P  be  the  force, 

P  P 

7n*  =  -,andmy  =  -^. 

Hence  x—y  =  c, 

and  from  the  equation  of  the  curve  a?x  +  y*y  =  0. 
These  equations  give 


and  x  =  —  j—    —j-  ,  whence  the  force  ; 

(or  +  y) 

C  V  .77*  -f-  t/* 

and  the  velocity  at  any  point  =  —  '-  —  ^-  • 

•**    "r  y 

86.  In  all  cases  in  which  force  acts  in  parallel  lines,  the 
velocity  in  the  direction  perpendicular  to  the  force  remains 
constant,  and  therefore  the  time  of  traversing  any  arc  of  the 
orbit  is  obtained  by  observing  the  space,  passed  over  in  the 
direction  perpendicular  to  the  force,  and  dividing  this  space 
by  the  constant  velocity. 

87.  Motion  of  a  particle  under  the  action  of  a  force  to 
a  fixed  point  proportional  to  the  distance  from  that  point. 

If  r  be  the  distance,  and  pr  the  force  on  a  particle  of  unit 
mass,  the  equations  of  motion  are 

x  =  —  pr  cos  0  =  —  JJLX,     y  =  —fjLr  sin  0  =  —  /j,j/. 
The  integrals  of  these  equations  are,  Chapter  II., 
x  =  A  cos  ^pt  +  B  sin  \'  p.t,     y=G  cos  V/x-<  4-  D  sin  *J(jt.t, 
B.  D.  7 
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the  constants  being  determined  by  the  initial  circumstances 
of  the  motion. 

Eliminating  t  we  obtain  the  path 

(Cx  -  Ay?  +  (By  -  Dxf  =  (BC-A  D)», 
which  is  an  ellipse. 

88.     In  this  case  we  may  usefully  employ  oblique  a 

0  being  the  centre  of  force,  and  A  the  point  of  projection, 

take  OA  as  the  axis  of  x,  and  the  line  through  0  parallel  to 

the  direction  of  projection  as  the  axis  of  y. 

If  /»  /'  be  the  component  accelerations  parallel  to  the 

axes 

/sin  a  =  T-2  (x  sin  a),  and  /'  sin  o  =  -^  (y  sin  a), 

so  that  /=  x  and  f  =  y. 

The  component  forces  are  —  fix  and  —  fiy,  and  resolving 
perpendicular  to  the  axes,  we  obtain 

x  sin  a  =  —  /*#  sin  a,     y  sin  a  =  —  fiy  sin  a, 
or  x  =  -  fix,    y  =  -  py. 

Initially         x  =  a,     x  =  Q,     y  =  0,    y  =  v, 

i  -  v     .      i— 

and  therefore      x  =  a  cos  v/i£,    y  =  --.—  sin  V/A£, 

VH 

a?     u,y* 
and  the  path  is  —  +  -^-  =  =  1, 

20 

an  ellipse  of  which  2a  and  —  are  conjugate  diameters. 

If  the  force  be  repulsive  the  equations  of  motion,  employ- 
ing oblique  axes,  are 

#  =  V&,     y  =  W, 
and  therefore 


and,  with  the  same  initial  conditions, 
a?  =      e^  +  e'^0  =  a  co 


=   sn 
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and  the  equation  of  the  path  is 


v 

a  hyperbola,  of  which  2a  and  -r-  are  conjugate  diameters. 

v/* 

In  each  case  if  2a  and  26  be  the  conjugate  diameters 

v  =  V/u,  .  b, 

and,  as  any  point  P  of  the  path  may  be  regarded  as  the 
initial  point,  the  velocity  at  P  is  equal  to  V/u,  .  CD,  where 
CD  is  conjugate  to  CP. 

89.     General  deductions  from  the  equations  of  motion. 
Taking  x  =  X,  and  y=Y, 

we  obtain  xy  —  y'x  =  xY  -  yX, 

or  ^  (xy  -  yx)  =  N, 

if  mN  be  the  moment  of  the  forces  about  the  origin. 

The  angular  momentum  of  the  particle  is  the  moment  of 
its  momentum,  which  is 

m(xy-yx}. 

If  then  we  denote  by  mh  the  angular  momentum,  we 
obtain 

mh  =  mN, 

that  is,  the  time  flux  of  the  angular  momentum  is  equal  to 
the  moment  of  the  forces. 

Again  we  know  that,  if  A  be  the  area  swept  over  by  the 
radius  vector, 

ZA  =  xy-yx, 
and/.  2^'  =  ^. 

If  N  be  zero,  that  is,  if  the  force  be  central,  A  is  constant, 
so  that  the  area  swept  over  is  in  that  case  proportional  to 
the  time. 

This  is  Newton's  Proposition  I. 

7—2 
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Further  we   obtain,  multiplying  by  x,   y,   adding 
integrating, 


or  fan  (x*  +  y*)=  I  (mXdx  +  m  Ydy). 

The  left-hand  side  is  the  kinetic  energy  of  the  particle. 
and  the  right-hand  side  is  the  work  done  by  the 
that  we  here  have  the  principle  of  energy,  for  a  single  particl-- 
in  a  field  of  force,  deduced  from  the  equations  of  motion. 

90.     Motion  of  a  heavy  particle  in  a  medium  the 
of  which  varies  as  the  velocity. 

Measuring  x  and  y  horizontally  and  vertically  from  the 
point  of  projection,  and  taking  mkv  as  the  force  of  i 
the  equations  of  motion  are 

7  .  dx         ,  .  ,  .  dy 

x  =  —  fcs  -j-  =  —  kx,  and  y  =  —  KS-r^—g  =  —  ky  —  g, 

and  therefore,  if  u  and  v  be  the  initial  components  of  the 
velocity, 

x  +  kx  -  u,  y  +  ky  =  v  —  gt, 


leading  to  a?  =  j-  (1  —  e~w), 

v.*_$!*  +  g_(«+£^ 
y    k     k  +  &     U 

91.     Motion  of  a  particle  in  the  same  medium  under  tie 
action  of  a  force  to  a  jixed  point  varying  as  the  distance  j 
ttiat  point. 

The  equations  of  motion  are 

x  +  kx  +  fix  =  0,     y  -f  ky  +  py  =  0, 
and  these  are  integrated  as  in  Chapter  II.,  page  5. 

If  we  write  na  for  /*  —  — ,  and  if  we  assume  that,  initially, 

TT 

#  =  <*>>  y  —  0,  x  =  0,  y  =  v,  we  obtain  the  equations 


,  ka   -J*  .  v    - 

coant  +  ^-e  *  smn<,     v=-e  2  sin  nt. 
2>t  y      n 
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Hence  it  follows  that 

x     ku       —st  ny       --,t  . 

—  5^  =  6   *  cos  nt,      —  =  e  2  sin  nt, 
a     2v  v 

and  therefore  that 

x*     kxy     ptf  Zany 

-  +^T  =  e~kt,  and  tan  nt  =  s  --  ^7—, 
a?      av        v2  Ivx-aky 

representing  motion  in  an  ellipse  which  is  gradually  shrinking 
in  size. 

92.     Motion  of  a  heavy  particle  in  a  medium  the  resistance 
of  which  varies  as  the  square  of  the  velocity. 

The  equations  of  motion,  if  mkv*  be  the  force  of  resistance, 
are 

dec 
sc  =  —  kv--r-  =  —  kxs,     y=—g  —  ksy. 

From  the  first,  x  —  ue~kt, 

and  .  •  .  y  =px  =  upe~kg,  putting  p  for  -^-  . 


Hence     y  =  «a       e-2**  -  kupse-*  =  u*      €-*>  -  ksy, 
and  the  second  equation  becomes 

l+f^o- 

ds 
Multiplying  by  2  -j-  ,  which  is  equal  to  2  Vl  4-  p*,  and 

integrating,  we  obtain 

+  --  e**  =  C. 


If  then  a  be  the  initial  inclination  of  the  direction  of 
motion,  that  is  when  s  =  0,  and  if  p  =  tan  6, 

tan  6  sec  6  +  log  (tan  0  +  sec  6)  +  £-  (e8**  -  1) 

40tt 

=  tan  a  sec  a  +  log  (tan  a  4-  sec  a). 

We  observe  that  as  s  increases  indefinitely,  -,    decreases 

op 
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and  ultimately  vanishes,  shewing  that  x  is  ultimately 
constant,  and  therefore  that  the  curve,  on  the  positive 
side,  tends  to  a  vertical  direction. 

Again,  if  r  be  the  intercept  of  the  tangent  on  the  axis  of  y, 

,  dr  dp        q   , 

T  =  y-*p,  and  ^  =  -*^  =  *|,^. 

Take  x  and  s  both  negative,  say  —  x'  and  —  s'  ;  then  as  af 
is  certainly  less  than  s't 

x    .  .<?' 

-55,  is  less  than  -^ 

which  vanishes  when  «'  increases  indefinitely. 

Hence,  on  the  left-hand  side,  the  value  of  -.    appro 
continually  to  zero,  and  T  is  ultimately  constant. 

Again,  if  s  =  —  oo  , 

tan  0  sec  0  +  log  (tan  0  +  sec  0)  -  C  =  0, 

shewing  that  6  has  then  a  finite  value  ;  for,  if  we  put  9  =  0, 
the  left-hand  member  of  the  equation  is  negative,  and  it  \v- 

7T 

put  0  =  ^  ,  it  is  positive. 

Z 

We  infer  then  that  the  direction  of  the  curve,  on  the 
negative  side,  is  ultimately  inclined  to  the  vertical. 

93.     In  the  general  case  if  v  is  the  velocity  of  a  particle 
and  mf(v)  the  resistance  offered  by  the  medium  in  which 
the  particle  is  moving,  and  if  mX,  mY  are  the  fortv 
action,  the  equations  of  motion  are 

v      ....  dx      ..     -tr     /•/  v  dy 


94.     Illustrations  of  the  use  of  the  equations  of  Arts.  (13) 
and  (18). 

(1)     Case  of  a  weightless  rod,  of  length  2a,  c< 
o  from  ?V.v  middle  />'"' 
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ends  moveable  on  two  straight  wires,  at  right  angles  to  each 
other,  and  made  to  revolve  uniformly  in  a  horizontal  plane. 


Taking  the  wires  as  axes  of  x  and  y,  the  equations  of 
motion  are 

m(x  —  uPx  —  2(ay)  =  R, 

m(y-  aPy  +  2o*c)  =  K, 
with  the  geometrical  conditions, 

x  =  (a  +  c)  cos  0,     y  =  (a  —  c)  sin  0. 

Now,  since  the  system  of  acting  forces  is  the  equivalent 
of  the  system  of  effective  forces,  the  resultant  of  R  and  R' 
must  lie  in  the  line  PE,  and  therefore 

R  (a  +  c)  sin  6  =  R  (a  —  c)  cos  0. 
From  these  equations  we  obtain 
(a2  +  c2  -  2ac  cos  20)  6  +  2acda  sin  28  +  2oco>a  sin  20  =  0, 
the  integral  of  which  is 

(aa  +  c2  -  2ac  cos  20)  tf3  =  C  +  2aca>*  cos  26. 

If  the  particle  is  at  the  centre  of  the  rod,  6  is  constant,  so 
that,  if  initially  the  rod  have  no  motion  relative  to  the  wires, 
its  relative  position  will  remain  unchanged. 

(2)  A  smooth  plane,  carrying  at  a  point  C  a  centre  of 
force  the  attraction  to  which  varies  as  the  distance,  revolves 


104  Me  iv  I  \<;    A\ 

uniformly  tibout  a  fixed  axis,  jn-r/H-,«li'-u(,ir  tn  itself  ;   it  is 
required  to  determine  the  motion  of  a  particle  on  ti 

Taking  the  foot  of  the  axis,  0,  for  origin,  an<l  DC  fur  the 
axis  of  x,  the  equations  of  motion  are,  if  OC  =  c, 

x  —  o)*x  —  2a>y  =  —  /*  (x  —  c), 
y  —  oPy  +  2(ox  =  —  py. 

Multiplying  the  second  equation  by  +  i,  and  adding  the 
two  equations  together, 


{(D  -  io>)'  +  (*}  (x  -  iy)  = 


Hence    x  +  iy  =  —   —-  +  4e<^—  >  t  +  lfe- 

fl—  0)a 


x-y= 

/i  —  O)2 

Assuming   that,  initially,  a?  =  a,  y  =  0,   i  =  0,  y  =  U,  we 

find  that,  if  &  =  a  --  ^~ 
— 


o 

=  —-.-  {(V/Lt  +  &>)  cos  (V/i  -  CB)  «  +  (VJi  -  CD)  cos  (V/i  +  <u)  t}, 

o  _ 

^  {(Vyu  +  CD)  sin  (\V  —  a))  t  -  (  V/x  —  CD)  cos  (V/i  +  to)  «}. 


y  = 

Compaiiiig  these  equations  with  the  equations  of  a  hypo- 
cycloid, 

<c  =  (a  —  6)  cos  0  -f  6  cos    -.  —  6, 

y  =  (a  —  6)  sin  6  —  b  sin     .     0, 

we  find  that,  the  particle  being  initially  at  rest  relative  to 

the  plane,  it  will  describe  on  the  plane  a  hypocycloid  prodi 

a 

by  rolling  a  circle  of  radius  —  —  (\V  —  «)  inside  a  cirri 
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radius  /3,  the  centre  of  the  hypocycloid  being  at  the  distance 

-  from  the  fixed  axis, 
/u.  —  w 

If  it  be  required  to  determine  the  absolute  path  of  the 
particle  the  equations  of  motion  are 

x  =  —fA(a;—c  cos  &>£),     y  =  —  n (y  —  c  sin  (at), 
the  integrals  of  which  are 

(K  =  — — -  cos  cot  +  A  cos  ( \/at  +  a), 
fj,  —  &>2 

y  =     ^     sin  (at  +  B  sin  M~ui  +  ft). 
/*  — or 

95.     Equations   of  motion  of  a  free   string  in  a  plane 
under  the  action  of  given  forces. 


o 


00 


If  u  and  v  be  the  velocities  parallel  to  cc  and  y,  of  a  point 
P  of  the  string,  and  T  the  tension  at  P,  the  component 
tensions  are 

dy 


which  are  functions  of  the  arc  AP  measured  from  a  given 
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point  A  of  the  string,  and  the  equations  of  motion  <>i   the 
element  8s  are 


m  being  the  mass  of  unit  length  of  the  chain,  or 

d  (mdx\         v 

m"=-j-,(Tdi)+mX' 

m»* 

ds 

The  geometrical  equation  is  given  by  the  condition  that 
the  velocity  of  Q,  in  direction  of  the  tangent  at  P,  is  ulti- 
mately the  same  as  that  of  P,  leading  to 

dx  ~  .  du        dx        (/>/ 

+<'+*>-»+*' 


tote    toto^ 
as  as     as  as 

These  equations,  combined  with  the  boundary  conditions, 
such  for  instance  that  the  tension  vanishes  at  a  free  end  of 
the  string,  are  sufficient  theoretically  for  the  determination 
of  the  motion  of  a  string  in  a  plane  under  the  action  of  given 
forces. 

The  same  equations  apply  to  the  problem  of  determining 
the  initial  tension  at  any  point  of  a  string,  original1 
equilibrium,  when  some  of  its  constraints  are  removed. 

It  will  be  found  however  that  this  problem,  and  that 
of  the  next  article,  are  more  easily  treated  by  making  u 
tangential  and  normal  components. 

96.  Motion  of  a  string,  or  a  fine  chain,  li/ing  on  a  smooth 
horizontal  plane,  which  has  impulses  applied  at  one  or  bvth 

If  T  be  the  measure  of  the  resulting  impulsive  tension  at 
the  point  P,  and  u,  v  the  velocities  imparted  to  the  point  P, 


-£  far 

as  \ 


EXAMPLES.  107 

_,#«  ,  dxdT  ^d-y     dy  dT 

or  mu  =  T  -=-  +  -j-  -,-  ,     mv  =  T  ~  4-  -f-   ,-  , 

ds2      ds  ds  ds2      as  ds 

with  the  same  geometrical  condition  as  before,  i.e. 
du  dx     dv  dy     n 

T-  j-  +  -j-  J     -  °- 

as  as      as  as 

If  we  substitute  for  u  and  v  their  equivalents  from  the 
previous  equations,  and  if  we  take  account  of  the  relations 

dxd?x     dy_d^_        1_/^V     /d 
ds  as2  +  ds  as2  ~   '    p-  ~  \df) 
we  shall  obtain  the  equation 

d?T     T 
ds*  ~  /aa  * 

This  result  will,  however,  be  obtained  in  Chapter  VIII. 
by  a  shorter  process. 


EXAMPLES. 

1.  Find  the  law  of  force  parallel  to  an  asymptote  under 
which  a  rectangular  hyperbola  can  be  described. 

2.  Prove   that   the   vertical   velocity  of  the   centre   of 
curvature  of  the  path  of  a  projectile  is  proportional  to  the 
time  which  has  elapsed  since  the  projectile  was  at  the  highest 
point  of  its  orbit. 

3.  A  particle  moves  in  a  plane  under  the  action  of  forces 
to  two  fixed  points  in  the  plane,  one  attractive  and  the  other 
repulsive,  and  each  varying  as  the  distance  ;  if  the  absolute 
intensities  be  the  same,  find  the  path. 

4.  Find  the  path  of  a  particle  which  is  in  motion  under 
the   action   of  a   force   perpendicular   to   a  fixed    line  and 
inversely  proportional  to  the  square  of  the  distance  from 
the  line. 

5.  A  particle  moves  under  the  action  of  an  attractive 
force  perpendicular  to  a  straight  line  and  proportional  to  the 
distance  from  that  line  ;   prove  that  the  path  is  the  curve 
of  sines. 
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(!.     Shew  that  the  least  inclination  to  the   h 
which  a  particle  can  be  projected  so  as  to  strike  at  right 
angles  any  plane  through  the  point  of  projection  is  cos"1  J. 

If  the  direction  of  projection  be  inclined  at  an  angle  6  to 
the  plane,  and  if  the  projection  on  the  plane  of  this  direction 
be   inclined   at   an   angle  <f>  to  the  line   of  greatest   si 
shew  that  the  range  on  the  plane  is 

— —  (cos2  6  cos2  a  +  sin2  6  sin8  a  —  i  sin  26  sin  2a  cos  <f>)% 
g  cos2ov 

where  a  is  the  inclination  of  the  plane  to  the  horizon. 

7.  Particles   are   projected  from   the   same   point  in   a 
vertical  plane  with  velocities  which  vary  as  (sin  0)'*,  6  being 
the  angle  of  projection ;  find  the  locus  of  the  vertices  ot 
parabolas  described. 

8.  Particles  fall  down  chords  of  a  circle  to  the  1< 
point.     Prove  that  the  tangents  to  the  circle  at  the  \\\- 
extremities  of  the  chords  pass  through  the  foci  of  the  ] 
bolas  described  after  leaving  the  lowest  point. 

9.  Particles  slide   down   chords  of  a  vertical  circle  to 
the  lowest  point ;  shew  that  the  locus  of  the  foci  of  the  paths 
of  the  particles  after  leaving  the  chords  is  a  cardioid. 

10.  An   ellipse   is   held  with   its   major  axis   vertical; 
find  a  point  on  the  curve  such  that,  if  a  perfectly  el 
heavy   particle   slide   down   an    inclined   plane   to   it    from 
the  upper  focus  and  be  reflected  by  the  curve,  it  will  fall 
to  the  lower  vertex ;  and   shew  that   in   an   ellips 
eccentricity  is  *5,  this  point  will  be  the  extremity  of  the 
minor  axis. 

11.  A  bullet  is  fired  in  the  direction  towards  as. 
equal   bullet  which  is  let  fall  at  the  same  instant.     Prove 
that  the  two  bullets  will  meet,  and  that  if  they  coalesce 
the  latus-rectum  of  their  joint  path  will  be  one  quarter  of 
the  latus-rectum  of  the  original  path  of  the  first  bullet 

12.  Chords  are  drawn,  joining  any  point  of  a  vertical 
circle  with  its  highest  and  lowest  points;   prove  that,  if  a 
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heavy  particle  slide  down  the  latter  chord,  the  parabola, 
which  it  will  describe  after  leaving  the  chord,  will  be  touched 
by  the  former  chord,  and  that  the  locus  of  the  points  of 
contact  will  be  a  circle. 

13.  Through  a  given  point  an  inclined  plane  is  drawn, 
perpendicular  to  a  given  vertical  plane,  and  from  that  point 
a  particle  is  projected  in  the  vertical  plane,  with  a  given 
velocity,    so    as    to    strike    the    inclined    plane    at    right 
angles ;    prove   that   the    locus   of  the   point   on  which   it 
falls,  for   different   positions   of    the   inclined   plane,   is   an 
ellipse. 

14.  Prove  that  the  range  of  a  projectile  on  an  inclined 
plane  is  greatest  for  a  given  velocity  of  projection  when  the 
focus  of  the  path  is  in  the  plane. 

If  t  and  t'  be  the  two  times  of  flight  corresponding  to  any 
range  short  of  the  greatest,  and  a  be  the  inclination  of  the 
plane,  prove  that 

t-  +  2tt'  sin  a  + 1'* 
is  independent  of  a. 

1">.  Two  smooth  equal  balls  are  placed  in  contact  on  a 
smooth  table ;  a  third  equal  ball  strikes  them  simultaneously 
and  remains  at  rest  after  the  impact ;  shew  that  the  coefficient 
of  restitution  is  2/3. 

16.  A  person  at  a  distance  c  from  the  vertical  wall  of  a 
fives  court  discharges  a  perfectly  elastic  ball  from  his  hand  so 
that  it  shall  strike  first  the  floor,  then  the  wall  and  finally 
return   to  his  hand.     If  T  be   the  whole   time   of  motion 
and  nT  the  time  between  the  two  rebounds,  shew  that  the 
velocity  and  angle  of  projection  measured  downwards  are 
given  by 

Fcos  a  =  2c/T,         Fsin  a  =  gnT. 

17.  On  the  moon  there  seems  to  be  no  atmosphere,  and 
gravity  is  about  one-sixth  of  that  here  on  earth.    What  space 
of  country  would  be  commanded  by  the  guns  of  a  lunar  fort, 
able  to  project  shot  at  1600  feet  per  second  ? 
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IS.     A  particle  is  projected  from   a  point  in  a  sn 
plane,  inclined  at  an  angle  a  to  the  horizon,  in  a  vertical 
plane  which  cuts  the  inclined  plane  in  a  horizontal  line,  and 
at  an  angle  6  to  the  horizon.     Prove  that  after  n  rebounds 
the  space  travelled  in  the  direction  of  the  line  ol 
slope  on  the  inclined  plane  is 

a  sin  a  tan  6 .       ,         — , 

where  a  is  the  horizontal  space  described,  and  e  the  coeffiV 
of  restitution. 

19.  A  perfectly  elastic  particle  is  dropped  from  a  point 
on  a  fixed  vertical  circular  hoop;  shew  that  after  two  rebounds 
it  will  rise  vertically  if 

2  sin  40  =  tan  0, 

where  6  is  the  angular  distance  of  the  point  from  the  highest 
point  of  the  hoop. 

20.  A  smooth  inelastic  ball  slides  from  rest  down  a  length 
I  of  a  plane  inclined  30°  to  the  vertical,  and  impinges  on  a 
horizontal  rail,  parallel  to  the  plane,  and  at  a  distance  from  it 
equal  to  half  the  radius  of  the  ball.    Neglecting  the  thick  n.— 
of  the  rail,  prove  that  the  ball  will  afterwards  strike  the  plane 
at  a  distance  31  from  its  point  of  contact  when  striking  the 
rail. 

21.  A  particle  is  projected  from  a  point  at  the  foot  of  one 
of  two  parallel  vertical  smooth  walls  so  as  after  three  reflections 
at  the  walls  to  return  to  the  point  of  projection ;  prove  that 


and  that  the  vertical  heights  of  the  three  points  of  impact 
above  the  point  of  projection  are  as 

e2  :  1-e*  :  1. 

22.  A  sphere  is  fixed  upon  a  horizontal  plane;  find  from 
what  point  in  the  plane  a  particle  must  be  projected,  \\ith  a 
velocity  due  to  falling  down  a  vertical  space  equal  to  the  dia- 
meter of  the  sphere,  so  that  the  focus  of  its  path  may  1>.  in 
the  centre;  after  reflection  at  the  sphere  shew  that  it  will 
strike  the  horizontal  plane  at  a  distance  from  the  point  of 
projection  equal  to  the  diameter  of  the  sphere,  if  the  elasticity 
be  perfect. 
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23.  Two  equal  perfectly  elastic  balls  A  and  B  are  pro- 
jected from  the  same  point,  in  the  same  vertical  plane  and 
with  equal  horizontal  velocities ;  prove  that  if  when  they  first 
impinge  A  has  not  yet  struck  the  ground,  and  B  is  moving 
horizontally,  then  the  ratio  of  the  cotangents  of  the  angles 
which  the  directions  of  projection  make  with  the  vertical 
must  be  2n2  +  2n  +  1  :  2n  +  1,  where  n  is  some  positive  integer, 
and  also  that  when  first  after  the  impact  one  of  them  strikes 
the  ground,  the  other  is  at  a  height  above  the  ground  equal  to 

2n  (n  +  1)  v2 

where  v  is  the  vertical  velocity  of  projection  of  B. 

24.  A  ball  is  projected  from  a  point  in  one  of  two  smooth 
parallel  vertical  walls  against  the  other  in  a  plane  perpendi- 
cular to  both,  and  after  being  reflected  at  each  wall  impinges 
again  on  the  second  at  a  point  in  the  same  horizontal  plane 
as  it  started  from  :  shew  that 

be?  =  a  (1  -f  e  +  e3), 

where  e  is  the  coefficient  of  restitution,  b  the  free  range,  and 
a  the  distance  between  the  planes. 

25.  A  man  stands  on  the  upper  end  of  a  long  rough 
plank,  of  length  a  and  mass  M,  which  lies  along  a  smooth 
straight  groove  on  an  inclined  plane,  having  its  upper  end 
supported   by  a  cord.     The   cord  is  cut,  and   at  the   same 
instant,  the  man  starts  off,  and  runs  with  very  short  steps 
down  the  plank,  at  such  a  rate  that  the  plank  does  not  move ; 
prove  that  the  velocity  of  the  man  at  the  lower  end  of  the 
plank  is 

/^Zgacosa"-  — , 

where  m  is  the  mass  of  the  man,  and  a  the  inclination  of  the 
groove  to  the  vertical. 

If  the  man  then  jump  horizontally  so  as  not  to  set  the 
plank  in  motion,  he  will  alight  on  the  groove  at  a  distance 

m  +  M 
4>a  cot2  a .  — 

m 
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below  the  position  of  the  lower  end  of  the  plank  at  the-  instant 
he  alights. 

Determine  also  how  he  must  jump  so  that  he  may  alight 
on  the  lower  end  of  the  plank. 

A   stone   is  projected  upwards  with  velocity 
from  a  point  on  the  margin  of  a  circular  pond,  radius  c.     It 
all  directions  of  projection  be  equally  probable,  shew  that  the 
chance  that  the  stone  falls  into  the  pond  is 

2(V2-1) 

7T 

27.  A  solid  smooth  cylinder,  of  radius  r,  lies  on  a  smooth 
horizontal  plane,  to  which    it  is  fastened,  and  an   im  i 
sphere,  of  radius  2r,  moves  along  the  plane  in  a  direction  at 
right  angles  to  the  axis  of  the  cylinder;  find  the  condition 
that  it  may  pass  over  the  cylinder. 

If  the  sphere  be  elastic,  and  the  coefficient  of  the  elns 
be  greater  than  1/8,  prove  that  it  cannot  in  any  case  pass 
the  cylinder ;  and  if  e  be  less  than  1/8,  find  the  condition  that 
the  sphere  may,  after  its  first  ascent,  fall  upon  the  top  of  the 
cylinder. 

28.  From  a  point  A  in  one  of  two  vertical  lines  a  par- 
ticle is  projected  with  a  velocity  u  at  a  given    inclination 
to  the  horizon,  and  meets  the  other  vertical  line  in  B :  it  is 
then  projected  from  B  with  a  velocity  v  at  the  same  in- 
clination to  the  horizon  and  returns  to  A.     Prove  that  the 
harmonic  mean  between  w*  and  v2  is  constant 

29.  Find  the  path  of  a  particle  acted  on  by  a  repulsive 
force  always  perpendicular  to  a  given  straight  line  and 
portional  to  the  distance  from  it,  the  velocity  at  any  i 
being  that  which  would  be  acquired  by  moving  from  rest  on 
the  given  line  to  that  point. 

30.  If  a  particle  be  acted  upon  by  a  force  always  parallel 
to  the  axis  of  y  and  proportional  to  the  square  of  the  radius 
of  curvature  at  the  point,  prove  that  it  will  describe  t 

y  —  b  x 

-  =  log  sec  -  , 
ft  d 

the  particle  moving  parallel  to  the  axis  of  x  at  the  point  (o,  6). 
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31.  The  trochoid  x  =  a (6  —  e sin 0),  y  =  a(l—e cos 6),  is 
described  under  the  action  of  a  force  parallel  to  the  axis  of  x ; 

e  -  cos  6 

shew  that  the  force  varies  as  — .  ,  „    . 

sin3  6 

32.  If  a  particle  be  moving  in  a  medium  whose  resistance 
varies  as  the  velocity  of  the  particle,  shew  that  the  equation 
of  the  trajectory  referred  to  the  vertical  asymptote  and  a  line 
parallel  to  the  direction  when  the  velocity  is  infinite  as  co- 
ordinate axes,  is  of  the  form 


33.     A  body  describes  the  curve  whose  equation  is 


>i 


=  1, 

under  the  action  of  a  force  to  the  origin.  Shew  that  the 
central  acceleration  is  Xr .  (#«/)n~3,  an(^  that  when  n  is  even, 
the  periodic  time 


2A       /n-l 

—  7,  A/   — T 

(ab)*  V      X 


where  A  is  equal  to  the  area  of  the  curve. 

34.  Two  particles  A  and  B,  of  masses  8m  and  ra  respec- 
tively, lie  together  at  a  point  on  a  smooth  horizontal  plane, 
connected  by  a  string  which  lies  loose  on  the  plane;  B  is 
projected  at  an  elevation  of  30°  with  velocity  equal  to  g.     If 
the  string  becomes  tight   the  instant   before  B   meets  the 
plane  again,  and  breaks  when  it  has  produced  half  the  im- 
pulse it  would  have  produced  if  it  had  not  broken,  and  if  the 
particle  rebounds  at  an  elevation  of  30°,  shew  that  the  elasti- 
city of  B  is  equal  to  5/9. 

35.  A  parabola,  having  its  vertex  at  A  and  its  axis  co- 
incident with  AB  the  diameter  of  a  semicircle,  is  described  so 
as  to  cut  the  semicircle  in  P ;  prove  that,  if  a  body  move  in 
the  semicircle  under  the  action  of  a  force  perpendicular  to 
AB,  the  time  of  moving  from  A  to  P  varies  as  the  difference 
between  AB  and  the  latus  rectum.-    Prove  also,  that  if  a 

B.  D.  8 
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second  body  move  from  A  to  P  in  the  parabola  in  the  same 
time  under  the  action  of  a  force  perpendicular  to  its  axis,  ami 
the  velocities  in  the  two  curves  at  P  be  njual,  the  latus 
rectum  of  the  parabola  is 


36.     Three  equal  particles,  A,  B,  C,  each  of  mass  m,  are 
connected  by  strings,  B   and  C  being  nearly  in   the   s 
straight   line  with   A,  and   equidistant  from  it.     B  and  C 
repel   each   other  with   a  force   varying    as    the    dist, 
(  nt  fir). 

If  the  string  EG  be  cut  prove  that  the  time  of  a  small 
oscillation  of  the  system  is  7r/\/6/*. 

'  37.  A  particle  is  in  equilibrium  at  x,  y  under  forces 
X,  Y  parallel  to  the  axes,  if  it  be  disturbed  it  will  execute 
small  oscillations  in  a  time  ir/p,  where 


t/8Z     3F\     /8Z3F    3Z8F\ 

p*    -Q—  +  a~  I  +  (  o-  -5  --  a~  5~  )  =  °- 

\ox      oy)     \ox  oy      oy  ox  J 


38.  Two   particles   are  projected  in  parallel   directions 
from  two  points  in  a  straight  line  passing  through  a  centn-  <>t' 
force,  the  attraction  to  which  varies  as  the  distance,  with 
velocities  proportional   to   their  distances  from  the   cti 
Prove  that  all  tangents,  to  the  path  of  the  inner,  cut  off, 
from  that  of  the  outer,  arcs  described  in  equal  times. 

39.  OA  is  a  smooth  tube  ;  OB  a  light  rod  perpendicular 
to  it;  B,  a  fixed  point  in  OB,  a  centre  offeree  attracting  with 
force  fir  a  particle  P  in  the  tube  OA.     The  system  K 
made  to  revolve  with  uniform  angular  velocity  &>  on  a  hori- 
zontal plane  about  0,  determine  the  motion  of  P  ;  and  shew 
that,  if  fi  >  (a2,  P  will  oscillate  with  period  2?r/V/A  —  o>*. 

40.  A  rod  revolves  about  its  middle  point  with  uniform 
angular  velocity  or  and  has  at  its  extremities  two  centr. 
force  varying  as  the  distance  one  attractive  and  one  repulsive 
of  the  same  absolute  intensity  ;  supposing  a  particle  placed 
in  the  plane  of  rotation  in  a  line  perpendicular  to  the  rod 
through  its  centre,  shew  that  its  path  will  be  cycloidal,  the 
time  from  one  cusp  to  another  being  2ir/vr. 
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41.  A  smooth  horizontal  disc  rotates  with  angular  velo- 
city V  p.  about  a  vertical  axis  at  which  is  placed  a  particle 
attracted  to  a  certain  point  of  the   disc  by  a  force  whose 
acceleration   is   /*  x  distance  ;   prove  that   the  path   of  the 
particle  on  the  disc  will  be  a  cycloid. 

42.  A  particle  moves  under  the  action  of  two  constant 
forces  in  the  ratio  of  nine  to  one,  whose  directions  rotate  in 
opposite   directions  with   uniform  angular  velocities  in  the 
ratio  of  three  to  one  :  prove  that,  under  certain  initial  con- 
ditions, the  path  of  the  particle  will  be  a  closed  curve,  of  the 
same  form  as  that  represented  by  the  equation,  r  =  a  cos  20. 

43.  The  two  ends  of  a  smooth  weightless  rod  are  move- 
able  on  two  fixed  straight  wires  intersecting  each  other  at 
right  angles.   A  particle  can  move  on  the  rod  and  is  attracted 
to  the  point  of  intersection  of  the  wires  by  a  force  varying  as 
the  distance.     Prove  that  if  the  particle  have  initially  no 
motion  the  angular  velocity  of  the  rod  is  given  by  an  equation 
of  the  form 

&>2  =  n3  {1  -  sin2  2a  cosec3  20}. 

44.  A  particle  describes  a  curve,  y=f(x),  under  forces 
having  the  potential  V\  if  the  same  curve  can  be  described 
under  forces  having  the  potential 


find  the  differential  equation  of  the  curve. 
If  n  =  1,  prove  that  the  curve  is  a  cycloid. 
If  n  =  2,  prove  that  the  curve  is 


where  s  is  the  arc  measured  from   some  fixed  point,  and 
A,  B,  \  are  constants. 
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CHAPTER  VII. 


RADIAL  AND  TRANSVERSAL  ACCELERATIONS. 

97.  HAVING  discussed,  in  the  previous  chapter,  the  use 
of  the  components  of  acceleration  parallel  to  two  coordinate 
axes,  we  now  take  into  consideration  the  expressions  for 
radial  and  transversal  components,  leading  to  the  equations 
of  motion, 


mP  and  mQ  being  the  radial  and  transversal  forces  acting  on 
a  particle  of  mass  m. 

For  our  first  illustration  we  take  the  following  case. 

Motion  of  a  particle  in  a  smooth   straight   tube 
revolves  uniformly,  in  a,  horizontal  plane,  about  a  jixed  j 
in  the  axis  of  the  tube. 

In  this  case  the  only  force  acting  on  the  particle  is  t  h«> 
pressure  R  of  the  tube,  and  if  ta  be  the  angular  velocity 
equations  are 

r  —  <»2r  =  0,   2mra)  =  R. 

If  the  particle  start  from  the  distance  a  with  no  initial 
velocity  along  the  tube,  we  obtain  from  the  first  equation, 

r  =  -  (e-<  +  e~**)  =  a  cosh  at, 

and  from  the  second, 

R  =  2mao)-  sinh  tat. 
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We  can  also  obtain  the  velocity  and  pressure  in  terms  of 
r,  for  the  first  equation  gives 

<p  =  <a2  (r2  -  a2), 

and  therefore  R  =  2  wo>2  Vr2  -  a2. 

If  b  be  the  length  of  the  tube,  the  direction  in  which 
the  particle  flies  out  is  inclined  to  the  tube  at  an  angle  6 
such  that 

bo>  b 

tan  9  =  — -. = 

o>v62-a2     Vfr-'-a3 

If  the  tube  revolve  in  a  vertical  plane  the  equations  are 

r  —  uPr  =  —  y  sin  &>£,   2raro>  =  R  —  ing  cos  &>£. 
From  these  equations, 

r  =  /--  sin  &><  +  A  ^  +  Be-"'  (Chapter  n.), 

.£,&> 

and  R  =  2mg  cosa>t  +  2  wo>8  (A  e"*  -  Be-"1), 

the  constants  being  determined  by  initial  conditions. 

98.  Motion  of  a  particle  in  a  straight  tube  which  revolves 
uniformly  in  a,  horizontal  plane  about  a  fixed  point  at  a 
distance  c  from  its  axis. 

If  OA  (c)  be  the  perpendicular  from  the  fixed  point  on 
the  axis  of  the  tube,  and,  P  being  the  position  of  the  particle, 
if  AP  =  r,  the  acceleration  of  P  relative  to  A=r  —  &>2r,  in 
the  direction  AP,  and  2r&>  perpendicular  to  AP\  and 
the  acceleration,  arc,  of  the  point  A  is  wholly  in  the  direc- 
tion A  0. 

Hence  the  equations  of  motion  are 

r  —  &>2r  =  0,    in  (2ra>  4-  a>ac)  =  R, 
and  the  solution  is  similar  to  that  of  the  preceding  case. 

Motion  of  two  particles,  m  and  m',  connected  together  by 
•H  elastic  string,  in  a  straight  tube  revolving  uniformly  in  a 
horizontal  plane  about  one  end. 
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If  r  be  the  distance  of  in  from  the  origin,  I  the  length  <>t 
string,  and  T  its  tension,  the  equations  are 

m  (r  -  o>*r)  =  T,  m'  {r  -  o>*  (r  +  01  =-Tt 
from  which  we  obtain 

(m  +  m')  r  —  o>2  (m  +  m')  r  —  m'<aH  =  0, 

'/ 
and  therefore       r  H  --  ,  =  Af"'  +  Be-**. 


99.     Motion  of  a  piece  of  uniform  chain  in  a  strain/fit  t<il»- 
revolving  in  the  same  manner. 


Let  r  be  the  distance  from  0  of  G,  the  centre  of  grnvitv 
of  the  chain,  GP  =  p  the  distance  from  G  of  one  end  nf  an 
element  PQ,  (Sp)  of  the  chain,  m  the  mass  per  unit  of  length. 
T  the  tension  at  P,  T+  ST  at  Q. 

The  equations  of  motion  of  the  element  are,  since  p  is 

d* 

independent  of  the  time  and  therefore  -j-  (OP)  equal  to  r, 


mSp  {r  -  o>a  (r  +  p))  =  ST,   ZmSpru  =  RBp, 
R  being  the  rate  of  pressure  at  P  per  unit  of  length. 

Integrating  the  first  of  these  equations,  or,  in  other  words, 
taking  the  sum  of  the  equations  of  motion  of  all  the  el<  m 
we  obtain 

m  {(r  -  wV)  p  -  £o>y  }  =  T  +  C. 


ROTATING   WIRE. 
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Observing  that  T  =  0  when  p  =  —  l  and  when  p  =  I,  21 
being  the  length  of  the  chain,  there  results 

m  (r  -  tuV)  21  =  0,  or  r-a>2r  =  0, 

shewing  that  the  motion  of  the  centre  of  gravity  is  the  same 
as  that  of  a  single  particle. 

Taking  account  of  this  result,  T  =  \mw*  (I-  —  p2). 

100.     Motion  of  a  bead  on  a  smooth  circular  wire  re- 
volving uniformly  in  its  oum  plane  about  a  fixed  point. 


If  0  be  the  fixed  point,  and  6  the  angle  PC  A,  the  accele- 
rations of  P  in  the  directions  PT  and  PC,  obtained  by 
compounding  the  accelerations  of  P  relative  to  C  with  that 
of  C  relative  to  0,  are  respectively, 

T.) 

a  -j-2  (6  +  wt)  +  arc  sin  0,  and  a  (0  +  a>)2  +  &>2C  cos  0, 

taking  OG=c,  and  CP  =  a. 

If  the  plane  be  horizontal,  and  R  be  the  pressure  of  the 
wire  on  the  bead,  the  equations  of  motion  are 

ad  +  arc  sin  d  =  0,  and  m  [a  (d  +  o>)2  +  o>2c  cos  6}  =  R. 


120  CENTRAL  OR H IT. 

If  the  bead  be  originally  attached  to  the  wire  at  t  he- 
angular  distance  a  from  the  line  CA,  and  be  set  free,  the  tir.-t 
of  these  equations  leads  to 

afc  =  2o>3c  (cos  0  —  cos  a), 

>lu-\ving  that  the  bead  oscillates  through  the  angle  2ot,  and 
the  second  determines  the  pressure. 
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101.  If  a  particle  move  under  the  action  of  an  attnv  -tivo 
force  mP  to  a  fixed  centre,  P  being  a  function  of  r,  the 
equations  of  motion  are 


From  the  second  equation  we  at  once  obtain 


h  being  a  constant. 

.      dr  A      h  dr         ,du.f         1 
Hence        r  =  ^  0  =  -  ^  =  -h^,  if  «  =  -, 


and  the  first  equation  becomes 


or  -jot  +  M  =  rn  • 

d(P  /t'i*1 

This  equation,  if  the  law  of  force  be  given,  drtrrminrs 
the  path,  and,  if  the  path  be  given,  determines  the  law  of 
force. 

102.     If  A  be  the  area  swept  over  by  the  radiu 
A  = 
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and  therefore  A  =  ^ht,  shewing  that  the  area  is  proportional 
to  the  time,  and  that  ^h  is  the  area  swept  over  in  the  unit  of 
time. 

If  Ss  be  an  element  of  the  arc  of  the  curve,  and  p  the 
perpendicular  from  the  centre  of  force  upon  the  tangent, 

8  A  = 


and  therefore  h  =  2  A  —ps  =  pv, 

shewing  that  the  velocity  is  inversely  proportional  to  the 

distance  of  the  centre  from  the  tangent  to  the  path. 

103.  We  have  shewn,  in  Art.  (17),  that  the  normal  ac- 
celeration, in  any  curvilinear  path,  is  equal  to  v2/p,  where  p  is 
the  radius  of  curvature. 

If  mF  be  the  resultant  of  the  forces  acting  on  a  particle 
m,  and  $  the  inclination  to  the  normal  of  the  line  of  action 
of  this  resultant,  it  follows  that 

v- 
m—  =  mF  cos  6, 

P 

and  therefore,  if  q  be  the  chord  of  curvature  in  direction 
of  the  force, 


That  is,  the  velocity  of  a  particle  at  any  point  of  an  orbit 
is  that  which  the  particle  would  acquire  if  it  were  to  move 
from  rest  under  the  action  of  a  constant  force,  equal  to  the 
force  at  the  point,  ihmiKjh  a  space  equal  to  one-fourth  of  the 
chord  of  curvature  in  direction  of  the  force. 

104.     Since        v  =  -  ,  and  cos  <f>  =  - , 
p  r' 

,  A2     D   p      D    dr 

we  have  -  =  Pp  -  =  Pp  -j- , 

p*        r  r        r  dp 

and  therefore  P  =  — 

p3  dr 

an  expression  which  is  frequently  useful  in  determining  the 
path  for  a  given  law  of  force,  or  the  law  of  force  for  a  given 
path. 
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We  can  also  obtain  the  same  expression  tor  /'  by  employ- 
ing the  expression  for  the  tangential  acceleration. 

Thus  —  P  sin  <f>  =  v  -r  =  v  -=-  sin  <f> ; 

ds       dr 

D        h  d  ih\     AJ  dp 
therefore  P  =  —  -y-     '  I  ••  rz  j   • 

p  dr  \pj     p*  dr 

The  two  expressions  for  P  are  deducible,  each  from  the 
other,  by  help  of  the  equation, 

^  -    2     fl 
j?~      "*"  \30. 

105.      Another  expression  for  the  velocity  is  found  by 
utilizing  the  expression  for  the  tangential  acceleration 
thus  obtain 

dv  _     pdr 

ds  ds ' 

and  therefore  ^v2  =  fyv'*  =  I  Pdr, 

shewing  that  v  is  a  function  of  the  distance. 
Further,  since 


j/\ 

it  follows  that  r  i-  is  a  function  of  the  distance,  and  therefore 
dr 

that  at  all  points  which  are  at  the  same  distance  from  the 
centre  of  force  the  angle  between  the  radius  vector  and  the 
tangent  is  the  same. 

We  now  proceed  to  apply  these  formulae  to  some  particu- 
lar cases. 

106.    To  find  the  law  of  force  to  the  focus  under  the  action 
of  which  a  conic  section  can  be  described. 

Taking  as  the  equation  of  the  conic 
CM  =  1  +  e  cos  0, 

1 
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-P.     h-u-      h-     1 

so  that  P= =  —.—,, 

C          c     r 

and  therefore  varies  inversely  as  the  square  of  the  distance. 

If  IJL  be  the  absolute  force,  that  is  the  force  at  the  unit  of 

A2     2/i2 
distance  on  a  particle  of  unit  mass,  /A  =  —  =  -j- ,  if  L  be  the 

C          J-J 

latus  rectum. 

To  find  the  law  of  force  to  the  centre  under  which  a  central 
conic  can  be  described. 

Employing  the  equation,  P  =  —-~,  we  know   that   in 

this  case, 

p*  (a2  +  62  -  r2)  =  a262, 

dr         a262  A* 

and  therefore  —r-T-= ,  so  that  P  =  -^-,  r, 

dp          p3  0-6- 

and  therefore  varies  as  the  distance. 
If  /u,  be  the  absolute  force,  p  =  -^ . 

107.     To  find  the  law  of  force  to  the  pole  under  ivhich  an 
equiangular  spiral  can  be  described. 

From  the  definition  of  the  curve,  p  =  r  sin  a, 

and  therefore  P  =  -^-r-  .  -;  =  —. , 

sin-  a.    r3     r3 

and  the  velocity  =  -  =  —  . 

p       r 

To  find  the  law  of  force  when  a  particle  describes  a  circle 
under  the  action  of  a  force  to  a  point  in  the  circumference. 

p       r 

In  this  case          —  =  ~-  ,  or  r2  =  2ap, 
r      2a 

h?    r      8h?a~      u 

and  therefore  P  =  —    -  =  —   —  =  — 

p3    a        r6        r* 

2ah      1      /A 
and  the  velocity  =  — -  =  -  .  /  ^  . 
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108.     Motion  of  a  particle  under  tin-  action  <>f  n  force  to 
a  fixed  point  varying  inversely  as  the  square  ufthe  distance. 

In  this  case,  P  =  /u,u2,  and  we  obtain 


the  integral  of  which  is 

u  -  j£  =  A  cos  (6  -  7), 

or  «  =      {l  +  ecos(0-7)}  ...............  (I.), 


which  is  the  equation  of  a  conic  section,  of  which  e  is  the 

h? 
eccentricity,  and  —  is  the  semi-latus  rectum. 

To  find  the  constants,  let  c  be  the  initial  distance,  v  the 
velocity  of  projection,  and  y8  the  inclination  to  c  of  the  initial 
direction  of  motion  ;  then 

h  =  vc  sin  /3,  and,  since  -^  =  —  ^  e  sin  (6  —  7), 
-  =  •£-  (1  +  e  cos  7)  and  -  cot  $  =  —  -r-s  e  sin  7, 

C        fl  C  ft 

or     tfc  sin2  £  =  /u,  (1  +  e  cos  7),  v*c  sin  /9  cos  $  =  —  p,e  sin  7  ; 
whence       (v-c  sin2  #  -  ^)2  +  v^c2  sin3  £  coss  £  =  /&V, 

vV  sin3  0     2v*c  sin2  /S 

or  e-=I-\  --  5—  -; 

At2  /* 

T/'C  sin  y9  cos  0 

and  tan  7  =  -  .     0  . 

p.  —  v2c  sin2  p 

It  follows  that  the  conic  is  an  ellipse,  parabola,  or 
hyperbola,  according  as  u2  is  less  than,  equal  to,  or  greater 

*u      2^ 
than  —  . 

c 
If  2a  and  26  be  the  axes  when  the  curve  is  an  ellipse, 

-  =  0(1-6"),  from(L), 
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and  therefore 

v-c-  sin2  /3  _     f2v*c  sin2  ff     tfc*  sin2 


or  v*  =  — —  — , 

c       a 


Since  any  point  may  be  regarded  as  the  point  of  projection, 
the  velocity  at  the  distance  r  is  given  by  the  equation 


r       a 


In  the  same  manner,  if  the  conic  be  a  hyperbola,  we 
find  that 


. 
r       a 

We  can  also  solve  this  question  by  the  use  of  the  equation 

*Ldp=p  =  P 

p3  dr  r2  ' 

leading  to  = 


which  is  an  ellipse,  parabola,  or  hyperbola,  according  as  C  is 
negative,  zero,  or  positive. 


If  C  =  0,  the  velocity  =  -  =  J ^ . 


If  the  curve  be  an  ellipse  or  hyperbola,  the  axes  of  which 
are  2a  and  26,  we  find  by  comparison  of  (IL)  with  the  equa- 
tion 

b-      2a  T  r 


that  p  =  -jj-  =  "--  ,  if  L  be  the  latus  rectum,  and  that 


r      a 
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109.  The  case  in  which  the  force  varies  as  the  distance 
has  already  been  dealt  with  in  Art.  (87),  but  we  can  also  use- 
fully employ  the  equation 


h*dp_ 
- 


h? 
leading  to  —  =  C  —  fir3, 

which  is  the  equation  of  an  ellipse. 
Comparing  with  the  equation 

jp2  (aa  +  62  -  r2)  =  a-l9, 
we  find  that  C  =  fj.(a?  +  69),  and  h*  =  fta262,  and  that 

v*  =  -s  =  (jL( 
if  CD  be  conjugate  to  r. 

110.     Motion  of  a  particle  under  the  action  of  a 
force  from  a  fixed  point  varying  invei'sely  as  the  square  of  the 
distance  from  that  point. 

The  equation  of  motion  is 

dtu  ft 

d&+        ~/r; 

therefore  u  +  J*  =  A  cos  (6  —  7), 

h9    1 

or  -  .  -  =  -  1  +  e  cos  (6  —  7). 

fi    r 

Introducing  the  initial  conditions,  we  find  that 

v2c  sin3  &  ,  t^c  sin  8  cos  8 

-  +  I=ecos7  and  ----  —  =  — 


e  2  £ 

therefore        e2  =  1  -\  --       H 


shewing  that  the  conic  is  a  hyperbola. 
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As  in  the  previous  case, 

k* 

—  =  a  (e2  —  1) 

/* 

v*&  sin2  /3         /  Zv-c  sin2  /8      ^c2  sin2  #\ 

leads  to  — —  =  a h  —  - 1 , 

fj,  \        fi  i#       J 

and  therefore  v~  = . 

a       c 

Hence,  any  point  being  a  point  of  projection,  we  have  at 
the  distance  r 

a     2a 

if  =  — —  . 

a       r 

111.  Path  of  a  particle  projected  at  the  distance  a  with 
the  velocity  V/i  -r-  a  in  the  direction  at  right  angles  to  the 
initial  distance,  and  subject  to  the  action  of  a  central  force 
which  on  unit  mass  is  equal  to 

fi  (2  (a1  +  6a)  uz  -  3a2&2u7}. 
In  this  case  h  =  —  .  a  =  V/*,  and  therefore 

(Z 

d-u 

j£  +  u  =  2  (a2  +  6s)  uz  -  3a26V. 

du 
Multiplying   by    2 -^,   integrating  and  observing   that 

when  u  =  - ,     r^  =  0,  we  find 
a     d9 


restoring  r  this  becomes 


dr     V^ 
Putting  z*  =  r2  —  b",  and  integrating,  we  obtain 

r2-62=(a!'-62)cos2(6'-7). 
But  r  =  a  when  0  =  0,  and  therefore  7  =  0,  and 
r-  =  a2  cos2  6  +  b2  sin2  d 
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is  the  orbit,  which  is  the  pedal  of  an  ellipse  with  regard  i 
centre. 

112.     Motion  of  a  particle  under  the  action  of  a  force  to  a 
fixed  point  varying  inversely  as  the  cube  of  the  distance. 

The  equation  of  motion  is 

d*u  a 

dP+U=fl 

aud  we  therefore  have  to  consider  the  three  cases  in  which 
fji/h-  is  greater  than,  equal  to,  or  less  than  unity. 

In  the  first  case  let  j^  —  1  =  n9  ; 

we  then  obtain  u  =  Aen°  +  Be~n9, 

the  constants   A   and   B  being  determined  by  the  initial 
conditions. 

If  the  conditions  are  such  that  A  =  0,  or  B  =  0,  the  curve 
is  an  equiangular  spiral. 

In  the  second  case,  when  p  =  It2, 


which  is  the  reciprocal  spiral. 

In  the  third  case,  let  1  —  j^  =  n*  ; 

then  u  =  A  cos  nd  +  B  sin  nO, 

where  n  is  less  than  unity. 

113.     Motion  of  a  particle  projected  at  the  distance  c 
the  velocity  from  infinity  in  the  direction  at  right  im<jles  to  the 
initial  distance,  and  subject  to  the  action  of  a  force  to  a  i 
point  varying  inversely  as  the  nth  power  of  the  distance. 

If  -  -  is  the  force  at  the  distance  r  on  a  mass  m,  the 
r" 

velocity  of  projection  is  ((n_2^c»-1)  .  so  that  A»  =  ( 
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and  the  equation  of  motion  is 


d&        -Ji  2 

Integrating  and  observing  that  -^  =  0  when  u  =  -  ,  we 

Cits  C 


find  that 


.*.  taking  the  upper  sign, 


n-5 

dO          -r  2 


dr     {cn~3  — 

n-S 

•••H2*-80^®1 ' 

n-3 
/T\    2  W  —  3 

or  (-)       =cos—    -   0. 

\cj  2 

If  the  lower  sign  be  taken,  the  same  result  is  obtained. 

The  reason  is  that  the  particle  is  projected  from  an  apse 
(see  Art.  122). 

If  not  projected  from  an  apse,  and  if  6  is  measured  in  the 
direction  of  the  motion,  the  lower  or  upper  sign  must  be 
taken  according  as  the  given  angle  of  projection  is  acute  or 
obtuse.  It  is  not,  however,  a  matter  of  any  consequence,  the 
effect  of  taking  the  other  sign  being  the  same  as  if  6  were 
measured  in  the  opposite  direction  to  that  of  the  motion. 

Bearing  in  mind  that  the  velocity  of  projection  is  the 
velocity  from  infinity,  and  taking  some  particular  values  of  n, 
we  observe  that  the  orbit, 

for  n  =  2,  is  a  parabola, 

n  =  3,  a  circle  with  its  centre  at  the  centre  of  force, 
n  =  4,  a  cardioid, 

n  =  5,  a  circle  passing  through  the  centre  of  force, 
n  =  7,  a  Lemniscate  of  Bernoulli. 
B.   D.  9 
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VELOCITY   IN   AN  ORBIT. 

114.     If  the  orbit  be  central,  the  velocity  is  given,  as  in 
Art.  (102),  by  the  equation 

h 

v  =  -. 

P 

This  is  Prop.  I.  Cor.  I.  of  the  second  Section  of  the 
Principia. 

In  general,  whether  the  orbit  be  central   or  not,  the 
velocity  is  given,  as  in  Art.  (103),  by  the  equation, 


where  q  is  the  chord  of  curvature  in  the  direction  of  the 
resultant  force. 

This  is  Prop.  VI.  Cor.  I.  of  the  second  Section  of  the 
Principia. 

For  instance,  if  the  orbit  be  an  ellipse,  the  force  being 
directed  to  the  centre  C,  and  if  v  is  the  velocity  at  Pt 


For  an  ellipse,  when  the  force  is  to  the  focus, 

jt      20D'_fy_jL 
~*SP*'  AC  ~SP     AC' 

For  a  parabola,  force  to  the  focus, 


For  a  hyperbola,  force  to  the  focus, 


_  _ 

~'  AC      SP     AC* 


For  a  hyperbola  when  the  force  is  repulsive  from  the 
focus, 

~' 


'   AC      AC     SP' 
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For  an  equiangular  spiral,  force  to  the  pole, 
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For  the  orbit, 

r2  =  a-  cos2  6  +  62  sin2  0,      Art.  (Ill), 

r3 
it  will  be  found  that  »  = 


V(a2 


r2  - 


\!  U> 

- 


and  .'.  since    h  =\/At>    v  —  ~  =  ~~£  \/(a-  +  62)  r2  —  «263. 

115.  If  a  particle  move  in  a  conic  section  under  the 
action  of  a  force  to  the  focus,  the  velocity  at  any  point  can  be 
decomposed  into  two  constant  velocities,  one  perpendicular 
to  the  radius  vector,  and  the  other  perpendicular  to  the  axis  of 
the  conic. 

The  sides  of  the  triangle  SPG  are  perpendicular  to  the 
direction  of  the  actual  velocity,  and  to  the  directions  in 
question.  Hence  the  velocity,  and  its  components  are  in 
the  ratio  of  the  sides  of  the  triangle.  GL  being  drawn  per- 
pendicular to  SP,  the  component  perpendicular  to  SP 
h  SP  h  h  u, 


9—2 
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and,  since  SG  =  e  .  SP,  the  component  perpendicular  to  the 

ep 

axis  =  -f-  . 
/i 

It  will  be  noticed  that  the  latter  component  is  in  t  In- 
direction PN,  or  NP,  according  as   the  body  is  mo 
towards,  or  away  from,  the  vertex. 

TIME   IN  AN   ORBIT. 

116.  The  time  of  passing  from  one  point  to  another  of 
a  central  orbit  is  in  all  cases  determined  by  the  equation, 

r-6  =  h, 

that  is,  by  the  fact  that  the  area  swept  over  by  the  radius 
vector  is  proportional  to  the  time. 

This  is  the  first  Proposition  of  Section  II.  of  the  Principia. 

117.  Time  in  an  ellipse  when  the  force  is  to  the  centre. 
The  equation  of  the  ellipse  being 

cos20     sin2  0  =  1 
a?  b*     ~?-3' 

>  Art.  (106), 


dV     h     a 

ab  ah        sec20 


V/A  o?  sin2  0  +  62  coss  6     */  n  b*  +  a*  ten*  0  ' 
and  therefore  the  time  from  the  end  of  the  transverse  a>. 
1         _j  a  tan  6 
\V  C  & 

The  Periodic  time  is  equal  to  the  area  of  the  curve  divided 
by  \h,  and 

frab        ITT 


V  'fj>  ' 

It  will  be  noticed  that  this  is  independent  of  1 
the  orbit. 

Time  when  the  orbit  is  the  pedal  of  an  ellipse  with  n 
to  its  centre,  the  force  being  directed  to  the  centre. 


TIME  IN  AN  ORBIT.  133 

In  this  case, 

?•-  =  a2  cos2  0  +  62  sin2  0,    and    h  =  Jp,    Art.  (Ill), 

so  that     *Jpt  =  I  r*dO  =  \  (a?  +  62)  0  4-  i  (a2  -  b-)  sin  20, 

and  the  periodic  time  =  TT  (a2  +  62)/VAt. 

118.     Time  of  traversing  an  arc  of  a  parabolic  path  when 
the  force  is  to  the  focus. 

The  equation  of  the  parabola  being 


a 

—  =  1  +  cos  6,    or    r  =  a  sec2  \6t 


a*  * 


j=  sec4  10  =  -^  (1  +  tan8  10)  sec2  10, 
2/A  V2/A 

and  therefore,  starting  from  the  vertex, 

t  =  A  /—  (tan  ^0  +  tan8  10)  =  .  /^  tan  \Q  sec2  ^0. 

V      /i  •        V      fl 


119.     Time  m  an  ellipse  when  the  force  is  to  the  focus. 
have 


f\ 

Taking  -  =  1  +  e  cos  0  as  the  equation  of  the  curve,  we 


dt      r2       i*        c* 


cosff  +  e     ,fi  _       cos 
~ 


therefore 


dO     h     V/ttc     vT6 '  (l+e  cos  0)3 ' 

f 
1 \de. 

JCOS0)2] 


XT  [        dQ          _  [  _ 

eJ(l+ecos0)8~J(H-ecos0)a      ~(l  +  ecos0)« 


sin0          1  f(        1_ 

(1  +  e  cos 


esin0 
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and  the  time  from  the  vertex  is  therefore,  since  c  =  a  (1  —  e1), 


a*   f  o         i  f    /l~e  i      0\     e  'Jl-e*  sin  6} 
-7-  ^tan-1    A/  -    -tans    --  -L 

V/A  {  \  V  1  +  e        2/        1  +  e  cos  0   } 

The  total  area  being  iral,  the  periodic  time 
2-rrab 


-  e2)  * 

This   of    course    can   be   obtained   from    the   pree> 
expression  by  taking  6  =  IT,  and  doubling  the  result. 

120.     Time  in  a  hyperbola,  when  the  force  is  to  the  focus. 

The  process  is  exactly  the  same,  only  that,  e  being 
greater  than  unity,  the  result  of  the  integration  appears  in 
the  form 


/a_-M        d9  esmO 


\M\f  C/    Ol  LA    V  -L  «  W  t>     |^  X  *- 

(l+ecos^)2~l+ecos^    Ve2— 1 

IWs+i*"*) 

121.     Trtte    Anomaly,  Mean    Anomaly,  and    Eccentric 
Anomaly. 

The  results  of  Art.  (119)  can  be  expressed  in  dill 
forms,  or  they  can  be   obtained   by  a  different  mode   of 
procedure. 

We  have  seen  that  the  periodic  time  in  an  ellipse  is 


Hence  if  n  be  the  mean  angular  velocity 

2?r/n  =  2?raf  /*/fi, 
and  .'.  n  =  \//t*/a8. 

If  A  is  the  vertex,  S  the  focus,  of  an  elliptic  orbit,  and  if 
P  is  the  position  of  the  moving  body  at  any  time,  the  angle 
ASP  is  called  the  true  anomaly. 

If  G  is  the  centre  and  if  the  ordinate  NP  meets  the 
auxiliary  circle  in  Q,  the  angle  ACQ  is  called  the  eccentric 
anomaly. 

If  t  is  the  time  from  A  to  P,  the  mean  anomaly  is  the 
angular  distance  from  the  vertex  of  a  body  moving  with 
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mean  angular  velocity  about  S.     The  quantity  nt  therefore 
represents  the  mean  anomaly. 

If  ACQ  =  u,  we  have 

SG-CN        cosu-e 


___ 
~SP~  ~ 


AC-e.CN~l-ecosu9 


and  therefore 
Also  we  have 


-e»sin0      e^l-tf.PN       e.PN     e.QN 


=  e  sm  u. 


I+ecosO        SP(l+e cos  6)         b  a 

Hence  the  equation  of  Art.  (119)  becomes 
nt  =  u  —  e  sin  u. 

The  preceding  result  can  be  obtained  directly  from  the 
figure. 

The  periodic  time  being  ZTT/U,  it  follows  that 

area  ASP  :  Trab  ::  t  :  2tr/n, 
and,  joining  SQ, 

nt  =  —,  (area  ASP)  =  —  (area  ASQ) 
2 


Employing  the  relations  between  u  and  6  established  in 
the  preceding  article,  we  can  at  once  obtain  the  expression 
for  t  in  terms  of  6,  as  in  Art.  (119). 
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APSES  AND  APSIDAL  DISTANCES. 

122.  An  apse  in  a  central  orbit  is  a  point  at  which  the 
tangent  is  perpendicular  to  the  radius  vector,  and  the  leityth  of 
the  radius  vector  at  the  point  is  the  apsidal  distance. 

We  have  shewn  that,  if  the  central  force  be  a  function 
of  the  distance,  the  velocity  at  any  point  and  the  inclination 
of  the  tangent  to  the  radius  vector  are  also  functions  of  the 
distance,  and  from  these  facts  it  follows  that  if  the  motion  at 
any  point  be  reversed  in  direction,  the  particle  will  retrace 
its  path  in  the  opposite  direction. 

For,  supposing  the  particle  projected  from  P  with  a  given 
velocity  v  to  arrive  at  the  apse  A  with  a  velocity  u,  the  value 

of  r  -T-  is  a  function  of  v  and  r,  and  therefore  if 
dr 


ar/«  «-/*>>*•• 

rSA 
and  if  ASP  =  a,  a  =  I     f(r)  dr. 

Now,  suppose  the  motion  reversed  at  A  ;  then  the  values 
of  0  and  a  are  the  same  as  before,  and  the  orbit  is  therefore 
retraced. 


We   hence   see  that  any  apsidal  line  divides  the  orbit 
symmetrically. 
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For  on  arriving  at  A  the  particle  is  under  the  same 
circumstances  with  regard  to  the  direction  AP1  as  it  was 
when  reversed  with  regard  to  the  direction  AP. 

Hence  it  is  obvious  that,  at  an  apse,  the  radius  vector  has 
a  maximum  or  minimum  value,  and  further  that,  in  a  central 
orbit  in  which  the  force  is  a  unique  function  of  the  distance, 
there  can  only  be  two  different  apsidal  distances,  although  there 
may  be  any  number  of  apses. 

The  analytical  condition  for  the  existence  of  an  apse  is 

Cult 

that  -jf.  vanishes  and  changes  sign,  as  0  increases  through  the 
value  which  marks  the  position  of  the  apse. 

123.  It  follows  that  we  cannot  ensure  the  complete 
description  of  an  orbit  by  placing  a  centre  of  force  at  any 
assigned  point.  Take  for  instance  the  case  of  an  ellipse,  and 
trace  its  evolute. 

The  centre  of  force  may  be  at  the  centre  0,  or  at  any 
point  of  each  of  the  four  limited  lines  AC,  DB,  EA'}  Fff. 

If  a  centre  of  force  be  placed  anywhere  else,  as  at  K,  the 
normal  KP  does  not  divide  the  orbit  symmetrically,  and 
although  a  particle,  projected  from  A,  may  describe  the  arc 
AP,  it  will  not  proceed  in  the  ellipse,  but  will  describe  the 
arc  PA  turned  over  to  the  other  side  of  KP. 


The  same  remarks  apply  to  an  orbit  of  any  form. 
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124.  If  the  law  of  attraction  be  inversely  as  the  n\\\ 
power  of  the  distance,  that  is,  if  P  =  pun,  the  t  ijiuitiuii  of 
motion  is 


leading  to 

du\* 


fdu\* 
U) 


Hence  the  apsidal  distances  are  given  by  the  equation 


which  cannot  have  more  than  two  positive  roots,  a  result  in 
accordance  with  that  of  Art.  (122). 

125.  A  particle  describes  a  nearly  circular  orbit  about  a 
centre  of  force  ;  it  is  required  to  find  approximately  the  equa- 
tion of  the  path  and  the  apsidal  angle. 

If  m<f>  (r)  be  the  force,  and  if  the  particle  be  projected  at 
the  distance  c,  perpendicularly  to  the  distance  with  the  velo- 
city Vc0  (c),  it  will  describe  a  circle. 

We  shall  suppose  the  particle  projected  perpendicularly 
with  the  velocity  Vc$  (c)  at  the  distance  c  +  7,  7  being  a  very 
small  quantity. 

We  have  then  h*  =  (c  +  7)*  c<£  (c),  and  if  we  suppose  that 
r  =  c  +  x,  where  x  is  very  small, 


ml     I     * 

r      c      c*' 


, 


,         , 
c  c    " 


if  we  neglect  the  squares  of  the  small  quantities. 
The  differential  equation  then  becomes 
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and  the  approximate  equation  of  the  path  is 

+  A  cos  \\/  3  +  j*       9  +  ak 
(V  <HC)  ) 

fit/ 

at  the  apses,  -^  =  0,  and  therefore  the  apsidal  angle  is 


3  +  y  v  ; 

If  (f>  (r)  =  fj.r  the  apsidal  angle  is  ^ ,  and  if  $  (r)  =  -n  it  is 
equal  to  TT. 

It  will  be  seen  that  if  the  force  vary  as  the  ?ith  power  of 
the  distance  n  must  not  be  less  than  —  3. 

In  other  words,  if  n  is  greater  than  —  3,  a  circular  orbit 
possesses  the  characteristic  of  stability. 

If  n  =  —  3,  the  apsidal  angle  is  infinite.  In  this  case  if  the 
particle  be  describing  a  circle  about  the  centre  of  attraction 
as  centre,  any  divergence  of  path,  without  change  of  velocity, 
will  cause  the  particle  to  describe  an  equiangular  spiral. 

126.  Case  in  which  <f>  (r)  =  firn,  where  n  is  a  positive 
integer,  the  particle  being  projected  from  an  apse  at  the 
distance  c  with  the  velocity  V/iCn+1. 

In  this  case  the  equation  of  motion  is 
d?u  1 


leading  to 

/rfwV     (n  +  1)  (cu)n+3  +  2  -  (n  +  3)  (cu)"+1 
\de)  '  (n  +  l)cn+3wn+1 

or,  if  cu  =  x, 

dz\*     (n  +  1)  a?"+8  +  2  -  (n  +  3)  xn+l 
' 


Now  if  we  take 

f(x)  =  (n  +  1)  a;»+8  +  2  -  (n  +  3)  xn+1, 
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we  observe  that/(#)  is  positive  when  x  =  Q,  and  is  zero  when 
x  =  \. 

Also/'  (x)  =  (n  4-  1  )  (n  +  3)  of1  (a?  —  1),  so  that  as  x  increases 
from  0  to  1,  f(x)  decreases  to  zero,  and  as  x  increases  from 
unity,  /(a;)  increases. 

It  follows  that,  for  positive  values  of  x,f(x)  is  posi' 
This  result  is  also  evident  from  the  fact  that 
f(x)  =  (x-  l)a  {(n  +  1)  a?w+1  +  2  (n 


Hence  it  follows  from  the  equation  of  motion  that 

du     . 

^  =  0,  andr  =  c, 

or  that,  with  the  assigned  conditions,  a  circle  is  the  only 
possible  path. 

If  in  this  case  a  slight  disturbance  of  the  path  take  place, 
a  nearly  circular  orbit  will  be  described,  the  apsidal  angle 
being 

7T 
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127.     We  have  seen  that  when  <f>  (r)  =  /urn,  the  circular 
orbit  is  unstable  if  n  is  not  greater  than  —  3. 

Taking  m  to  be  a  positive  integer,  and  putting  —  3  -  m 
for  n,  the  equation  of  motion  is 


The  velocity  requisite  for  motion  in  a  circle,  the  centre  of 
which  is  at  the  centre  of  force,  is  V/uc""*"*. 
If  then  we  assume  that  when  u  =  c~l, 
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we  obtain 

du\2  _  2  (CM)TO+2  -  (m  +  2)(cu)2  +  m 
' 


(TO+  2)c2 

or,  if  cu  =  a?, 

/efoy  _  2#OT+2  -  (m  +  2)  a?  +  m 
(de)  ~~  ra  +  2 

This  equation  can  be  written  in  the  form 


(m  +  2)  U-=l  =(x  -  1)2  {2a?™  +  ±xm~l  +  Qxm~n- 


+  (2m  -  2)  a?  +  2mx  +  m}. 


or 

where  X  is  a  rational  algebraic  function  of  x,  which  is  positive 
if  x  is  positive. 

This  equation  is  satisfied  by  x  =  1.  and  -77?  =  0. 

da 

i.e.,  by  r  =  c  and  -^  =  0, 

representing  circular  motion,  and  the  integration  of  the 
equation,  where  possible,  will  give  the  orbit  in  which  the 
particle  will  ultimately  be  moving,  if  the  circular  motion  be 
slightly  disturbed. 

The  circle  will  be  the  asymptotic  circle  of  the  path,  and, 
by  taking  x  less  or  greater  than  unity,  we  obtain  the  path 
outside  or  inside  the  circle. 

If  we  assume  that  6  is  measured  in  the  direction  of  the 
angular  motion  of  the  radius  vector,  the  double  sign  repre- 
sents that  the  motion  may  be  such  that  the  particle  is 
approaching  to,  or  moving  away  from,  its  asymptotic  circle. 

128.  Taking  $  as  the  inclination  of  the  path  to  the 
radius  vector  at  any  time  we  observe  that 

de        de 


tan  8  =  —  u-r-  =  —  #-r-=  +  V2  +  m-7— 

Cl  I/  (J 1*  IT 

Hence,  if  the  particle  be  projected  from  a  point  at  any 
given  distance  in  such  a  manner  that  the  value  of  h  is  that 
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which  is  requisite  for  a  circular  path  of  radius  c,  and  if  the 
direction  of  projection  satisfy  the  preceding  equation,  the 
particle  will  move  in  a  path  which  has  the  circle  of  radius  c 
for  its  asymptotic  circle. 

129.  As  a  particular  case  take  the  law  of  force  to  be  that 
of  the  inverse  fifth  power  of  the  distance,  so  that  ra  =  2,  and 
the  equation  for  x  is 


Taking  x  less  than  unity,  so  as  to  consider  the  outer  orbit, 
and  also  taking 

d0=    V2 

dx~l-a?y 
we  obtain 


If  we  take  6  =  0,  when  r  =  a, 

r+c_a+c 
r—c     a—c 

If  Q  =  oo  ,  r  =  c,  and  if  r  =  oo , 


e"3. 


a  negative  quantity,  so  that,  if  we  measure  6  in  the  direction 
of  the  angular  motion  of  the  radius  vector,  the  equation 
represents  the  motion  of  a  particle  which  is  approaching  its 
asymptotic  circle. 

Taking  x  greater  than  unity,  so  as  to  consider  the  inner 
orbit,  and  also  taking 


dx     x*-V 

and  assuming  that  6  =  0,  when  r  =  6,  we  obtain 
c-r  =  c-b^ 
c+r     c  +  b 
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If  0  =  —  oo  ,  r  =  c,  and  if  r  =  0, 

c  +  b 


=  log 


c-b' 


a  positive  quantity,  so  that  the  equation  represents  the  motion 
of  a  particle  which  is  trending  away  from  its  asymptotic 
circle,  and  is  approaching  the  centre  of  force. 

If  in  the  preceding  equations  we  take  a  =  oo  and  6  =  0, 
they  take  the  forms 

r  0  r  0 

-  =  coth  -TS  ,  and  -  =  tanh  -^ 
c  V2  c  V2 

representing  respectively  the  outer  and  the  inner  orbits*. 
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130.  Motion  of  a  particle  under  the  action  of  a  central 
force,  in  a  medium  the  resistance  of  which  varies  as  the  square 
of  the  velocity. 

Taking  the  transversal  acceleration,  we  have 


i  -9  j  •  a 

•  -j*          =  -  k&  -j—  =  -  ksrv, 
r  dt  ^  ds 


or  —. 

r*$ 

and  therefore  r^d  =  he~ks,  h  being  a  constant  ;  or,  if  p  be  the 
perpendicular  on  the  tangent, 

ps  =  Ae~**. 
Taking  the  normal  acceleration, 

i-pe;at%f*,pp%.. 

p         r         p*  r  dp 

*  In  the  Proceedings  of  the  London  Mathematical  Society,  Vol.  xxii., 
1891,  page  264,  Professor  Greenhill  gives  an  elaborate  discussion  of  the 
stability  of  orbits,  and,  in  particular,  deals  with  the  case  of  a  field  of  force 
due  to  the  existence  of  two  Newtonian  centres  of  force. 
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1  /du\a 

By  help  of  the  equation  -^  =  w3  +  ,  this  is  tr 

j]r  \ats/ 

formed  into 


131.     Motion  of  a  particle  under  the  action  of  a  c< 
force  in  a  medium  the  resistance  of  which  varies  as  the  velocity. 

In  this  case, 


or         = 


s2      np  h*  __.,     D   dr 

Also  --P-,    .'.    -sf**—Pp-j-i 

p          r  p-  r  dp 

d-u  7-a  dp     Pe2*' 

%          _  _     I  ,  *  /  —  _    _J\  —  ^^_^.^ 

dfr  p3  dr.      hW  ' 

132.  A  particle  is  moving  under  the  action  of  a  central 
force  in  a  resisting  medium;  it  is  required  to  find  the  resistance 
necessary  for  the  description  of  a  given  path. 

Assuming  wJS  as  the  force  of  resistance,  we  have 


-=-, 

r  dt  x  r     p 


.       R-    ..Plf 

' 


133.     In  the  general  case  if  mP  is  the  force  to  the  origin, 
and  mT  the  transversal  force, 


-  —  (<,<*#}  -  T 
r  dt(      }~     ' 


or,  taking  iAd  =  h,  h  =  Tr. 
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Hence         2hh  =  2Tr*0,    and/.   -=-. 

dd      u3 

h?  .  d'u     T  du 

_     /-*    -    /*.    —    ^_    />-)!* 

•  •       ~       —  •     —  *  —  im       7/..  / 


T  du 
~  -r- 
u  dd 


where  h 


,  [Td0 
=  2        —  . 
J    w3 


If  F  is  the  potential  at  the  point  r,  0,  of  the  field  of  force, 
the  equation  takes  the  form 

fd-u       \  ndV     dudV 

hu  h^  +  u   =  ~  u  -3-  +  JQ-JQ> 
\dd*       J  du      dd  dO 


where 

134.  The  two  following  problems  will  further  illustrate 
the  use  of  radial  and  transversal  components,  and  the  appli- 
cation of  the  principle  of  relative  accelerations. 

Two  equal  particles  are  attached  to  the  middle  point  B, 
and  to  the  end  C,  of  a  string  ABC,  the  end  A  of  which  is 
fixed  on  a  smooth  horizontal  plane ;  it  is  required  to  find  the 
equations  of  motion  of  the  particles  in  the  plane. 

If  0  and  <j>  are  the  inclinations  of  AB  and  BC  to  a  fixed 
line  on  the  plane,  the  accelerations  of  B  along  BA  and 
perpendicular  to  it  are  a$2  and  a0,  and  the  accelerations  of 
C  relative  to  B  along  CB  and  perpendicular  to  it  are  a<£2 
and  afy. 

Compounding  the  accelerations  perpendicular  and  parallel 
to  CB,  we  obtain  the  equations  of  motion  of  C, 

m  [aft  +  ad-  cos  (</>  -  0)  -  ad  sin  (<f>  -  0)}  =  T. .  .(2), 
and,  for  the  motion  of  B, 

ma'0  =  T's\n(<f)-0) (3), 

ma0n- =  T  -  T  cos  (<f>  -  0) (4). 

B.  D.  10 
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Eliminating  T  between  (2)  and  (3)  we  obtain, 


............  (5). 

Multiplying  (1)  by  1  4-  cos  (</>  —  6),  and  subtracting  (5), 

0  +  (4>  +  0)  [1+  cos  (<£  -  0)}  -(</>'-  #)  sin  (<f>  -  6)  =  0, 
and  therefore 


This  is  really  the  equation  expressing  the  constancy  <>f 
the  angular  momentum,  and  could  have  been  written  down 
at  once. 

Again,  eliminating  ^  from  (1)  and  (5), 

<£9  sin  (<£-  0)  -<£  cos  (<£-0)-  20  =  0  ......  (6). 

Multiplying  (1)  by  2<£,  (6)  by  2$,  and  subtracting, 


and  therefore 

<£'  +  20s  +  20<j>  cos  (<£  -  6)  =  D, 

which  is  the  equation  expressing  the  constancy  of  em 
and  could  have  been  written  down  at  once  by  observing  that 
the  velocity  of  C  is  compounded  of  a</>  perpendicular  to  CB, 
and  of  a6  in  the  direction  perpendicular  to  BA. 

We  have  given  the  preceding  solution  for  the  sa1, 
illustrating  methods  and  principles,  but  so  far  as  the  pn 
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problem    is  concerned  its  solution  is   perhaps  more   easily 
effected  by  employing  rectangular  components.     The  equa- 
tions are  then,  if  x,  y  be  co-ordinates  of  B,  and  £,  17  of  G, 
mlc  =  T'  cos  <£  —  T  cos  6,    my  =  T'  sin  <£  —  T  sin  6, 

m%  =  —  T'  cos  <f>,  mrj  =  —  T'  sin  <f>, 

with  the  geometrical  conditions, 

x  =  a  cos  0,     £  =  a  cos  0  +  a  cos  <f>, 
y  =  asin0,     17  =  a  sin  #  +  a sin  <£. 

Multiplying  the  equations  of  motion  by  2x,  2£,  &c.,  and 
adding,  we  obtain 

we  also  find  that 

leading  to 

an/  -  yx  +  ty  -  ^  =  C. 

These  are  the  equations  of  energy  and  momentum,  and 
by  means  of  the  geometrical  equations  are  at  once  expressible 
in  terms  of  9  and  <f>  as  before. 

Of  course  the  simplest  solution  consists  in  utilizing  the 
principles  of  energy  and  of  angular  momentum,  and  at  once 
writing  down  the  two  equations  derived  from  these  principles. 

135.  The  same  system  being  suspended  from  the  end  A, 
it  is  required  to  determine  the  small  oscillations  in  a  vertical 
plane. 

Neglecting  the  squares  of  small  quantities,  and  taking  6 
and  (f>  as  the  inclinations  to  the  vertical,  the  acceleration  of  C 
relative  to  B  is  a<p  perpendicular  to  CB,  and  that  of  B  is  aQ 
perpendicular  to  BA.  If  T  and  T'  be  the  tensions,  the 
approximate  equations  of  motion,  neglecting  the  product 
6 sin ($  —  6),  and  taking  cos (<f>—6)  =  1,  and  sin (<j>—6}  =  <j>  —  6, 
are 

for  C,  m 


and  for  B,         mad  =  -  mg6  +  T'(<f>-  6)\ 

\  * 

10—2 
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We  hence  obtain  T'  =  my,  and  T= 
therefore    a$  =  g  (20  -  2<£),  and  aB  =#(<£-  20). 
Multiplying  by  \  and  adding 


2X  —  2 

and  if  we  assume  -_ — —  =  X,  we  find  that  X=  ±  V-. 

—  "•""  A* 

We  hence  obtain  two  equations  of  the  form 
<£  +  X0  +  g-  (2  -  X)  (</>  +  X0)  =  0, 

CL 

the  solution  of  each  being  of  the  form 

<£  +  X0  =  A  cos  nt  +  B  sin  nt,  Chapter  IT., 

shewing  that  the  values  of  6  and  <£  are  each  compounded  of 
harmonic  quantities. 

EXAMPLES. 

1.  A  heavy  particle  is  fastened  by  two  equal  strings  to 
two  points  in  a  horizontal  line,  and  then  whirled  round  in  a 
vertical  plane ;  the  velocity  is  such  that  if  one  of  the  strings 
break  when  the  particle  is  at  its  lowest  point  or  when  \ 
half-way  between  its  highest  and  lowest  points,  the  par 
will  continue  to  describe  a  circle ;   find  the  least  > 
between  the  points  of  suspension  that  this  may  be  \ 

2.  If  a  body  move  in  an  ellipse  under  a  force  to  a 
focus,  the  velocity  at  the  mean  distance  from  the  centre  of 
force  is  a  mean  proportional  between  the  velocities  at  tin- 
extremities  of  any  diameter. 

3.  Find  the  law  of  force  to  the  pole  when  the  path, 
is  the  cardioid,  r  =  a  (1  —  cos  0) ;  and  prove  that,  if  /'  be  the 
force  at  the  apse,  and  v  the  velocity, 
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4.  If  a  particle  be  describing  an  ellipse  about  a  centre 
of  force  in  the  centre,  shew  that  the  sum  of  the  reciprocals 
of  its  angular  velocities  about  the  foci  is  constant. 

5.  A  particle  is  describing  the  ellipse  I  =  r  (1  +  e  cos  0} 
under  the  action  of  a  force  tending  to  the  origin  ;   if  the 
velocity  be  altered  at  any  point  so  as  to  make  it  describe  a 
parabola,  shew  that  the  vertex  of  the  parabola  lies  on  the 
curve 

r  =  a  (1  —  e  cos  6). 

6.  A  particle  describes  an  ellipse  about  a  central  force 
in  the  focus  S,  SY  is  a  perpendicular  upon  the  tangent  to 
the  orbit  ;  shew  that  the  angular  velocity  of  SY  is  a  minimum 
or  maximum  when  the  particle  is  at  the  farther  apse  ac- 
cording as  the  eccentricity  is  less  or  greater  than  1/3. 

7.  A  body  is  describing  an  ellipse  under  the  action  of  a 
force  to  a  focus. 

When  the  body  is  at  one  extremity  of  the  axis  minor  the 
law  of  force  is  changed  without  instantaneous  change  of  the 
magnitude  of  the  force  or  of  the  velocity  ;  if  the  force  now 
vary  as  the  distance  prove  that  the  periodic  time  is  the  same 
as  before. 

8.  A  body  which  is  describing  an  ellipse  about  a  centre 
of  force  in  a  focus  has  the  direction  of  its  velocity  turned 
through  the  angle  a  at  the  instant  it  arrives  at  its  mean 
distance  ;  if  e  is  the  eccentricity  of  the  original  orbit  prove 
that  the  eccentricity  of  the  new  orbit  is 

e  cos  a  ±  Vl  —  e3  sin  a. 

9.  A  particle  describes  an  equilateral  hyperbola  under 
the  action  of  a  centre  of  force  at  the  centre  ;  prove  that  if 
the  radius  vector,  during  the  time  t  after  leaving  the  apse, 
passes  over  the  angle  6, 


tan  6  cosh  V  '  p.t  =  sinh 
IJ.T  being  the  force  at  the  distance  r  on  unit  mass. 
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10.  A  particle  describes  an  ellipse  about  the  focus  8, 
and  when  it  arrives  at  the  point  P  the  centre  of  tui 
instantaneously  removed  to  the  other  focus  <S";  shew  that  if 
p,  p  be  the  radii  of  curvature  at  P  of  the  old  and  new  orbits 

p  :  p'  =  SI*  :  S'P*. 

11.  A  particle  is  describing  an  orbit  about  a  centre  of 
force;  find  a  curve  such  that  if  a  particle  initially  at  : 
.start  from  any  point  in  it,  it  shall,  on  arriving  at  the  iirst 
curve,  have  the  velocity  which  the  particle  in  the  orbit  has 
when  it  passes  through  that  point. 

12.  A  particle  moves  under  the  action  of  an  attractive 
force  to  a  fixed  point  varying  as  the  distance  from   thai 
point ;  prove  that  the  equation  of  the  path  is 


x*Jb*  —  y*  —  y  Vaa  —  a?  =  C. 

13.  If  at  any  point  of  a  parabolic  orbit  about  the  focus, 
the  velocity  be  diminished  in  a  given  ratio,  prove  that  the 
other  foci  of  the  elliptic  orbits  corresponding  to  different 
points  of  change  lie  in  a  parabola. 

14.  An  imperfectly  elastic  particle  is  under  the  influence 
of  a  smooth  hard  gravitating  sphere.     Shew  that  (excepting 
special  circumstances  of  projection)  it  will  perpetually  describe 
arcs  of  conic  sections:   determine  also  the  elements  of  t la- 
orbit  described  after  any  number  of  rebounds. 

15.  From  every  point  of  an  ellipse  particles  are  proj 

in  the  direction  of  the  tangent  with  velocities  such  that,  when 
acted  on  by  a  centre  of  force  /i/r3  in  one  of  the  foci  of  the 
ellipse,  they  proceed  to  describe  parabolas.  Shew  that  the 
directrices  of  these  parabolas  all  touch  one  or  other  of  two 
fixed  circles  whose  radii  are  equal  to  the  major  axis  of  tin; 
given  ellipse. 

16.  If  v,,  v,  be  the  velocities  at  the  extremities  of  a 
diameter  of  an  ellipse  described  about  the  focus,  and  u  the 
velocity  at  either  of  those  points  when  it  is  described  about 
the  centre,  prove  that  u  (i\  +  v,)  is  constant. 
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17.  Two  equal  and  perfectly  elastic  particles  are  under 
the  action  of  the  same  centre  of  force  /A/r2;  the  one  is 
describing  an  ellipse  and  the  other  a  confocal  hyperbola,  the 
semi-major  axes  being  (a),  (a')  respectively.  If  they  impinge, 
then  after  impact  they  will  describe  two  conies,  cutting  each 
other  orthogonally  and  of  semi-major  axes  (a,  a'),  where 


{1      IN 
a'     a     a'/  ' 


/ 
a     a'     a  +  a'     \a+ 

the  upper  or  lower  sign  being  taken  according  as  the  hyper- 
bola is  described  about  the  outer  or  inner  focus. 

18.  OF  is  the  perpendicular  from  a  fixed  point  0  on  the 
tangent  to  a  curve  at  any  point  P.    If  the  curve  is  such  that 
P  Y  is  constant,  and  a  particle  describe  it  under  the  action  of 
a  force  to  0,  prove  that  the  force  varies  as  OP  H-  0  Y\ 

19.  A  number  of  circles  touch  at  a  point  P,  and  particles 
describe  them  under  forces  to  a  point  £>,  on  the  line  through 
P  perpendicular  to  the  common  tangent,  inside  all  the  circles, 
the  forces  on  all  the  particles  when  at  P  being  the  same  : 
prove  that  the  squares  of  the  periodic  times  vary  as  the 
cubes  of  the  radii  of  the  circles. 

20.  A  curve  described  by  a  particle  under  the  action  of 
a  central  force  is  such  that,  if  at  any  moment  the  component 
velocity  along  the  radius  vector  be  destroyed  by  an  impulse 
along  the  radius  vector,  the  particle  will  proceed  to  describe 
a  circle  :  prove  that  the  curve  is  a  reciprocal  spiral. 

21.  The  ends  of  a  straight  tube  AB,  of  length  4a,  are 
connected  by  an  elastic  string,  the  natural  length  of  which  is 
2a  ;  a  particle  is  fastened  to  the  middle  point  of  the  string, 
and  the  tube  is  then  made  to  move  uniformly,  in  a  horizontal 
plane,  about  a  fixed  point  0,  with  which  it  is  rigidly  con- 
nected, and  which  is  equidistant  from  its  ends  :  determine 
the  motion  of  the  particle,  examining  the  different  cases 
which  may  occur  in  the  question. 

22.  A  particle  is  placed  in  a  straight  tube  which  revolves 
uniformly  in  a  vertical  plane  about  its  lowest  end.    Supposing 
the  particle  to  have  no  initial  velocity  relatively  to  the  tube 
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and  that  initially  the  free  end  of  the  tube  is  vertically  above 
the  fixed  end,  prove  that  the  velocities  of  the  particle  along 
the  tube,  when  the  tube  returns  successively  to  its  initial 
position,  are  proportional  to 

sinh27r,  sinh  4nr,  sinh  GTT, 

23.     Prove  that  the  law  of  force  under  which  the  \ 
of  p  =f(r)  can  be  described  is 


_ 
p'dp} 

If  p  oc  rn  the  law  of  force  under  which  the  pedal  can  be 
described  varies  inversely  as  (distance)8'". 

24.  Prove  that,  if  a  particle  move  in  a  smooth  tube 
under  the  action  of  any  forces  tending  to  centres,  the  pressure 
at  any  point  of  the  tube  will  vary  as 


dF.  P(          P 

where  -T-  is  the  acceleration  towards  any  one  of  the  centres, 

and  p  is  the  radius  of  curvature ;  and  hence,  that  the  pres- 
sure at  any  point  of  the  tube  will  vary  as  the  curvature, 
whenever  the  orbit  is  such  as  could  be  described  freely  under 
the  action  of  each  of  the  forces  taken  separately. 

25.  The  attraction  to  a  given  point,  at  a  distance 
r,  =  3/A/r3  +  2/*a2/r5.  A  particle  is  projected  in  a  direction 
making  an  angle  tan~'  £  with  the  initial  distance  (a),  and 
with  a  velocity  equal  to  that  in  a  circle  at  the  same  distance ; 
prove  that  the  orbit  is 
a 


20.     A  body  is  describing  an  ellipse  of  eccentricity  \  ; 
under  a  force  to  the  focus  S:  when  the  particle  is  at  one 
end  B  of  the  minor  axis,  the  centre  of  force  is  sudd 
transferred  to  a  point  S'  in  BS  produced  such  that  j&S"  =  4/>'N. 
and  the  absolute  force  is  doubled  and  becomes  repuU 
prove  that  the  new  orbit  is  a  rectangular  hyperbola. 
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27.     If  the  orbit  be  r  =  a  sin  nd,  shew  that  the  attrac- 
tion is 


28.  Force  oc  2a~1u2  +  9u3  4-  Caw4.     A  body  falls   freely 
from  infinity  towards  the  centre  of  force  till  its  distance  is 
a,  and  then  its  direction  is  suddenly  turned  through  the 
angle  cot"1  4;  find  the  orbit  described. 

29.  A  particle  is  tied  by  an  elastic  string  of  length  a  to 
a  point  wherein  resides  a  repulsive  force  oc  (dist.)2  :  its  initial 
distance  is  a,  and  it  is  projected  at  right  angles  to  this  with 
a  velocity  V3/2  times  that  necessary  for  circular  motion,  were 
the  force  attractive.    If  it  passes  through  a  point  of  inflection 
at  a  distance  3a/2,  shew  that  it  will  come  to  a  second  apse 
at  the  distance  3a. 

30.  Having  given  P  =  fj,u*,  and  that  a  particle  is  pro- 
jected from  an  apse  at  the  distance  c,  find  the  orbit  (1)  when 
the  velocity  of  projection  is  V/A/ca\/2>  (2)  when  it  isV/x/c3. 


31.  SN  is  a  fixed  line  through  a  centre  of  force  S; 

is  the  ordinate  at  any  point  P  of  the  path  of  a  particle  acted 
on  by  the  central  force  ;  find  the  force  when  the  path  always 
bisects  the  triangle  PNS. 

32.  If  the  path  be  the   lemniscate   of  Bernoulli,   the 
equation  to  which  is  r2  =  a?  cos  20,  prove  that  the  square  of 
the  force  varies  as  the  seventh  power  of  the  angular  velocity 
of  the  radius  vector  of  the  particle. 

33.  A  point  is   moving  in  an   equiangular  spiral,  its 
acceleration  always  tending  towards  the  pole,  S.     When  it 
arrives  at  a  point  P,  the  law  of  the  acceleration  is  changed 
to  that  of  the  direct  distance,  the  actual  acceleration  at  P 
being  unaltered.     Prove  that  the  point  will  now  move  in 
an  ellipse  whose  axes  make  equal  angles  with  SP  and  the 
tangent  to  the  spiral  at  P,  and  that  the  ratio  of  these  axes 

is  tan  -  :  1,  where  a  is  the  angle  of  the  spiral. 

2 
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34.  A  particle  m  is  projected  at  a  distance  a  from  a 
fixed  point,  in  a  direction  at  right  angles  to  that  distance, 
with  a  velocity  V/f/2a  \/2,  and  is  acted  upon  by  a  repulsive 
force  rn/i/r8  from  that  point ;  find  its  path,  and  prove  that  the 
time  from  the  distance  a  to  the  distance  a  V2  is  2v/2a1/3  V/A. 

35.  A  particle  moves  under  a  force  m/A{3aw4— 2(a8— 6*)u8}, 
a  being  >  6,  and  is  projected  from  an  apse  at  a  distance 
a  +  b  with  velocity  V/A  -f-  (a  +  b) :  shew  that  its  orbit  is 

r  =  a  +  b  cos  0. 

36.  If  the  parabolic  orbits  of  two. comets  intersect  the 
orbit  of  the  earth,  supposed  circular,  in  the  same  two  given 
points,  and  if  tlt  <2  be  the  times  in  which  the  comets  re- 
spectively move  from  one  of  these  points  to  the  other,  prove 
that 


the  unit  of  time  being  a  year. 

37.  A  particle  is   projected  with  velocity  v  from  the 
vertex  of  a  cycloid  and  describes  the  curve  under  an  attrac- 
tion to  a  centre  of  force  situated  on  the  axis  at  a  distance 
from  the  vertex  greater  than  the  diameter  of  the  generating 
circle  and  less  than  twice  that  diameter;   prove  that 
particle  will  be  again  at  an  apse  after  a  time 

a    2a*  cos  a  4-  3a  sin  a  4-  3  sin8  a  cos  a 

v  '  a  cos  a  +  sin  a 

a  being  the  radius  of  the  generating  circle  of  the  cycloid, 
and  a  the  apsidal  angle. 

38.  A  particle  P  describes  a  central  orbit,  centre  of 
force  8,  and  through  P  is  drawn  a  straight  line  at  right 
angles  to  PS,  which  line  touches  its  envelope  in  Q:  prove 
that  the  velocity  of  Q 

«!(£H 

r*  \dd* 

and  is  constant  only  when  the  path  of  P  is  a  parabola,  u 
focus  is  S. 
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59.     A  particle  m   is  projected  from  an  apse   with  the 

tTtfJf  7* 

velocity  from  infinity  under  the  attraction  of  a  force  -  —  log  - 

directed  to  a  centre  at  a  distance  a  :  find  the  equation  of  the 
orbit  described. 

40.     A  point  describes  a  semi-ellipse,  bounded  by  the 
conjugate  axis,  and  its  velocity,  at  a  distance  r  from  the 


focus,  is  a  «    ,  r  >  ,  2a  being  the  length  of  the  transverse 

[r  (2a  —  r)) 

axis,  and  f  a  constant  acceleration ;  prove  that  the  accelera- 
tion of  the  point  is  compounded  of  two,  each  varying  in- 
versely as  the  square  of  the  distance,  one  tending  to  the 
nearer  focus,  and  the  other  from  the  farther  focus. 

41.  Two  particles  each  of  unit  mass  describe  an  ellipse 
and  a  contbcal  hyperbola  respectively  under  force  in  the  centre 
of  the  same  absolute  magnitude  /z,  and  the  velocities  at  the 
apses  are  the  same.  Shew  that  the  velocity  of  either 
particle  at  a  point  where  the  curves  intersect  is  &V2/A  where 
b  =  semi-minor  axis  of  ellipse. 

Also  the  times  taken  from  the  apses  to  this  point  are 
respectively 

1          ,^1^          1 

r-sm"1       and - 

VA1  e 


e  being  the  eccentricity  of  the  ellipse. 

42.  A  particle  is  to  be  projected  with  given  velocity 
from  a  given  point  under  a  central  force  oc  (distance)""  so 
that    the   apse  line  shall   make  a  given  angle   0  with  the 
initial  radius  vector.     Shew  that  there  are  two  directions  of 
projection  making  angles  with  this  radius  vector  whose  sum 

*        IT  n         3-7T 

is  6  +  2  or  6  +  y  . 

43.  If  the  orbit  be  an  ellipse,  force  ra/x/r2  to  a  focus,  and 
the  centre  of  force  be  suddenly  transferred  to  the  centre,  the 
now  central  force  being  given  by  inpR/RarJ  where  R  is  the 
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new  central  radius  and  r0)  R0  the  radii  at  the  instant  of 
cluing  •,  then  shew  that  the  new  orbit  is  an  ellipse  having 
double  contact  with  the  old  orbit  and  wholly  within  it. 

44.  A  particle  moves  under  a  central  force 

m/M  (3r~s  +  2aV-») 

being  projected  at  a  distance  r  =  a  with  a  velocity  Vo/*/a  in 
a  direction  making  tan"1  ^  with  the  radius  :  h'nd  the  orbit. 

45.  A  particle  is  projected  from  an  apse  at  a  distance 

—  with  velocity  V  and  moves  under  a  central  force 

'•ITT 

m  (h*us  +  Av?  sin  au)  ; 
shew  that  the  equation  to  the  orbit  is 

27rA/10=  Flog  tan  (fl''V 
v    a  \4  / 

4G.     If  P  =  -  (1  +  -,-  )  and  the  initial  radius,  velocity, 
r3  V        to  J 

/Q 

and  angle  between  radius  and  tangent  are  c,  \/.^> 
and  sin"1  A/SJ  prove  that  the  equation  to  the  path  is 

r  ^  24  -W6.  04-0* 
c~24-8V(5.0+20*' 

47.  A  particle  is  projected  from  a  point  P  at  distance  a 
from  a  centre  of  force  0  in  a  direction  making  an  angle  of 
80°  with  OP.  If  the  force  to  0  be  equal  to  m/t/r8  -f  wtyta/r3  and 
the  velocity  of  projection  be  2  (2/4/a)*,  prove  that  the  equation 
of  the  path  is 


. 

48.    If  the  force  at  a  distance  r  be  2m  p  f  -  —  ;J  and  the 
particle  be  projected  from  an  apse  at  a  distance  a  with  a 
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velocity  — ,  it  will  be  at  a  distance  r  from  the  centre  after  a 

QJ 

time 


1     f          T  -\-  \l  T* ft3         / ) 

r-7-  \ a- log  —  —  +  r v  ?•*  -  a- h . 

2V/A  (a  ) 

49.  In  an  orbit  described  under  the  action  of  a  central 
force,  a  straight  line  is  drawn  from  the  centre  of  force  per- 
pendicular to  the  tangent  and  proportional  to  the  accelera- 
tion :  if  this  straight  line  describes  equal  areas  in  equal 
times,  shew  that  the  equation  to  the  orbit  is  of  the  form 


Shew  that  the  rectangular  hyperbola  is  a  particular  case. 


50.     Having  given  P  =  5pu3  +  S/iC2^5,  and  that  a  particle 
is  projected  from  an  apse  at  the  distance  c  with  the  velocity 
c,  prove  that  the  orbit  is  r  =  c  cos  20/3. 


51.  A  particle  acted  on  by  the  central  force  mfi  (r  +  a)/?4 
is  projected  from  an  apse  at  a  distance  a  and  with  a  velocity 
which  is  to  that  in  a  circle  at  the  same  distance  as  1  :  \/2  ; 
shew  that  the  equation  to  the  orbit  is  r  (2  +  6*)  =  2a,  and  that 
the  particle  will  arrive  at  the  pole  in  time  Tr^/a3 


52.  Force  oc  (8a3it5  -  12a2u4  +  9cw3  -  2wJ).  _A  particle 
is   projected   at  distance  a  with  a  velocity  =  V2/3  that   in 
a  circle   at  the  same  distance,  and  in  a  direction  making 
an  angle  Tr/4  with  the  radius  vector  ;  find  the  orbit  described, 
and  prove  that  its  equation  is  r  =  a  (1  —  tan  &). 

53.  Prove   that  there  are  two  directions  in  which  a 
particle,  acted  upon  by  a  central  force  varying  as  the  dis- 
tance, can   be   projected   from   a   given   point,   with  given 
velocity,  so  as  to  pass  through  another  given  point. 

54.  The  attraction  to  a  fixed  point  varying  inversely  as 
the  fifth  power  of  the  distance,  a  particle  is  projected  in 
a  direction  making  the  angle  tan"1  2V2/3  with  the  initial 
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distance   c,  with   the  velocity  VlT/i/v^c5;  prove   that  the 
orbit  is 

2r     3*^-1 


55.  Two  heavy  particles  are  connected  by  a  string  with- 
out weight.     One  particle  is  just  dropped  through   a  hole 
in  a  smooth  horizontal  plane  and  the  other  is  projected  on 
the  plane  at  right  angles  to  the  string  fully  stretched. 

(1)  Find  the  least  velocity  of  projection  which  will 
keep  the  particle  from  descending. 

(2)  If  the   velocity  of  projection   be  less  than  this, 
determine  the  motion  of  the  descending  particle. 

56.  A  particle  describes  an  equiangular  spiral  under  the 
action  of  a  central  force  to  the  pole  in  a  medium  in  which 
the  resistance  varies  as  the  square  of  the  velocity.     Prove 
that  the  distance  from  the  pole  at  which  the  central  force  is 
a  maximum  is  half  the  distance  at  which  the  velocity  is  a 
maximum,  and  that  these  distances  are  independent  of  the 
initial  distance  or  initial  velocity. 

57.  Two  equal  particles  Pand  Q,  on  a  smooth  horizontal 
plane,  are  connected  with  each  other  by  a  stretched  inel 
string  of  length  I,  which  passes  through  a  smooth  ring  (0) 
fixed  to  the  plane;  P  being  projected  perpendicularly  to  PQ, 
find  the  equation  to  its  path,  and  shew  that,  when  (t>  arrives 
at  (0),  P  will  have  described  a  right  angle  about  (0)  if  the 
initial  distance  of  P  from  it  be  equal  to  I  cos 


58.  A  rod  which  is  extensible  in  accordam-e  with 
Hooke's  law  is  made  to  rotate  with  uniform  angular 
locity  a),  about  a  line  through  one  extremity  perpendicular 
to  its  length,  and  is  supposed  to  remain  straight.  If  a  be  its 
natural  length,  m  the  mass  of  unit  of  length  when  un- 
stretched,  X  its  modulus  of  elasticity,  and  I  its  length  when 
rotating,  shew  that 


1     /\         f        /m\ 

=  ~  A  /  —  tan  lau>A  /  —\ . 

o>V  m        \     V  M 
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59.  Find  the  law  of  force  to  a  fixed  point  under  the 
action  of  which  the  nth  pedal  of  a  curve  with  regard  to  that 
point  can  be  described. 

Prove  that  for  the  nth  pedal  of  a  rectangular  hyperbola 
with  regard  to  its  centre,  the  force  varies  inversely  as  the 

-  th  power  of  the  distance. 
2n  —  1 

60.  Prove   that   if  a  particle   describes    an   epicycloid 
under  a  centre  of  force  at  the  centre  of  the  fixed  circle  the 
force  varies  as  r/p*. 

61.  A   particle   describes   a  curve  under  an  attractive 

force  whose  acceleration  at  a  distance  r  is  ~  (r+  2a)(r-f  4a): 

f* 

it  is  projected  when  r  =  2a  at  an  angle  of  30°  with  a  velocity 
which  is  to  that  in  a  circle  at  that  distance  as  \/2  :  V3.  Shew 
that  the  path  is  r  =  a  {(0—  \/3)2-  1},  and  the  time  to  the 
pole  is 


62.  A  particle,  mass  m,  is  acted  upon  by  a  central  force 
which  is  some  function  of  the  distance  r  and  by  a  transverse 
force  m/j.r.     Prove  that,  if  the  particle  move  completely  round 
any  closed  curve,  the  square  of  the  velocity  is  increased  by 
4/z  (area  of  curve). 

63.  A  particle  describes  a  lemniscate  about  a  centre  of 
force  in  the  node  ;  shew  that  the  velocity  of  the  correspond- 
ing point  of  the  rectangular  hyperbola  to  which  the  lemnis- 
cate is  related  varies  as  the  fifth  power  of  the  radius  vector 
of  that  point. 

64.  Shew  that  under  the  action  of  forces  that  have  not 
a  potential,  an  endless  string  of  uniform  density,  stretched 
round  smooth  pullies  in  one  plane,  would  revolve  contin- 
uously with   uniformly  increasing  velocity.     Shew  further 
that  if  the  field  of  force  be  such  that  unit  mass  experiences 
a  force  fir  perpendicularly  to  the  radius  vector,  and  if  in 
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addition  the  string  be  stretched  on  a  solid  smooth  cylinder 
of  any  shape  without  singularity,  then  on   being 

I 
from  rest   the  string  will  make  one  circuit   in  time  j—\* 


where  I  and  A  are  the  length  of  and  the  area  enclosed  by 
the  string  respectively. 

65.  A  particle  describes  a  parabola  under  two  forces, 
one  constant  and  parallel  to  the  axis,  and  the  other  jia-sin^ 
through  the  focus;  prove  that  the  latter  force  varies  in- 
versely as  the  square  of  the  distance  from  the  focus. 

Shew  also  that,  if  the  force  through  the  focus  be  repul- 
sive and  numerically  equal,  at  the  vertex,  to  the  constant 
force,  the  particle  will  come  to  rest  at  the  vertex;  and  find 
the  time  occupied  in  describing  any  arc  of  the  curve. 

C6.  A  particle  is  describing  an  equiangular  spiral  in  a 
resisting  medium  under  a  force  to  the  pole  and  the  rate  of 
description  of  areas  is  uniformly  retarded  ;  prove  that  the 
force  is  fj,r~3  —  \r~l,  and  find  the  law  of  resistance. 

67.  A  particle  is  projected  at  a  distance  a  with  a 
velocity  equal  to  the  velocity  in  a  circle  at  the  same  distance, 

and  at  an  angle  -r  with  distance,  the  force  being  /i  (  '-  +  —  j  ; 
determine  the  orbit  described,  and  shew  that  the  time  to  the 

centre  of  force  is  -y-j—  \  2  —  Kv  . 
Vfyi  (        2] 


68.     A  particle  is  describing  a  circle  under  the  action  of 
two  forces  F  and  F'  towards  the  extremities  of  a  diam 
prove  that  if  r,  r'  be  the  distances  of  the  particle  from  t  . 
extremities,  then 


69.     Two  curves  are  inverse  to  one  another  with  r 
to  a  point  0  ;  prove  that  if  they  can  be  described  under 
forces  F  and  F  respectively  tending  to  0,  then 

r'3F'_     2 
h'*   "sin' 
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where  r  and  r'  are  corresponding  radii  vectores,  $  the  angle 
which  r  or  r'  makes  with  the  tangent  and  h,  ti  are  constants. 
Hence  find  the  force  tending  to  a  point  on  the  circum- 
ference under  which  a  circle  can  be  described. 

70.  A  particle  can  describe  a  certain  orbit  under  the 
action  of  a  force  P  to  the  point  S,  and  it  describes  the  same 
orbit  under  a  force  P'  to  the  point  S'.     Find  the  necessary 
conditions  that  it  may  describe  the  same  path  when  acted  on 
both  by  P  and  P'. 

Two  centres  of  force  attracting  inversely  as  the  square  of 
the  distance  are  distant  r,  r'  respectively  from  a  particle 
moving  under  their  influence :  if  0,  ff  be  the  angles  r,  r' 
make  with  the  line  joining  the  centres  of  force,  then 

„  ,,  d6   dO'  n  .., 

?•'-?•  -  -j- .  -r-  =  a  (fji  cos  6  4-  p  cos  0  +  c), 

fi,  fjf  being  the  absolute  intensities  of,  and  a  the  distance 
between,  the  centres  of  force,  and  c  an  absolute  constant. 

71.  AB  is  a  string  of  length  I  and  at  B  a  particle  is 
tied  and  the  whole  system  is  at  first  at  rest  on  a  smooth 
table  with  OA,  AB  in  one  straight  line;  if  A  be  made  to 
move  in  a  circle  round  0  with  uniform  angular  velocity  n, 
then  the  string  AB  will  be  in  the  same  straight  line  as  OA 
at  instants  of  time  separated  by  the  intervals 

4,al 


Also  if  I  =  a,  then  the  polar  coordinates  of  B  at  any  time  are 
given  by 

cos  (0  —  £lt)  cosh  flt=  1,   rcoshfi£=2a. 

72.     A  particle  moves  under  the  central  attraction 

it    I  fl/3 .^  /-jJW.j/SWT'B  I 

**  V          2  ) ' 

and  is  projected  from  an  apse  at  distance  a  with  a  velocity 
bearing  to  that  in  a  circle  at  the  same  distance  the  ratio 
of  1  to  V(l  —  n),  n  being  less  than  unity.  Find  the  orbit 

R  D.  11 
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described,  and  shew  that  the  particle  will  be  at  a  dis- 
ci (sec  ^)n,  after  the  lapse  of  the  time 
a»     /2  f*  ,  »  , 


73.  Prove   that   the   central   force   to   the   pole  which 
causes   a  particle   to  describe    an   equiangular  spiral  in  a 
medium  wherein  the  resistance  varies  as  the  n*  power  of  the 

velocity  (the  initial  velocity  having  been  properly  ch« 

* 

varies  inversely  as  (r)n~2  where  r  is  the  distance  of  any  point 
from  the  pole.  Find  also  the  velocity  a't  any  point  in  terms 
of  r.  Examine  the  cases  where  n  =  2  or  1. 

74.  Shew  that  a  particle  may  be  made  to  describe  an 
epicycloid   under   the   attraction   of  a  circular  \\iiv  \\ 
particles  attract  inversely  as  the  cube  of  the  distamv,  the 
circular  wire  being  the  fixed  circle  of  the  epicycloid. 

75.  A  heavy  particle  of  mass  m  is  lying  on  a  smooth 
horizontal  table  at  a  given  distance  c  from  a  small  hole  in 
the  table  and  is  connected  with  a  heavy  particle  of  ma- 

by  an  inelastic  string  passing  through  the  hole.  The  par- 
ticle m  is  held  at  rest,  supporting  m',  also  at  rest ;  find  the 
velocity  with  which  m  must  be  projected  along  the  table,  at 
right  angles  to  the  distance  c,  in  order  that  it  may  move  in 
the  circle  of  which  the  hole  is  the  centre. 

If  the  circular  orbit  be  slightly  disturbed,  prove  that  the 
apsidal  angle  of  the  nearly  circular  path  of  TO  is 


76.    Two  equal  particles  m  and  m',  connected  by  a  light 
inextensible  string  mABm'  are  laid  upon  a  smooth  horizontal 
table,  the  string  passing  round  a  portion  AB  of  the  circum- 
ference of  a  fixed  circular  disc  with  centre  0  ami  radius  a; 
if  the  particle  TO  be  now  projected  with  any  velocity  coi 
tent    with    the    string    remaining    stretched,   wri 
equations  for  determining  the  motion. 
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If  the  length  Am  at  any  time  be  denoted  by  r,  and  the 
corresponding  angle  A  OB  by  6,  prove  that,  if  the  initial 
circumstances  be  properly  determined, 

-  =  \/2  tan  — TT-  ,  a  being  a  constant, 
ft  \  — 

77.  A  wire  in  the  form  of  a  plane  curve  is  constrained 
to  rotate  about  an  axis  perpendicular  to  its  plane  with 
varying  angular  velocity.  Find  the  motion  of  a  bead  which 
slides  upon  it  under  the  action  of  any  given  forces,  and  the 
pressure  on  the  wire. 

If  the  wire  is  circular,  and  the  axis  through  a  point  in 
its  circumference,  and  the  angular  velocity  to  uniform,  shew 
that  the  pressures  on  the  curve  at  the  two  extremities  of 
the  diameter  perpendicular  to  that  through  the  axis  are 
(3  +  2\/2)  //«o2a,  the  particle  starting  from  rest  at  a  point 
near  the  axis.  Draw  a  figure  to  indicate  at  which  of  these 
points  the  pressure  is  the  greater,  and  the  direction  of  that 
pressure. 

7s.  A  small  smooth  ring  can  move  upon  a  smooth 
circular  wire  which  is  made  to  roll  with  uniform  angular 
velocity  o>  on  the  outside  of  a  horizontal  circle  of  n  times  its 
radius :  prove  that  the  angle  through  which  the  ring  will 
have  revolved  with  respect  to  the  wire  at  a  time  t  is 

{(n  +  1)  <f>—  nwt}j(n  +  1)  where  <f>  =  o>3  sin  <f>/(n  +1). 

79.  Two  particles   P,  Q,  of  equal  mass,  slide  upon  a 
smooth  endless  string  OPQ,  which  passes  through  a  small 
-month  ring   at  0,  and  lies  on  a  smooth  horizontal  plane. 
UP  is  initially  equal  to  OQ,  and  the  particles  are  projected 
with   equal   velocities  along  the  external  bisectors   of  the 
angles  OPQ,  OQP  respectively;  prove  that,  throughout  the 
inut ion,  the  tension  of  the  string  varies  inversely  as  OP. 

80.  A  particle  of  mass  ra  is  attached  to  a  fixed  point  on 
a  smooth  horizontal  plane  by  an  elastic  string  of  natural 
length  a,  and  whose  coefficient  of  elasticity  is  mg.     It  is 
projected  with  the  velocity  due  to  half  the  length  of  the 

11—2 
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string  in  a  direction  perpendicular  to  thr  -trin^  which  is 
initially  unstretched.  Prove  that  the  apsidal  distances  of 
its  orbit  are  given  by 

a«(ra-os)-ra(r-a)«  =0. 

81.  A  body  is  moving  in  a  uniform  resisting  medium, 
the  resistance  of  which  varies  as  the  IIth  power  of  the  velocity, 
under  the  action  of  a  force  varying  inversely  as  the  H-JU 

the  distance  ;  find  the  value  of  n  in  order  that  the  path  n:a\ 
be  an  equiangular  spiral. 

82.  Forces  mp/r,  mp'r  act  in  the  directions  of  two  fixed 
points    S,  S',  the   former  being   attractive   and    th»-    ! 
repulsive.    Prove  that  a  particle  under  their  influence  in 

in  such  a  way  that 


c  being  a  constant   and   0,  6'  the  angles  that  r,  r   make 
with  SS'. 

83.  A  smooth  circular  tube  is  fixed  at  one  point  A  and 
contains  a  particle  which  is  initially  at  rest  at  the  opposite 
extremity  of  the  diameter  through  A.     The  tube   is  then 
made  to  revolve  in  its  own  plane  with  a  uniform  angular 
velocity  <u  ;   shew  that  the  angle  described  by  the  particle 
about  the  centre  of  the  tube  in  the  time  t  is 

4  tan"1  (tanh  |  cat). 

84.  A  heavy  particle  is  attached  to  a  fixed  point  by 
means  of  an  elastic  string  of  natural  length  3cr,  whose  coeffi- 
cient of  elasticity  is  six  times  the  weight  of  the  part 
when  the  string  is  at  its  natural  length  and  the  par 
vertically  above  the  point  of  attachment  the  particle  is  pro- 
jected horizontally  with  a  velocity  3v^o#/V2  ;  verify  that 
angular  velocity  of  the  string  will  be  constant  and  that 
particle  will  describe  the  curve  r  =  a  (4  —  cos  6\ 

85.  A  particle  m  is  projected  from  an  apse  at  distance  c 
with   velocity   N/2/Ic8/V3.     The   force   to  the   centre   L 
nip  (r8  —  c*r),  prove  that  the  orbit  is  of  +  y*  =  c4. 
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86.  When  the  forces  have  a  potential  equal  to  —  p,u-  cos  fl 
and   a  particle  is   projected  at  a  distance  a  perpendicular 
to  the  initial  line  with  velocity  2^/it/a,  then  the  orbit  de- 
scribed is 

/  TT  + 

r  =  a  sec  (  V2  log  tan  —  -r- 

87.  A  particle  acted  upon  by  a  constant  repulsive  cen- 
tml  force,  is  projected  at  right  angles  to  the  initial  distance 
with   a   velocity  double   that  which  would   be  required  in 
moving  from  the  centre  of  force  to  the  point  of  projection  ; 
prove  that  the  orbit  is 

6  r  —  a       1  r  —  a 


88.  The  force  to  a  fixed  centre  varies  inversely  as  the 
fourth  power  of  the  distance.     If  a  particle,  which  is  de- 
scribing a  circle  of  radius  c  with  its  centre  at  the  centre  of 
force,  has  its  motion  slightly  disturbed,  prove  that   it  will 
ultimately  move  in  either  the  path 

r     cosh  8  +  1     ,  ,  . 

-  =      v-  ^  —  v  ,  the  outside  orbit, 
c     cosh  6  —  2 

r     cosh  0-1    ,,     .     .,       ,  . 
or  -  =  -  -r  ,  the  inside  orbit. 

c     cosh  0  +  2 

If  the  law  of  force  is  that  of  the  inverse  seventh  power, 
prove  that  the  corresponding  orbits  are 

ra     cosh  20  +  2       .r*     cosh  20-2 

L     _  fl.nfi  _  *^~  ^—  —  —  ^^^^^— 

c-     cosh  20  -  1          ca     cosh  20  +  1  ' 

89.  A  smooth  horizontal   plane  revolves,  with  angular 
velocity  to,  about   a   vertical  axis,  to  a  point  of  which  is 
attached  the  end  of  a  weightless  elastic  string  of  natural 
length  d  just  sufficient  to  reach  the  plane.     The  string  is 
stretched  and  after  passing  through  a  small  ring  at  the  point 
where  the  axis  meets  the  plane  is  attached  to  a  particle  of 
mass  ra  which  moves  on  the  plane.     Shew  that  if  the  par- 
ticle be  initially  at  rest  relative  to  the  plane  it  will  describe 
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on  the  plane  a  hypocycloid  generated  by  the  rolling  of  a 
circle  of  radius  $c {1  —  ^(mdX"1)*}  on  a  circle  of  null 
where   c   is   the  initial  extension,  and  X  the  coeffi< -i« •:/ 
elasticity  of  the  string. 

90.  A  smooth  circular  wire  rotates  uniformly  in  it  - 
) ilane,  which  is  horizontal,  about  a  fixed  point,  the  dist 

of  which  from  its  centre  is  one-third  of  its  radius,  and  a  bead 
which  can  move  on  the  wire  is  attached  to  it  at  the  point 
nearest  the  fixed  point.  If  the  bead  be  set  free,  prove  that 
it  will  make  complete  revolutions,  and  that,  at  the  angular 
distance  sec"1  3,  its  pressure  on  the  wire  will  vanish. 

91.  If  the  potential  at  the  point  (r,  6)  in  a  field  of  force 
is  —  /iw2  cos  0,  and  if  a  particle  is  projected  so  that  h-  =  '2fj., 
and  if  6  =  0  initially,  find  the  differential  equation  <>f  the 


7T 


orbit,  and  prove  that,  between  0  =  0  and  #  =  ^,thi-  radial 
velocity  is  constant. 

92.     A   particle   is   projected   towards   the   origin  from 
infinity  with  any  velocity,  and  is  acted  upon  by  a  fore* 
at   right   angles   to   the   radius   vector;   shew  that   it  will 
describe  a  curve  of  the  family,  u  =  ad*  J^  (6),  where  Jn  (x)  is 
the  Bessel's  function  of  the  nth  order,  and  find  the  velocit 
projection  in  order  that  a  particular  curve  may  be  described 


CHAPTER  VIII. 


TANGENTIAL  AND   NORMAL  ACCELERATIONS. 


136.  IF  mT  and  mN  be  the  forces  acting  on  a  particle  of 
mass  in  in  directions  of  the  tangent  and  normal,  the  equations 
of  motion  are 

dv 

ins  =  inT,  or  mv  -j-  =  mT, 
as 

and  m—  =  mN. 

P 

We  have  already  made  a  slight  use  of  the  expression  for 
normal  acceleration  in  article  (103) ;  we  now  proceed  to 
develope,  somewhat  at  length,  the  utilization  of  these 
expressions. 

Motion  of  a  heavy  particle  on  a  smooth  curve  in  a  vertical 
plane. 

Measuring  x  horizontally,  and  y  vertically  downwards,  and 
taking  R  as  the  normal  reaction  of  the  curve,  measured 
outwards,  the  equations  of  motion  are 

dv  du         v*  d&      „ 

mv  -=-  =  mq -f-.   m—  =  mq  -, R. 

ds        J  ds          p        y  ds 

The  first  equation  gives 

£ra  (v2  -  wa)  =  mg(y-  i/)t 
if  u  be  the  velocity  when  y  =  y'. 


168 


TAN«;i.NTIAI.    AND    NORMAL 


This  is,  in  effect,  the  equation  of  energy,  and  can  be 
written  down  at  once  from  the  assumption  of  the  truth  of 
the  principle  of  energy. 

The  second  equation  determines  the  pressure. 

137.     Motion  of  a  particle  on  a  smooth  curve  under  tJie 
action  of  forces  to  fixed  centres,  the  forces  being  fu/ 
the  distances  from  those  centres. 

If  r,  r',...  be  the  distances  of  the  particle  from  the 
centres  of  force,  and  mP,  mP'...  the  forces,  the  equations  of 
motion  are 

dv         T.  dr         „,  dr' 
mv^-  =  mP^-+mP    ,    +... 
as  as  ds 


m  -  =  mPr  ,    +  mP'r'  -j-  + 
p  ds  ds 


4-  R. 


From  the  first, 


I 


=  2    mPdr; 


this,  which  is  the  equation  of  energy,  gives  the  velocity  and 
the  second  equation  determines  the  pressure. 

138.     Motion  of  a  heavy  particle,  placed  on  the  outside  <>f 
a  smooth  circle  and  allowed  to  slide  down. 


If  the  particle  start  from  the  point  Q,  at  an  angular 
distance  a  from  the  vertex,  and  v  be  the  velocity  at  P, 

v*  =  2ga  (cos  a  —  cos  6), 
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mv2 


and         =  mg  cos  6  —  R,  R   being   the   outward  reaction  of 

the  curve, 

.•.  R  =  mg  (3  cos  0  —  2  cos  a), 

shewing  that  the  pressure  vanishes,  and  that  the  particle 
flies  off  the  curve,  when 

cos  6  =  f  cos  a. 

139.     Motion  of  a  heavy  particle  inside  a  smooth  circular 
tube  in  a  vertical  plane. 

We  shall  suppose  that  the  particle  starts  with  a  given 
velocity  u  from  the  lowest  point  B. 


Measuring  6  upwards,  the  equation  of  energy  is 

^m  (v2  —  u2)  =  —  mga  (1  —  cos  B), 
and  the  equation  for  the  pressure  is 


mv 


—  =  R  —  mg  cos  0, 

R  being  the  pressure,  inwards,  of  the  tube  on  the  particle. 

R  u1 

.'.  —  =  3flf  cos  6  -  2<7  +  — . 
m       y  y     a 
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To  find  the  height  of  ascent  we  put  v  =  0,  and  to  find  the 
point  where  the  pressure  vanishes  we  put  R  =  0. 

(1)  Take  u*<2ga;  then  the  highest  point  is  given  by 
2ga  cos  6  =  2ga  —  u*,  and  the  pressure  never  vanishes. 

(2)  If  w2  =  *2ga,  the  particle  rises  to  C  and  the  pressure 
then  vanishes. 

(3)  If  ?t2  >  2ga  and  <  4iga,  the  highest  point  is  given  by 

u*  —  2ga 

COS  v  =  —       TJ  , 

2ga 
and  the  pressure  vanishes,  and  changes  sign,  when 

/-  -    nr 


cos  0  = 


. 
3ga 

(4)     If  M2  >  4>ga  and  <  5ga,  the  particle  rises  to  A  and 
passes  over  and  the  pressure  vanishes  when 

cos0  = 


- 
3ga 

(5)  If  u*  =  5ga,  the  pressure  vanishes  at  A. 

(6)  If  M2  >  5ga,  the  pressure  never  changes  sign. 

Oscillation  of  a  Pendulum. 

140.      A  heavy  particle,  suspended  by  a  weightless  string 
from  a  fixed  point,  and  oscillating  in  a  vertical  plane,  !'• 
a  simple  pendulum. 

Measuring  6  from  the  vertical,  and  observing  that  if  a  be 
the  length  of  the  string,  s  —  ad,  the  equation  of  motion  is 

a6  =  —g  sin  6. 

If  the  amplitude  of  oscillation  be  very  small,  the  approx- 
imate equation  is 


a 

and  therefore          9  =  A  cos 


(viH- 


com 
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This  represents   isochronous   vibrations,  the   time   of  a 
plete  vibration  being  2-rr  .  /  —  . 

V    \j 

Finite  motion  of  a  Pendulum. 

Recurring  to  the  equation  ad  =  —  g  sin  6,  and  supposing 
the  pendulum  to  start  at  an  inclination  a  to  the  vertical, 
we  obtain 

afc  =  2g  (cos  6  —  cos  a), 

and  therefore,  if  r  be  the  time  of  oscillation  from  one  side  to 
the  other, 

T=2     /~"   [a  d°  /a  fa  dd 

V  2#  Jo  A/COS  6  ^^cosa  ~  V  g  J0  Vsin1  £a^  sin'  i0  ' 


Putting  sin  ^  =  sin  ^  sin  $•,  this  transforms  into 


* 


,—          ___ 

vl-sin'-|asin-i/r 


If  ^  be  the  angle  at  the  time  £  from  the  lowest  point, 

t=  /^p~  de      /*  r 

V  25rJ0  Vcos^-cosa      V  5rJ0 


l  -  sin2   a  sin1  - 
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or,  in  the  notation  of  Jacob!  and  Guderman, 


Q 

and  the  height  of  the  bob  of  the  pendulum  =  2a  sin1  ^ 
=  2a sina ^  sn3  ( \  /-  t] ,  mod . sin •= 


141.     Motion  of  a  heavy  particle  on  the  arc  of  a  smooth 
cycloid,  having  its  vertex  downwards,  and  axis  vertical. 

Measuring  <£  from  the  tangent  at  the  vertex,  the  intrinsic 
equation  of  a  cycloid  is 

s  =  4a  sin  <£, 
and  the  equation  of  motion  is 

s  =  —  gsin<j>,  or  s  +  --8  =  0; 


shewing  that  the  motion  is  an  isochronous  vibration,  the 
period  of  a  complete  vibration  being 


4?r 


vf: 


142.  Motion  of  a  particle  in  a  smooth  circular  tube  under 
the  action  of  a  force  to  a  fixed  point  varying  as  the  distance 
from  that  point. 

Take  a  as  the  radius  of  the  circle,  and  c  as  the  distance 
of  the  centre  of  force  S  from  the  centre  C. 

Resolving  along  the  tangent,  the  equation  of  motion  is 

dv  .,„,.,  dr 

v  i-  =  ur  cos  bPl  =  —  ar  -=- , 

ds     r  ds 
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and  therefore  vn-  =  /u,  {(c  +  of  -  r2}  =  2/iac  (1  -  cos  0),  supposing 
the  particle  to  start  from  A. 


If  R  be  the  pressure  on  the  particle,  measured  inwards, 

—  =  mfir  cos  GPS  +  R  =  mpPN  +  R, 
a 

or  mafr  =  mp  (a+c  cos  6)  +  R, 

therefore        R  =  nip  (2c  —  a  -  3c  cos  6). 

143.  Motion  of  a  particle  on  the  arc  of  a  smooth  equi- 
angular spiral  under  the  action  of  a  force  from  the  pole. 

If  mP  be  the  force  from  the  pole,  and  R  the  pressure 
measured  inwards,  we  have 

dv  mv*  sin  a      ~. 

v^-  =  P  cos  a,  —  =  R  —  mP  sin  a. 

as  r 


dv 
dr 

the  particle  start  with  no  initial  motion  from  the  distance  a, 


In  the  case  in  which  P  =  ~  ,  v  -j-  =  -  ,  and  therefore,  if 

r*      dr     r* 


and  .K  =  ?nasina(  --- 

\ar     r 
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We  also  have 
dr 


j-  =  v  cos  a  =  cos  a 
at 


:V  ( r_-o) 

ar       ' 


and  therefore  the  time  from  the  starting  point  to  the  distance 
6  is  equal  to 

rb          Var  dr 


I 


a  cos  a  V2/U,  (r  —  a) ' 


144.     Motion  of  a  particle  on  the  arc  of  a  smooth  hypo- 
cycloid,  under  the  action  of  a  force  to  the  centre  vary// 
the  distance. 

Taking  BAB'  as  the  arc  of  the  hypocycloid,  of  which  A  is 
the  vertex,  measure  the  arc  from  A. 

In  the  figure,  C  being  the  centre  of  the  rolling  circle  of 
radius  b,  Q  is  the  instantaneous  centre,  and  EP,  PQ  are  the 
tangent  and  normal  to  the  hypocycloid  at  P. 


The  angle  YOA  being  <j>,  we  see  that 


and 
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The  curve  being  convex  to  the  point  0, 

ds  d?p     46  (a  —  6)          a(f> 

_  —  _  in  —  __  —  —    _  -  __  *  PHQ  _ 

d</>~     *     dp        a-26          a-26' 

and  therefore         s  =  4  -  (a  —  6)  sin  —  -  _  ,  . 
av  a—  26 

The  equation  of  motion  is 


or 


JT7         \         > 
46  (a  —  6) 

shewing  that  the  motion  is  oscillatory  and  isochronous. 

A  geometrical  proof  of  the  isochronism  of  the  hypocycloid 
will  be  found  in  the  Principia,  Book  I.,  Section  X. 

If  we  make  the  radius  of  the  circle  infinitely  large,  and 
the  quantity  /z  infinitely  small,  and  take  fM=g,  we  fall  upon 
the  case  of  cycloidal  motion,  and  the  above  equation  becomes 

s  +  f,  «  =  0,  as  in  Art.  (141). 
46 

145.     Motion  of  a  particle  sliding  on  a  rough  curve. 
The   equations   of   motion   are,   if  R  be   the   pressure, 
measured  inwards,  and  //-  the  coefficient  of  friction, 

dv         m 

mv  ,-  =mT  —  aR, 


m-  = 
P 

Taking  the  case,  for  instance,  of  a  heavy  particle  sliding 
upwards  on  the  arc  of  a  curve  in  a  vertical  plane,  we  have 

dv  .  D 

mv  -r  =  —  mq  sin  d>  —  u,R, 
ds 

m-  =R  —  mg  cos  <£, 
where  0  is  the  inclination  of  the  tangent  to  the  horizon. 
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Hence         v-r  +  p  -  =  —  g  (sin  <j>  +  p  cos  $), 
as        o 

or,  j-7  +  2f*v*  =  —  Igp  (sin  <j>  +  /*  cos  0), 

and,  the  intrinsic  equation  s  =f(<f>)  being  given,  p  =/'  (0), 
and  the  equation  is  that  of  Chapter  II.  (1). 

146.  Motion  of  a  heavy  particle  in  a  medium  the  resistance 
of  which  varies  as  the  square  of  the  velocity. 

Measuring  <f>  downwards  from  a  horizontal  line,  tin- 
equations  of  motion  are 

v  -r-  =  g  sin  $  —  kv*,  and  -  =  g  cos  <f>. 
as  p 

The  second  equation  shews  that  for  a  given  velocity  th. 
curvature  is  independent  of  the  resistance,  a  theorem  which 
is  true  for  motion  in  any  resisting  medium  under  any  for 

Eliminating  v  we  obtain 

cos  <f>  -^  —  3p  sin  <f>  +  2kp*  cos  0  =  0, 

or,  j-7  ( - )  +  3 tan <b.-  =  2k,  leading  to 

09  \p/  p 

-  =  k  (tan  0  sec  <f>  +  log  (tan  0  +  sec  <f>)}  +  G, 

and  this  is  the  intrinsic  equation  of  the  path. 

If  p.,  is  the  radius  of  curvature  at  the  highest  point 

-  =  a 

Po 

If  p,  p'  be  the  radii  of  curvature  at  the  two  points  at 
which  the  tangent  to  the  path  is  inclined  at  the  same  angle 
to  the  horizontal  we  obtain  the  relation 

1      1  _  2  cos'  0 
P     P~      Po 
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147.  The  question  sometimes  arises  whether  a  given 
curve  can  be  described  by  a  particle  under  the  action  of 
forces  to  two  or  more  fixed  points.  In  such  cases  we  write 
down  the  tangential  and  normal  equations  of  motion;  that 

di)  v^ 

is,  we  equate  mv  -v-  and  m  —  to  the  sums  respectively  of  the 

tangential  and  normal  forces,  and  the  value  of  v2  obtained  by 
integrating  the  first  equation  must  be  identified  with  the 
value  of  ^  obtained  from  the  second. 

If  for  instance  the  curve  is  an  ellipse  and  the  forces  - 

H 

and  —~  to  the  two  foci,  we  have 
r  • 

dv          j.  dr      t  drf 


where  -fy  is  the  inclination  of  the  tangent  to  each  radius 
vector. 

From  these  equations, 


fM    rr      uf  rr'    .  CD* 

and  v  2  =  ^  •  --  H  ^  —  since  P  sin  >/r  =  —  -  ^ 

r2     a      r2  a  AC 


r       r        a      a 
and  the  values  of  t;2  are  the  same  if 


a      a 

148.  Motion  of  a  particle  fastened  to  a  string  which  is 
wound  round  a  fixed  curve. 

Suppose  that  when  ^he  string  is  completely  wound  up, 
the  particle  is  at  A,  and  measure  s  and  <fr  from  A  and  the 
tangent  at  A. 

B.  D.  12 
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Then  PQ  =  s,  and  the  path  of  P  is  an  involute  of  tin- 
curve,  its  radius  of  curvature  being  PQ. 


Taking  mS  and  mN  as  the  forces  perpendicular  and 
parallel  to  the  string,  and  T  as  the  tension,  the  equations  of 
motion  are 

mvdv  v* 

-j  —  —  ma,    m-= 
da  p 

a  being  an  arc  of  the  path,  or 


mvdv 


v*  m  .  ,, 
-  =  T+mN. 
s 


If  there  are  no  acting  forces,  v  is  constant,  and  the  tension 
varies  inversely  as  PQ. 

Ex.     Let  the   curve  be  a  circle  and  the  acting  force  a 
repulsive  force  from  the  centre  varying  as  the  distance. 

T    *v  •  dv 

In  this  case  v  -r-  =  /JM, 

so  that  the  motion  is  uniformly  accelerated,  and 
™L=T- 

8 


MOTION   OF   A   CHAIN. 

so  that,  if  the  particle  start  from  rest  at  A, 
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149.  Motion  of  a  string  or  fine  chain  inside  a  smooth  tube 
of  any  shape  under  the  action  of  given  forces. 

Taking  AB  as  the  chain,  we  let  s  represent  the  length 
OA  of  the  axis  of  the  tube,  measured  from  a  fixed  point  0, 
and  let  <r  represent  the  length  AP  of  the  chain. 

Then  if  T  be  the  tension  at  P  and  T+  &T  at  Q,  and  RS<r 
be  the  pressure  of  the  tube  on  the  element  PQ,  the  equations 
of  motion  of  the  element,  the  mass  of  which  is  mSa-,  are,  ob- 
serving that  the  velocity  and  the  tangential  acceleration  of 
every  point  of  the  chain  are  the  same, 

.  s  =  8T  +  mBa-S, 


and 


-  -  =  T—  +  mS<rN  + 
P          P 


where  S  and  N  are  the  tangential  and  normal  forces  per  unit 
of  mass. 


Taking  I  as  the  length  of  chain  and  integrating  the  first 
equation  from  A  to  B, 


Is 


P 

=     Sd<r, 
Jo 


12—2 
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and  the  second  equation  gives 

gt     f 

R  =  m-  ---  inN. 
P     P 

As  a  particular  case  consider  the  motion  of  a  heavy  chain 
inside  a  smooth  circular  tube  in  a  vertical  plane. 

Measuring  from  the  vertical  radius,  and  from  OA,  take 
CO  A  =  6,  and  AOP  =  </>. 

The  equation  of  motion  of  the  element  PQ,  or  ma&<j>,  is 

maS<f>  .  ad  =  maS<f>  .  g  sin  (6  +  <£)  +  8T, 
.'.    matyO  =  T  —  mga  cos  (6  +  <f>)  +  mga  cos  6, 
and  taking  a  as  the  angle  subtended  by  the  string, 

•  •  /  ft  \  fi 

aad  =  g  (cos  0  —  cos(0  +  a)}  =  2#sin  f  6  +  «    sm  «  > 


whence 
if  the  end 


aatf1  =  4^r  sin  || 
start  from  (7. 


cos     -  cos    ^  +s)f  • 
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For  the  rate  of  pressure  at  any  point, 
ma8<f> .  a6°  =  maS(f> .  g  cos  (6  +  </>)  + 
or  -Ra  =  mga  cos  (d  +  <£)  +  T  —  ma-Q\ 

150.  Motion  of  a  piece  of  fine  chain  inside  a  smooth 
circular  tube  which  is  revolving  uniformly  in  its  own  plane 
about  a  point  in  its  circumference. 

AB  being  the  chain,  let  EGA  =  6,  and  AGP  =  </>. 

The  acceleration  of  the  point  P  with  regard  to  G,  in 
direction  of  the  tangent,  is 

da 
a  -j-  (6  +  $  +  at),  or  a0, 

and  the  acceleration  of  G  is  o>2a  in  the  direction  GO ;  there- 
fore the  equation  of  motion  of  the  element  PQ  is 

maty  {a'e  +  o>2a  sin  (6  +  <£)}  =  ST, 


and,  integrating  with  regard  to  <f>  from  A  to  B,  that  is  from 
<£  =  0  to  <f>  =  a, 

a'e  =  <B2  {cos (0  +  a)  -  cos  0}  =  -  2<»2 sin  (0  +  |)  sin  | , 

and  therefore     a^2  =  (7  +  4&>2  sin  ?  cos  [^  +  |V 

2         \        2J 

the  constant  being  determined  by  initial  conditions. 
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151.     The  equations  of  motion  of  a  free  string 
under  the  action  of  given  forces  in  the  plane. 

If,  at  any  instant,  u  and  v  be  the  tangential  and  normal 
velocities  of  the  point  P  of  the  string,  and  <j>  the  angular 
velocity  of  the  tangent  at  P,  the  accelerations  of  P  , 

u  —  V(f>,  and  v  +  r«j>. 
Ilence  the  equations  of  motion  of  an  element  PQ  are 

mSs  (u  —  v$)  =  &T  +  mSs  .  S, 
»» 

mSs  (v  +  wcj>)  =  T—  +  mos  .  N, 

p  being  the  radius  of  curvature  of  the  string  at  P,  and 
mN  the  forces  per  unit  length, 

jm 

or  m  (u  —  v</>)  =  -r-  +  mS  ..................  <  1 

T 
m(v  +  M<j>)=-  +mN  ..................  (i 

The  string  being  inextensible,  the  geometrical  condition  is 
that  the  motion  of  Q  relative  to  P  is  ultimately  perpendicular 
to  PQ  and  leads  to  the  equations 

(u  +  811)  cos  80  —  (v  +  Sv)  sin  80  =  u, 
•      T  (v  +  8v)  cos  80  +  (u  +  Su)  sin  8<J>  —  v 
*  =  Lt"  ~5~ 

80  being  the  angle,  at  the  instant,  between  the  tangents  at 
P  and  Q  ;  or,  ultimately, 


_ 

di~ds  +  p-- 

If  we  take  the  s-flux  of  (1)  and  subtract  from  it  the  equation 
(2)  multiplied  by  ~  ,  and  if  we  then  take  account  of  equation 
(4)  and  of  the  time-flux  of  (3),  we  obtain  the  equation 

*(«y  +*•**_; 

m\dsj      ds          els 
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152.  A  particular  case  is  that  of  an  endless  chain  origin- 
ally at  rest  under  the  action  of  conservative  forces,  and  the 
reactions  of  smooth  curves,  and  set  in  motion  in  such  a 
manner  that  each  point  of  the  chain  begins  to  move  in  the 
direction  of  the  tangent  at  the  point. 

In  this  case  the  chain  will  retain  its  form. 

For,  if  v  be  the  velocity  of  each  point  of  the  chain,  the 
equations  of  motion  of  an  element  8s  are, 

m8s  —  =  mSs .  Q  -\ ; 

P  P 


or  =  s 

since  v  is  independent  of  s, 
leading  to  P- 

as  the  equation  giving  the  form  of  the  curve  when  there  is 
no  motion,  and  it  therefore  follows  that  the  chain  retains  its 
form,  but  that  the  tension  at  each  point  is  increased  by  rav*. 

This  question  is  discussed  in  the  solutions  of  the  Tripos 
Questions  for  1854  by  Mr  Walton  and  the  late  Bishop 
Mackenzie. 

Mr  W.  Froude,  in  a  letter  in  Nature,  in  November  1875, 
described  the  experimental  fact  that  a  heavy  endless  chain, 
placed  over  a  drum,  and  made  to  revolve  rapidly,  retains 
unchanged  the  catenary  form  which  it  assumes  when  not 
in  motion ;  and  further  that  if  an  indentation  in  the  form 
be  made  by  a  blow  from  a  heavy  hammer,  the  indenta- 
tion, if  the  rotation  be  very  rapid,  remains  for  a  considerable 
time. 

In  the  latter  case  the  tension  becomes  so  great  that  the 
action  of  gravity  is  unimportant,  although,  of  course,  the 
action  of  gravity  will,  in  time,  remove  the  indentation  and 
restore  the  catenary  form. 

153.  The  equation  for  determining  the  initial  tension  of 
a  string. 
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The  problem  to  be  considered  is  that  of  a  string  on  the 
point  of  motion,  under  the  action  of  given   forces,  a- 
instance  a  string  which,  being  in  equilibrium,  is  cut  at  ;my 
point. 

Let  PQ  (8s)  be  an  element  of  the  string,  and  m$s  .  S, 
the  tangential  and  normal  forces  acting  upon  it. 


Take  a,  /3,  a+  Sa,  /9  +  fy9  as  the  tangential  and  normal 
accelerations  at  P  and  Q  respectively,  and  T,  T  +  8T  as  the 
initial  tensions  at  P  and  Q. 

Then,  8<f>  being  the  angle  between  the  tangents  at  P 
and  Q, 

mSs.ct  =  ST+m8s.S,  and  mSs.0  =  (T+ST)8m  fy  +  mSsN, 

dT  T 

or,  ultimately,     met  =  -j-  +  mS,     m/3  =  -  +  mN, 
as  p 

where  p  is  the  radius  of  curvature. 

The  string  having  no  initial  motion  the  element  PQ  has 
no  initial  angular  velocity,  and,  if  we  take  the  string  to  be 
inextensible,  it  follows  that  the  accelerations  of  P  and  Q  in 
the  direction  of  the  tangent  at  P  are  ultimately  the  same. 

Hence,  S<J>  being  the  angle  between  the  tangents  at  P 
and  Q,  we  obtain 

(a  +  Sz)  cos  B(f>  -  (£  +  S/3)  sin  B<p  =  a, 

or,  ultimately,  ^  =     ; 

us       p 

and  therefore,  from  the  mechanical  equations  above, 
d*T     T_mN        dS 

~1~-T    ^~         I   ==  ^~  7/1        *        • 

ds*     p*       p  ds 

If  the  density  of  the  string  is  variable  the  equation  is 

d  fl^_  ^_  =  ^_^ 
ds  \m  ds  I     mp*      p      ds  ' 

This  is  a  particular  case  of  the  equation  obtained  at  the 
end  of  Art.  151,  viz.  the  case  in  which  <j>  =  0. 
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The  two  constants  which  appear  in  the  integration  of 
this  equation  must  be  determined  by  the  boundary  con- 
ditions. Thus,  if  the  string  is  severed  at  any  point,  the 
tension  at  that  point  is  zero,  and  if  one  end  of  the  string  is 
fixed,  the  tangential  acceleration  at  that  end  is  zero. 

Again,  if  one  end  of  the  string  is  moveable  on  a  fixed 
smooth  wire,  or  on  a  fixed  smooth  surface,  and  if  the  tangent 
to  the  string  at  the  end  is  perpendicular  to  the  wire  or 
surface,  the  tangential  acceleration  at  that  end  is  zero. 

If  however,  before  release,  the  string  at  its  end  is  not 
perpendicular  to  the  wire,  the  immediate  effect  of  release 
will  be  the  creation  of  a  finite  velocity  and  a  discontinuity  of 
curvature  at  the  end.  In  fact  we  then  come  upon  the  case 
of  a  finite  force  acting  upon  an  infinitesimal  mass. 

If  gravity  be  the  only  force  in  action  and  if  0  is  the 
inclination  of  the  tangent  at  P  to  the  horizontal, 

S=—g  sin  <£,     N  =  —  g  cos  <£  ; 

dS 

.-.  -y-  = 
as 

and  the  equation  becomes 


dS  .  d<f>     N 

-y-  =  -  g  cos  <f>  -j-  =  —  , 
as  r  ds 


= 

d  s?  ~  p3  ' 

Ex.  (1).    A  catenary,  formed  of  homogeneous  string,  which 
is  at  rest  with  its  two  ends  faced,  is  severed  at  the  vertex. 

Putting  s  =  c  tan  <£,  and  changing  the  independent  vari- 
able from  s  to  </>, 

dT 


dT 

Integrating,       -=-  cos  <f>  —  T  sin  <f>  =  Ct 


.-.  T  cos  <£  =  £</>  +  (7. 
When  </>  =  0,    T  =  0,   .'.  T  cos  <£  =  C$. 
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If  <f>  =  y  at  the  upper  end  of  one  branch,  tln-n 

dT 

a  =  0,  i.e.  —  —  my  sin  <f>  =  Q,  when  <£  =  7, 

(/•">' 

mac  sin  7 

so  that  C  =  —!—  . 

cos  7+7  sin  7 

In  the  same  manner  the  constant  can  be  found  for  the 
other  branch. 

Ex.  (2).     A  heavy  string,  passing  under  and  in  cov' 
with  the  arc  of  a  fixed  vertical  circle,  centre  0,  //'/•< 
fattened  to  two  points  P,  Q  on  the  circle  each  at  the  an<i 
distance  yfrom  the  lowest,  the  pressure  at  which  is  zero. 

If  the  circle  be  suddenly  removed,  leaving  the  ends  of  t  lu- 
string fixed,  the  equation  for  T  is 


-  T  =  0,  so  that  T  =  At*  +  5e-*. 
a<f>2 

Observing  that  a  =  0  when  <f>  =  0,  and  also  when  <f>  =  y, 
we  find  that 

T  sinh  7  =  mga  sin  7  cosh  <f>. 

If  at  the  same  instant  the  circle  is  removed  and  the 
string  severed  at  the  lowest  point,  the  conditions  are  that 
T  —  0  when  <f>  =  0,  and  that  a  =  0  when  $  =  7. 

We  then  obtain 

T  cosh  7  =  mga  sin  7  sinh  <f>. 

154.     If  we  consider  the  case  of  a  string  which,  at  any 
instant,  has  a  given  form  and  is  in  a  given  state  of  m 
the  mechanical  equations  are  the  same  as  in  Art.  158,  viz. 

dT  n     T        ~T 

ma  =  -r-  +  mS,     nip  =  -  +  mjf, 
as  p 

For  the  geometrical  condition  we  have  to  consider  that  if 
<u  is  the  angular  velocity,  at  the  instant,  of  the  tangent 
the  acceleration  of  Q  relative  to  P  in  the  direction  1 
equal  to  —  wa  .  PQ,  so  that  the  equation  obtained  is 

da     ft 

-j  ---  =  —  or. 
ds      p 
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If  we  eliminate  a.  and  ft  we  again  obtain  the  equation  at 
the  end  of  Art.  151. 

As  an  example  take  the  case  of  a  circular  string  on  a 
smooth  horizontal  plane  revolving  uniformly  round  its  centre, 
and  suppose  it  to  break  at  a  point  or  to  be  suddenly  cut 
through  at  that  point. 

•jrn  m 

Then  my.  =  -y-  ,     md  =  —  : 

ds  p 

.'.  if  a  is  the  radius  the  equation  for  T  is 


.'.  T  =  ma-ay1  +  A  e*  +  £e~*. 
Measuring  <£  from  the  point  of  fracture, 

T=Q  when  </>  =  0,  and  when  <£= 

and  we  obtain 

T 


_ 


cosh 


TT 


155.  A  heavy  chain,  lying  on  a  smooth  horizontal  plane, 
receives  tangential  impulses  at  one  or  both  ends  ;  it  is  required 
to  find  the  impulsive  tension  at  any  point,  and  the  direction  of 
the  initial  motion. 

Taking  u  and  v  as  the  tangential  and  normal  velocities  of 
a  point  P  of  the  chain,  and  T  as  the  impulsive  tension  at  P, 
the  equations  of  motion  of  an  element  PQ  are 

8s 
mSs.u  =  8T,   m8s.v  =  T     ; 

P 

dT  T 

or,  mu  =  -=-  ,  and  mv  =  —  : 

as  p 

and  we  have  besides  the  equation  of  continuity  expressing 
the  fact  that  in  the  limit,  the  velocity  of  Q  in  direction  of 
the  tangent  at  P  is  the  same  as  the  velocity  of  P  in  that 
direction. 
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This  condition  gives  us 

(u  +  ou)  cos  8<£  —  (v  +  8v)  sin  £0  =  u, 

du  <}»     v 

or  m  =  v>  or  Jl  =  ~  • 

«9  as      p 

We  hence  obtain  for  the  impulsive  tension,  the  equation, 

d?T^T          <L(\<M\  =  T 
ds3  ~/>"  Cr  d<j>  \pd<}>)~  p' 

If  the  chain  be  heterogeneous,  that  is,  if  m  be  a  variable 
quantity,  the  equation  is 


_=^ 

ds*     m  ds  ds     p-' 

As  an  example  take  the  case  of  a  piece  of  chain  in  the 
form  of  a,  portion  of  a  catena  ri/,  bounded  by  a  chord  /un- 
to its  directrix,  and  suppose  that  equal  tangential  jerks  are 
applied  simultaneously  at  its  two  ends. 

Since  s  =  c  tan  <£,  we  obtain 

cos  6  -j  ,  -  —  2  sin  6  jj  —  jTcos  <f>  =  0, 
a<p~  d(f) 

and  therefore  Tcos  <f>=C<f>  +  C'. 

At  the  vertex,  u  =  0,  and  at  each  end,  7T=  P,  if  P  be  the 
tangential  jerk;  and  we  obtain,  7  being  the  rxtivme 
deflection, 


Moreover 

mat  =  P  cos  7  sin  <f>,  and  mcv  =  P  cos  7  cos  0, 
and  therefore  v  =  u  cot  <f>, 

shewing  that  every  point  of  the  chain  begins  to  move  in  the 
direction  parallel  to  the  axis  of  the  catenary. 

Ex.     If  a  chain  in  the  form  of  a  quadrant  of  a  < 
the  density  at  any  point  of  which,  measured  from  one  end, 
varies  as  e*,  receive  a,  tangential  jerk  at  the  other  end, 

1  dm     1 

we  have  .    =  -  , 

in  as      a 
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and  our  equation  is 

&T_JT_T=n 

dp    ae 

the  integral  of  which  is  given  in  Chapter  II. ;  and  the  geo- 
metrical conditions  are 

T=0  when  0  =  0,  and  T=P  when  0  =  |; 
these  conditions  determine  the  constants  of  integration. 


EXAMPLES. 

1.  A  lamina,  in  the  form  of  a  regular  polygon,  is  placed 
flat  on  a  smooth  horizontal  plane,  and  fastened  to  the  plane ; 
a  string,  the  length  of  which  is  equal  to  the  perimeter  of  the 
polygon,  is  wound  round  it,  one  end  being  attached  to  an 
angular  point,  and  the  other  end  carrying  a  particle ;  if  the 
particle  be  projected  horizontally,  at  right   angles   to  the 
string,  find  the  time  after  which  the  string  will  be  wound  up 
again,  and  its  greatest  and  least  tensions.     If  the  lamina  be 
held  in  a  vertical  plane,  and  the  particle  be  projected  in  the 
same  plane,  with  an  initial  velocity  sufficient  to  keep  the 
string  always  stretched,  find  its  velocity  at  the  instant  the 
whole  string  becomes  straight,  the  side  of  the  lamina  with 
which  the  particle  is  initially  in  contact  being  horizontal  and 
downwards. 

2.  A  small  bead  is  projected  with  any  velocity  along  a 
circular  wire  under  the  action  of  a  force  varying  inversely  as 
the  fifth  power  of  the  distance  from  a  centre  of  force  situated 
in  the  circumference.    Prove  that  the  pressure  on  the  wire  is 
constant. 

3.  If  a  particle  hanging  vertically  by  a  string  be  pro- 
jected horizontally,  and  rise  to  a  point  P,  and  there  leave  the 
circular  motion,  shew  that  if  it  recommences  circular  motion 
at  Q,  PQ  and  the  tangent  at  P  to  the  circle  will  make  equal 
angles  with  the  vertical. 
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4.  If  a  particle  move  under  the  action  of  fore-  -  /•'.  /  . 
to  any  number  of  fixed  points,  and  if  q,  </',.• -be  the  chords  of 
curvature  of  the  path  in  directions  of  these  forces, 

2mtf  =  2  (Fq). 

5.  A  uniform  circular  ring  rotates  uniformly  in  a  hori- 
zontal plane  about  its  centre.  Shew  that  the  greatest  possible 
linear  velocity  of  its  particles  is  independent  of  the  ra 

of  the  circle  and  of  the  cross  section  of  the  ring. 

Find  the  breaking  tension  in  pounds  wt.  per  square  inch 
in  the  case  of  a  uniform  ring  of  radius  a  feet  which  is  on  the 
point  of  breaking  when  it  makes  n  revolutions  a  second. 
the  weight  of  a  cubic  inch  of  the  material  of  the  ring  1  > 
that  of  c  ounces. 

6.  Two  equal  particles,  each  of  unit  mass,  which  repel 
each   other  with  a  force  =  p  (distance)"*  are  placed  on  tin- 
inner  surface  of  a  smooth  sphere  (rad.  a),  and  their  initial 
distance  subtends   the  angle   2a  at  the  centre:   shew  that 
they  will  perform  isochronous  oscillations  in  intervals 

=  27raa  V2  sin  a/V/i. 

7.  A  particle  is  placed  very  near  the  vertex  of  a  smooth 
cycloid,  s  =  4a sin  <£,  axis  vertical  and  vertex  upwards;  lind 
where  the  particle  runs  off  the  curve,  and  prove  that  it  falls 
upon  the  base  of  the  cycloid  at  the  distance  (?r/2  +  \ 
from  the  centre  of  the  base. 

8.  A  heavy  particle  slides,  from  a  cusp,  down  the  arc  of 
a  rough  cycloid,  the  axis  of  which  is  vertical ;  prov. 
velocity  at  the  vertex  will  bear  to  the  velocity  at  the  same 
point  when  the  cycloid  is  smooth  the  ratio  of 

Ve-*1*  -  fjf  :  Vl  +  /**. 

9.  If  a  pendulum  oscillate  in  a  medium  the  resistance 
of  which  varies  as  the  velocity,  prove  that  the  oscillations 
are  isochronous. 

10.  Two   particles   are   let   drop   from    the   cusp   of  a 
cycloid  down  the  curve  at  an  interval  of  time  t:  prove  that 
they  will  meet  at  a  time 
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after  the  starting  of  the  first  particle,  a  being  the  radius  of 
the  generating  circle. 

11.  Two  equal  smooth  circles  are  fixed  so  as  to  touch  the 
same  horizontal  plane,  their  planes  being  at  different  inclina- 
tions;  two  small  heavy  beads  are  projected  at  the  same 
instant  along  these   circles   from   their   lowest   points,  the 
velocity  of  each  bead  being  that  due  to  the  height  of  the 
highest  point  of  the  other  circle  above  the  horizontal  plane  ; 
shew  that  during  the  motion  the  two  beads  will  always  be  at 
equal  heights  above  the  horizontal  plane. 

12.  A  particle  is  attached  to  a  point  in  a  rough  plane 
inclined  to  the  horizon  at  an  angle  a  ;  originally  the  string  has 
its  natural  length  in  the  line  of  greatest  slope  ;  prove  that 
the  particle  will  not  oscillate  unless  tan  a  >  3/t,  where  fi  is 
the  coefficient  of  friction. 

13.  A  fine  parabolic  groove  has  its  axis  vertical  and 
vertex  upwards  ;   an  elastic   string   has  one   extremity  at- 
tached to  the  focus,  and  the  other  to  a  particle  in  the  groove  ; 
the  natural  length  a  of  the  string  equals  one-fourth  the  latus 
rectum,  and  the  weight  of  the  particle  is  such  as  to  stretch 
the  string  to  twice  its  natural  length  ;  determine  the  position 
of  equilibrium,  and  shew  that  the  time  of  a  small  oscillation 
about  it  is  2?r  V2a/<jr. 

14.  If  a   particle,  mass   m,   be   acted   upon   by   equal 
constant  forces  inf  in  the   directions   of  the   tangent  and 
nurmal  to  its  path,  and  if  the  resistance  be  mfv^/k2,  prove 
that  the  intrinsic  equation  of  the  path  is 


u  being  the  velocity  of  projection. 

15.  Two  elastic  strings,  the  natural  length  of  each  of 
which  is  ^Tra,  are  fastened  at  a  point  P  in  a  circular  tube 
(radius  a)  of  small  bore  ;  the  strings  are  stretched  in  opposite 
directions,  and  their  other  extremities  fastened  to  a  particle 
of  given  weight.  If  the  plane  of  the  tube  be  horizontal,  and 
the  particle  be  displaced  from  its  position  of  equilibrium 
through  an  angle  less  than  7r/2,  shew  that  the  time  of  an 
oscillation  is  independent  of  the  extent  of  the  displacement. 
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16.  A  particle  describes  a  circular  arc  under  the  action 
of  a  constant  force  not  tending  to  the  centre  ;  shew  that  it 
will  oscillate  through  a  quadrant. 

17.  A  particle  of  unit  mass  is  placed  in  a  smooth  tube 
in  the  form  of  an  equiangular  spiral  of  angle  a  and  falls  fr<>m 
rest  at  a  distance  2d  under  the  force  p  (distance  )~2;  prove 
that  it  will  reach  the  pole  in  a  time  Trd'/V/^  cos  a. 


18.  An  endless  string  on  which  runs  a  small  smooth 
bead  encloses  an  elliptic  lamina,  whose  perimeter  is  less  than 
the  length  of  the  string  ;  the  bead  is  projected  in  a  direction 
which  keeps  the  string  in  a  state  of  tension  ;  shew  that  the 
velocity  of  the  bead  will  be  constant  throughout  the  mot  i-  in, 
and  that  the  tension  of  the  string  will  vary  as  the  sum  of  the 
reciprocals  of  the  lengths  of  the  straight  parts  of  the  string. 

19.  Shew  that  the  differential  equation  to  the  curve 
described  under  a  force  R  inclined  at  an    angle  0  to  the 
direction  of  motion  is 

d  .  (Rp  sin  6)  -  2R  cos  0  .  ds  =  0, 

p  being  the  radius  of  curvature  and  ds  the  elementary  arc  of 
the  curve. 

If  R  is  always  parallel  to  a  fixed  line,  and  the  norn.al 
component  constant,  shew  that  the  curve  will  be  a  catenary. 

20.  An  elliptic  wire  turns  uniformly  in  its  own  plane 
about  a  fixed  point  situated  in  the  major  axis.     A  small 
placed  at  the  extremity  of  the  major  axis  makes  small  oscil- 
lations.    Find  the  limits  of  the  position  of  the  fixed  point 
that  this  may  be  possible,  and  the  time  of  small  oscillation. 

21.  If  a  particle  be  projected  along  a  cycloid  from  the 
vertex  with  twice  the  velocity  that  would  just  cany  it  to 
the  cusp,  prove  that  it  will  reach  the  cusp  in  one  third  of 
the  time  in  which  it  could  fall  back  from  rest;  and  that 
when  it  has  risen  through  three  quarters  of  the  vertical 
ascent  its  pressure  on  the  cycloid  =  seven  times  its  weight. 

22.  A  ring  is  strung  on  a  rough  circular  wiiv    in    a 
vertical  plane  and  is  projected  from  the  lowest  point  with 
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such  angular  velocity  as  will  just  take  it  to  the  horizontal 
diameter  ;  if  the  particle  arrives  back  at  the  lowest  point,  its 
velocity  on  arrival  will  be  less  than  on  departure  in  the 
ratio 

{1  -  2/*2  -  3/u  exp  (-  fjLTr)}*  :  (1  -  £/*»  +  3/u  exp  (pir)}*. 

23.  Two  particles  connected  by  a  fine  string  are  con- 
strained to  move  in  a  fine  cycloidal  tube  in  a  vertical  plane, 
the  axis  of  the  cycloid  being  vertical  and  the  vertex  upwards  ; 
prove  that  the  tension  of  the  string  is  constant  during  the 
motion. 

24.  A  particle  is  moving  on  the  convex  side  of  a  rough 
equiangular  spiral  towards  the  pole,  under  the  action  of  a 
force  IUKV  to  the  pole,  where  v  is  the  velocity  at  distance  r. 
If  V  be  the  velocity  at  distance  a,  and  t  the  time  of  moving 
from  distance  r  to  distance  a,  shew  that,  p,  being  the  coeffi- 
cient of  friction, 

rl+utana       al+Mtana—  a>*  *nar   COS  g  +  /*  SHI  a  ^_(VMa4.^ain  ,y,| 

K.       cos  a  —  fj.  sin  a 
whore  a  is  the  angle  of  the  spiral. 

25.  Having  given  that  the  normal  acceleration  varies  as 
the  square  of  the  velocity  parallel  to  the  axis  of  x,  find  the 
path  ;  and  prove  that  if  this  path  be  described  under  the 
action  of  a  force  parallel  to  the  axis  of  y,  then  the  whole 
acceleration  at  any  point  is  proportional  to  the  velocity. 

26.  A  particle,  mass  m,  moves  in  a  smooth  circular  tube 
of  radius  a,  under  the  action  of  a  force,  pm  (distance),  to  a 
point  inside  the  circle  at  a  distance  c  from  its  centre  ;  if  the 
particle  be  placed  very  nearly  at  its  greatest  distance  from 
the  centre  of  force,  prove  that  it  will  pass  over  the  quadrant 
ending  at  its  least  distance  in  the  time 


27.  A  particle  m  attached  by  a  string  of  length  a  to 
a  fixed  point  C  describes  a  circle  in  one  plane,  under  the 
action  of  a  uniform  repulsive  force  mf  emanating  from  a  fixed 
point  0  ;  where  OC  =  c  and  >  a.  If  K  be  the  velocity  of  the 

B.   D.  13 
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particle  when  at  its  greatest  distance  from  0  and  v  it-  v.-locity 
after  describing  an  angle  6  from  that  position.  sh.-\v  that 

v»  =  V9  -  2/  { c  +  a  -  Vcs  +  a1  +  2ac  cos 
Find  also  the  tension  of  the  string  and  shew  that 
Pi  5/a. 

28.  A  heavy  particle  is  projected  in  a  resisting  medium  ; 
if  v  be  the  velocity  at  any  time,  <f>  the  inclination  to  tin- 
vertical  of  the  direction  of  motion,  and  /  the  retardation, 
prove  that 

I^+cot</>  +  -^— =  0. 
v  d<f)  g  sin  <£ 

If  f  =  fitf,  find  v  in  terms  of  </>. 

29.  Prove  that  the  curve  possessing  the  prop'-rty  that 
the  product  of  the  distances  of  any  point  on  it  from  t 
points  is  constant,  may  be  described  with  uniform  velocity 
under  the  action  of  two  forces,  each  tending  to  one  of  tin- 
fixed  points,  and  varying  as  the  distance  from  the  other,  the 
absolute  intensities  of  the  forces  being  the  same. 

30.  Prove  that  a  particle  can  describe  a  parabola  under 
a  repulsive  force  in  the  focus  varying  as  the  distance  and 
another  force  parallel  to  the  axis  always  of  three  times  the 
magnitude  of  the  former;   and  that,  if  two  equal  particles 
describe  the  same  parabola  under  the  action  of  these  forces, 
their  directions  of  motion  will  always  intersect  on  a  t 
confocal  parabola. 

31.  Find  the  time  of  a  small  oscillation  of  a  part  icle 
suspended  from  a  point  by  a  string  of  length  I,  \\li.-n  tin- 
square  of  a,  the  angle  of  oscillation,  is  neglected;  and  shew 

that  the  time  will  be  irfl  +  ~J  */-,  if  the  approximation 
include  the  square  of  a. 

A  weight  is  drawn  up  uniformly  and  slowly  with  velocity 
u  by  means  of  a  crane;  shew  that  the  times  of  small  oscilla- 
tions will  decrease  at  first  in  arithmetical  pio-r,  »ion,  the 
common  difference  being  ir*uj2g. 
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32.  Two  equal  particles,  connected  by  a  fine  string,  are 
placed  in  a  circular  tube,  to  one  point  of  which  they  are 
attracted  with  a  force  varying  inversely  as  the  distance ;  one 
of  the  particles  being  initially  at  its  greatest  distance  from 
the  centre  of  force,  and  v,  v'  being  the  velocities  with  which 
they  successively  pass  through  the  point  whose  angular  dis- 

«i  _t/2 

tance  from  the  centre  of  force  is  90°,  shew  that  e   *  +  e   **•  =  1. 

33.  AB  is  a  diameter  of  a  horizontal  circular  wire,  and 
a  particle,  free  to  move  on  the  wire,  is  repelled  from  A  by  a 
constant  force  equal   to   twice   its   weight.     Shew  that,   if 
placed  at  an  angular  distance  2cc  from  B,  it  will  oscillate 
about  B  in  the  same  time  as  if  it  were  oscillating  under  the 
action  of  gravity  alone  on  the  same  circular  wire,  placed  with 
its  plane  vertical,  through  an  angular  distance  a  on  each  side 
of  the  lowest  point. 

34.  A  particle  describes  a  parabola  with  an  acceleration 
a  to  the  focus,  and  with  an  acceleration  ft  parallel  to  the 
axis ;  prove  that 

rf(a+/3)+??=o. 

arv  r 

35.  If  the  tangential  and  normal  forces  at  every  point 
of  an  orbit  are  given  as  functions  of  the  inclination  of  the 
tangent  to  a  fixed  line,  find  the  radius  of  curvature  at  any 
point  when  it  is  known  at  one  point. 

35*.  Two  centres  of  force  of  equal  strength,  one  attractive 
and  the  other  repulsive,  are  placed  at  two  points,  8  and  H, 
the  law  of  force  being  that  of  the  inverse  square  of  the 
distance.  Shew  that  a  particle  if  placed  anywhere  on  the 
plane  bisecting  SH  at  right  angles  will  oscillate  in  a  semi- 
ellipse  of  which  S  and  H  are  the  foci. 

36.  A  particle  is  describing  an  ellipse  freely  under  the 
action  of  two  equal  and  similar  centres  of  force  situated  in 

the  foci :  prove  that  the  law  of  force  is  given  by  -  I  r*f(r)  dr, 
where/ (?')  is  any  function  of  r  which  remains  unaltered  when 

13—2 
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(2a  —  r)  is  written  for  r,  2a  being  the  major  axi-;  <.f  the 
ellipse. 

37.  A  heavy  particle  hanging  by  a  string  from  a 
point  0  is  projected  horizontally  and  describes  a  portion  of  a 
circle  greater  than  a  quadrant  until  when  it  arrives  at  a  ]• 

P  the  string  slackens  and  it  begins  to  move  in  a  parabola : 
shew  that  the  circle  is  the  circle  of  curvature  of  the  parabola 
at  P,  and  that  if  OP  be  produced  to  meet  the  directrix  the 
locus  of  the  intersection  is  a  circle  concentric  with  the  given 
one. 

38.  A   heavy   bead   slides   on   a   smooth  fixed  v« 
circular  wire  of  radius  a:  if  it  be  projected  from  the  1<> 
point  with  a  velocity  just  sufficient  to  carry  it  to  th> 

prove  that  the  radius  through  the  bead  will,  in  a  time  t, 
turn  through  an  angle 

2  tan-1 

39.  If  a  particle  move  on  an  ellipse  under  a  force  to  the 

C  —~  7* 

centre  =mr  —  nr  log ,  where  c2  =  a?  +  b2,  and  Ar  be  t  he 

0  c  +  r 

pressure  on  the  curve,  p  the  radius  of  curvature,  prove 

Np  =  2ncr  +  constant. 
If  the  velocity  vanish  at  an  extremity  of  the  majoi 

and  —  =  log ,  then  Np  =  2nc  (r  —  a). 

n        °  c  +  a 

40.  Snow  is  uniformly   spread  over  the  surfaces  of  a 
conical  pinnacle  and  of  the  hemispherical  dome  of  a  building. 
It   begins   to   slide   off,  starting  at  the  highest  point 
clearing  a  path  as  it  goes.     Prove  that  the  motion  in  the 
two  cases  is  the  same  as  that  of  a  free  particle  moving  on  the 
surfaces  under  the  action  of  a  vertical  acceleration  equal 
to  one-fifth   and   one-third  the  acceleration  of  graviu 
spectively. 

41.  A  tube  of  uniform  bore  in  the  form  of  an  equi- 
angular spiral  is  revolving  uniformly  with  angular  veloci 

in  a  horizontal  plane  about  a  vertical  axis  through  its  ; 
and  within  the  tube  is  a  smooth  uniform  chain  of  length  '21 


EXAMPLES.  197 

and  mass  m,  which  is  initially  at  rest  with  its  middle  point  at 
a  given  distance  from  the  pole  ;  find  the  space  described 
by  the  chain  along  the  tube  in  a  given  time,  and  shew  that 
the  tension  at  any  point  of  the  chain  is  mto2  cos2  a  (I-  —  x2)/4>l, 
where  #  is  the  arcual  distance  of  the  point  from  the  middle 
point,  and  a  is  the  angle  of  the  spiral. 

42.  A   string   of  varying  density   slides   in   a  smooth 
cycloidal  tube  whose  axis  is  vertical  and  vertex  downwards. 
Shew  that  if  the  string  be  let  fall  from  any  position  in  which 
its  whole  length  is  within  the  tube,  its  centre  of  gravity  will 
reach  the  vertex  in  the  same  time. 

43.  A  string  of  infinite  length  is  laid  on  a  smooth  table 
in  the  form  of  a  portion  of  one  branch  of  the  curve  rn  sin  n0  =  an, 
so  that  one  extremity  of  the  string  is  at  a  finite  distance 
from  the  origin  of  polar  coordinates  ;  to  this  end  a  tangential 
impulse  is  applied,  so  that  the  initial  direction  of  motion 
of  each  point  of  the  string  and  the  radius  vector  to  the  point 
are   equally  inclined  to  the  corresponding  tangent.     Shew 
that  the  impulsive  tension  at  any  point  oc  r-<»-n  and  the 
density  of  the  string 


44.  A  uniform  string  falls  freely  in  one  plane  under 
the  influence  of  gravity  :  prove  that  the  angular  acceleration 
of  the  tangent  at  any  point  is 

2     d  /T 
m\Jp  ds 

where  T  is  the  tension  at  the  point,  p  the  radius  of  curvature, 
s  the  arc  measured  from  a  fixed  point  of  the  string,  and  m 
the  mass  of  a  unit  of  length. 

45.  The  equation  to  a  curve  is 

(U  -  a)  {(u  -  a)2  -b-(8  +  a)  J^}  =  0. 

A  particle  m,  placed  on  the  curve,  and  acted  upon  by  the 
force  to  the  origin 


is  projected  tangentially  so  that  its  velocity,  when  it  arrives 
at  the  distance  a~l  from  the  pole,  shall  be  ha  ;  prove  that  its 
pressure  on  the  curve  will  be  always  zero. 
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46.  Ahead  can  slide  on  a  smooth  circular  arc  AB  .UK!  i> 
attracted  by  it,  the  force  to  any  point  being  mf(r):  if  it 
be   displaced   from   its   position   of    equilibrium,    the 

of  oscillation  will  be  2-7T/V2  cos  of  (AC),  where  C  is  the 
middle  point  of  AB,  and  2a  the  angle  AC  subtends  at  the 
centre  of  the  circle. 

47.  Prove  that  a  lemniscate  can  be  described  freely  b\ 
a  particle  under  the  action  of  two  centres  of  force  of  equal 
intensity  in  the  foci,  each  varying  inversely  as  the  distance, 
and  that  the  velocity  will  always  be  equal  to  V4/x/3,  p.{r  being 
the  acceleration  of  either  force  on  the  particle  at  a  distance  r. 

48.  A  heavy  particle,  mass  ra,  falls  down  a  smooth  cycloid, 
whose  axis  is   vertical  and   vertex  upwards,  in  a  medium 
whose  resistance  is  mtf/Zc,  and  the  distance  of  the  star 
point  from  the  vertex  is  c  ;  prove  that  the  time  to  the  cusp  is 
V8a  (4a  —  c)/*/gc,  2a  being  the  length  of  the  axis. 

49.  A  particle  is  acted  on  by  two  forces,  tending  to  tlu 
foci   of  an  ellipse   whose   major  axis  is   2a,    and 
according  to  the  law  p  (r3  +  8as)/8asr2,  the  absolute  inten> 
being  the  same.     Shew  that,  if  it  be  projected  along  the 
tangent  to  the  ellipse  with  a  certain  velocity,  then  it  will 
continue  to  describe  the  ellipse  freely,  and  its  velocity,  in  any 
position  given  by  the  focal  distances  (r,  rf),  will  be 


(n)  being  the  mean  motion  in  the  ellipse  under  a  force 
to  a  focus. 

50.  A  particle  is  projected  horizontally  along  a  piano, 
whose  inclination  (a)  to  the  horizon  is  equal  to  the  angle  of 
friction  (X)  between  the  particle  and  the  plane  ;  prove  that 
it  will  ultimately  move  down  the  plane  with  a  uniform 
velocity  equal  to  half  the  velocity  of  projection  (F) 
along  a  line,  whose  horizontal  distance  from  the  point  of 
projection 


g  sn  a 

If  a  be  less  than  \  and  tan  \  =  n  tan  a,  and  if  the  particle 
receive  a  small  horizontal  impulse  and  whei.  reduced  to  rest 
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again,  another,  and  so  on  continually,  its  path  down  the  plane 
will  not  sensibly  differ  from  a  straight  line  inclined  to  the 

4?i2  —  1 

horizontal  line  in  the  plane  at  an  angle  tan"1  -  — .  . 

8n  (n1  —  1) 

51.  A  particle  of  unit  mass  is  acted  -on  by  a  repulsive 
force  tending  from  a  fixed  point,  and  by  another  force  parallel 
to  a  fixed  line,  and  when  the  particle  is  at  a  distance  r  from 
the  fixed  point,  the  magnitudes  of  these  forces  are 


a  /,  r\  ,  u.  (r*  r 
",(!--  Land",  -+- 
r*  \  a/  r3  \c-  a 


p,  a,  and  c  being  constant  ;  shew  that  if  the  particle  be 
abandoned  to  the  action  of  the  forces  at  any  point  at  which 
they  are  equal  to  each  other,  it  will  proceed  to  describe  a 
parabola,  of  which  the  fixed  point  is  the  focus. 

52.  A  small  bead  P  of  mass  ra  is  constrained  to  move 
along  a  smooth  circular  wire  of  radius  a  and  centre  0,  and  is 
attracted  by  the  force  pPQ  to  a  point  Q  which  revolves  with 
constant  angular  velocity  a>  in  a  concentric  circle  of  radius  b. 

If  the  bead  has  an  angular  velocity  fl,  when  OPQ  is 
a  straight  line,  prove  that  the  pressure  on  the  wire  will  be  a 
maximum,  when  the  angle  subtended  by  PQ  at  0  is  given 
by  the  equation, 

sin2  \0  =  ma  (ft2  -  2fla>  +  >2}. 


53.  Two  equal  particles  are  connected  by  a  string  passing 
through   a  small   hole   in   a   smooth  horizontal    table,  one 
particle  hanging  down,  and  the  other  held  on  the  table  ;  if 
the  latter  be  projected  along  the  table  at  right  angles  to  the 
string  with  the  velocity  ^/2gc,  prove  that  the  initial  radius  of 
curvature  of  its  path  is  4c/3. 

54.  Within  a  smooth  circular  tube  of  radius  a  held  fixed 
in  a  vertical  plane  lies  a  light  string  of  length  greater  than 
half  the  circumference  of  the  tube.     The  string  carries  equal 
weights  at  its  ends,  which  balance  within  the  tube,  and  the 
string  subtends  at  the  centre  an  angle  2  (TT  —  a).     If  they  be 
slightly  disturbed,  shew  that  the  time  of  a  small  oscillation 
is  the  same  as  that  of  a  simple  pendulum  of  length  a  sec  a. 
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55.  A  particle  moves  under  the  action  of  a  centra! 
which  is  such  that  the  normal  acceleration  of  tin-  particle 
is  constant :  find  a  differential  equation  of  the  first  order 
to  the  path  of  the  particle,  and  shew  that  r*  sin  3#  =  a*  is 
a  particular  integral. 

56.  A  heavy  particle  moves  on  a  smooth  curve  in  a 
vertical  plane,  the  form  of  the  curve  being  such  that  the 
pressure  on  the  curve  is  always  ra  times  the  weight  of  the 
particle  :  prove  that  the  time  of  a  complete  revolution  is 
27nnvWV<7  (raa  —  1)»,  and  that  the  length  of  the  vertical  axis 
of  the  curve  is  2wa/(ra3  —  1  )2,  the  whole  length  of  the  curve 

being  Tra  (2??i2  +  l)/(m2  -  1)*. 

57.  A    small    smooth    heavy   bead    runs   on   a   string 
fastened  at  two  points  in  the  same  vertical  line  :  the  Mri: 
originally  vertical  and  the  bead  in  its  lowest  possible  position, 
the  bead  is  then  projected  so  that  it  proceeds  to  describe 
a  portion  of  an  ellipse,  the  string  being  at  first  tight ;  prove 
that  if  the  string  becomes  slack  when  the  bead  is  at  the 
extremity  of  one   of  the   equi-conjugate   diameters   of  the 
ellipse,  then  the  free  path  of  the  bead  will  pass  through  the 
other  extremity  of  the  same  diameter,  and  the  latus  rectum 
of  its  free  path  will  be  to  that  of  the  ellipse  as  1  :  2<v/2. 

58.  On   a  wire  in   the   form  of  a  parabola  with   axis 
vertical  and  vertex  downwards  is  a  bead  attached  to  the 
focus  by  an  elastic  string  whose  natural  length  is  one  eighth 
of  the   latus  rectum  and  whose  modulus  is  equal  to   the 
weight  of  the  bead.     Prove  that  the  time  of  a  small  oscill 

is  Zir^a/g,  where  4a  is  the  length  of  the  latus  rectum. 

59.  A  particle  slides  down  the  arc  of  a  vertical  parabola 
with   vertex  downwards  starting  from  rest  at  a   height  h 
above  a  horizontal  line  through  the  vertex.     Shew  that  the 
time  of  descent  to  the  vertex  is  equal  to 


where  E1  (k)  denotes  the  complete  second  elliptic  integral  to 
modulus  k. 
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60.     A  circle,  centre  C,  is  described  round  an  internal 
centre  8  of  attractive  force ;  shew  that  the  force  varies  as 


where  SP  =  r,  a  =  radius  of  circle,  SC=c. 

If  there  be  two  equal  centres  of  force  S,  S'  such  that 
SCS'  is  a  straight  line,  and 


nf 

then  taking  each  force  to   be  —  —  ^--    -TT-.  ,   shew   that   a 

(a2  +  r2  —  c2)3 

particle  will  describe  a  circle,  centre  C  and  radius  a(>  c),  if 
projected  from  a  point  in  the  line  CS  distant  a  from  C  with 


.,  (a2  +  c2)  ,.     , 

a  velocity  «       a_ra\  PerPenc"cular  to  (7£ 

61.  A  smooth  wire  is  bent  into  the  form  of  a  circle 
radius  a,  and  rotates  with  uniform  angular  velocity  o>  about  a 
vertical  axis  through  the  centre  which  makes  an  angle  a  with 
the  plane  of  the  circle.     If  a  smooth  bead  slide  on  the  wire, 
shew    that  the  equation  of  motion  of  the  bead  along  the 
wire  is 

d?s  s  .    s  .8 

-=-  =  aa>2  cos2  a  cos  -  sm  --  q  cos  a  sm  -  , 
dt2  a       a  a' 

where  s  is  measured  from  the  lowest  point.  Hence  find  the 
position  of  equilibrium  of  the  bead,  and  the  time  of  a  small 
oscillation  about  that  position. 

62.  A  heavy  particle  is  tied  to  one  end  of  a  string  which 
passes  through  a  bead  of  the  same  weight  as  the  particle, 
and  the  other  end  is  secured  to  a  point  on  a  smooth  horizontal 
table  on  which  the  whole  rests.    Prove  that  if  the  two  portions 
of  string  be  straight,  and  are  inclined  to  each  other  at  the 
obtuse  angle  a,  and  if  the  particle  be  projected  at  right  angles 
to  the  string,  the  initial  radius  of  curvature  of  its  path  will 
be  a  (3  +  2  cos  a),  where  a  is  the  initial  distance  between  the 
particle  and  the  bead. 

63.  Two  equal  particles,  P  and  Q,  are  connected  by  a 
fine  string  of  length  2c  which  passes  through  a  small  hole  in 
a.  smooth  horizontal  table. 
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P  is  held  on  the  table  at  the  distance  c  from  the  hole 
and  Q  hangs  at  rest. 

If  P  be  projected  horizontally  with  the  velocity  v  at  right 
angles  to  the  string,  find  the  initial  tension  of  the  string,  and 
prove  that  the  initial  radius  of  curvature  of  the  path  of 
P  is 


If  P  be  initially  at  rest  and  Q  be  projected  horizontally 
with  the  velocity  v,  prove  that  the  initial  radius  of  curv. 
of  the  path  of  Q  is 


64.     In  the  case  of  a  piece  of  uniform  chain,  on  a  smooth 
horizontal  table,  receiving  a  tangential  jerk  at  one  end  ; 

(1)  Find  the  form  of  the  curve  if  the  initial  diivrtion 
of  motion  of  any  point  makes  a  constant  angle  with  the 
tangent  at  that  point. 

(2)  Find  the  impulsive  tension  at  any  point  when 
the  form  is  such  that  the  line-mass  at  any  point  varies  as 
the  curvature. 

(3)  Prove  that  if  the  impulsive  tensions  follow  the 
same  law  as  the  tensions  in  a  non-uniform  string  hanging  in 
the  same  curve  under  the  action  of  gravity,  then 


ds 


+  4. 


(4)  If  all  the  particles  of  the  chain  start  with  equal 
velocities,  prove  that  the  form  must  be  that  of  a  straight  line 
or  of  a  catenary. 

65.  A  uniform  chain  hangs  in  equilibrium  over  two 
smooth  pegs  in  the  same  horizontal ;  if  equal  vertical  im- 
pulses be  applied  simultaneously  to  the  two  free  ends,  find 
the  impulsive  tension  at  any  point,  and  prove  that  tin- 
initial  velocity  of  the  vertex  of  the  catenary  is  to  the  \ •<_•!• 
which  would  be  imparted  to  each  of  the  straight  pieces  of 
chain,  if  disjointed  from  the  catenary,  as  1  :  1  +  sin  a,  where 
a  is  the  greatest  inclination  of  the  catenary  to  the  h<>ri/.<>iital 
plane. 
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66.     A  particle  is  attracted  to  two  centres  of  force  S  and 
H  by  forces  which  each  follow  the  law 


where  /u.  and  ft'  are  the  same  for  both  centres  of  force.  Shew 
that  the  particle  can  describe  a  circle  whose  centre  is  midway 
between  S  and  H,  if  6  be  the  length  of  the  tangent  drawn 
from  either  centre  of  force  to  the  circle. 

67.  A  shot  is  fired  in   an   atmosphere   in  which   the 
resistance  varies  as  the  cube  of  the  velocity.     If/  be  the 
retardation  when  the  shot  is  ascending  at  an  inclination  a  to 
the  horizon,  /0  when  it  is  moving  horizontally,  and  /'  when  it 
is  descending  at  an  inclination  a  to  the  horizon  ;  then 

1      1      2  cos3  a          .    1      1      2  sin  a  (3 -2  sin2  a) 

7'  +  7= — f — >a-n^f~f=~        • 

68.  A  portion  of  a  heavy  uniform  string  is  placed  on  the 
arc  of  a  four-cusped  hypocycloid,  so  as  to  occupy  the  space 
between  two  cusps,  the  tangents  at  which  are  horizontal  and 
vertical  respectively,  and  runs  off  the  curve  at  the  lower 
cusp;  prove  that  the  velocity  which  the  string  will  have 
when  the  whole  of  it  has  just  left  the  curve  will  be  the 
velocity  due  to  nine-tenths  the  length  of  the  string. 

69.  A  fine  chain  of  given  length  is  contained  in  a  smooth 
circular  tube  which  rotates  uniformly  in  a  horizontal  plane 
about  a   fixed   point   in  the   circumference ;    if  the   chain 
subtend  an  angle  2a  at  the  centre,  and  if  one  end  be  initially 
fastened  to  the  tube  at  the  end  of  the  diameter  through  the 
fixed  point,  and  be  released,  prove  that  the  angular  motion  of 
the  chain  relative  to  the  tube  will  be  given  by  the  equation 

cc02  =  2w2  sin  a  (cos  0  —  cos  a). 

70.  A  piece  of  string  in  the  form  of  part  of  the  curve, 
r  =  ae9cota,  the   density   at   any   point   of  which    varies   as 
r~tan2a,  lies  on  a  smooth  horizontal  plane,  being  bounded  by 
6  =  0,  and  9  =  /3.     If  a  tangential  jerk  be  applied  at  the  end 
0  =  0,  find  the  tangential  impulse  at  any  point,  and  prove  that 
the  initial  direction  of  motion  of  every  point  makes  an  angle 
with  the  normal  equal  to  the  angle  of  the  spiral. 
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71.  A  string  is  in  equilibrium  in  the  form  of  a  circle 
under  the  action  of  a  central  repulsive  force  ;  if  the  string  be 
cut  at  any  point,  prove  that  the  tension  at  a  point,  the 
angular  distance  of  which  from  the  point  of  section  is  0,  is 
instantaneously  changed  in  the  ratio 

cosh  TT  —  cosh  (TT  —  0)  :  cosh  TT. 

72.  A  string  of  variable  density  hangs  from  two  fixed 
points  in  the  same  horizontal  line  in  the  form  of  the  arc  of  a 
circle  subtending  an  angle  2y  at  its  centre. 

If  the  two  ends  are  simultaneously  released  and  all 
to  slide  on  the  radii  of  the  circle,  supposed  to  be  smooth  i 
rods,  prove  that  the  tension  at  the  point  whose   angular 
distance    from    the    lowest   point   is   0   is    instantaneously 
changed  in  the  ratio 

sin  7  cosh  <£  :  sinh  7  cos  <£. 

73.  A  string  of  variable  density  has  its  ends  fixed  at  the 
points  A  and  B  and  is  allowed  to  hang  freely.    The  tan- 

at  A  and  B  make  angles  o  and  /9  with  the  horizon,  and  </>  is 
the  angle  made  with  the  horizon  by  the  tangent  at  a  point 
P  between  the  lowest  point  and  B.  Prove  tnat,  if  the  end 
A  be  released,  the  tension  at  P  will  be  instantaneously 
changed  in  the  ratio 

(<£  -I-  a)  sin  /3  :  cos  £  +  (a  +  /8)  sin  £. 

74.  The  two  ends  of  a  homogeneous  chain  can  slide  on 
two  smooth  fixed  rods  which  intersect  each  other  in   the 
same  vertical  plane  and  are  equally  inclined  to  the  vertical. 
If  when  the  chain  is  at  rest  it  is  severed  at  the  lowest  point, 
and  if  27  is  the  angle  between  the  rods,  prove  that  the 
tension  at  a  point  at  which  the  tangent  is  inclined  at  the 
angle  <f>  to  the  horizontal  is  changed  in  the  ratio 

40  :  TT  +  4. 

75.  A  piece  of  uniform  string  hangs  at  rest  with  its  two 
«nds  fastened  to  fixed  points  in  the  same  horizontal  liii 
one  end  is  released,  prove  that  the  tension  at  the  other 

is  instantaneously  changed  in  the  ratio 

20  sin  0  :cos0+20sin0, 
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where  6  is  the  inclination  to  the  horizontal  of  the  tangent  at 
each  end. 

76.  The  ends  of  a  heavy  heterogeneous  chain  are  held 
in  the  same  horizontal  line,  and  the  chain,  when  in  equi- 
librium, takes  the  form  of  an  arc  of  a  circle  less  than  a 
semicircle.      If  equal   tangential  jerks   be   applied   simul- 
taneously to  the  two  ends,  find  the  impulsive  tension  at  any 
point,  and  prove  that  the  initial  normal  velocities  at  the 
lowest  point  and  at  either  end  are  in  the  ratio  of  1  :  cos  0, 
where  20  is  the  angle  subtended  by  the  arc  at  its  centre. 

Also  find  the  direction  in  which  either  end  begins  to 
move. 

77.  The  two  ends  of  a  heavy  chain  of  mass  2M  are 
attached  to  heavy  rings,  each  of  mass  M',  which  can  slide  on 
a  smooth  horizontal  wire  ;   the  rings  are  held  so  that  the 
ends  of  the  chain  are  inclined  at  the  same  angle  7  to  the 
horizontal,  and  are  then  let  go  ;  prove  that  the  tension  at  the 
lowest  point  is  instantaneously  changed  in  the  ratio 

UT:2JT+Jfoo*V 

78.  A   uniform   string   falls  in   a  vertical  plane  with 
constant  acceleration  f,  retaining  an  invariable  form  while 
the  string  advances  along  itself  with  a  velocity  which  at  any 
instant  is  the  same  for  all  points  of  the  string.     Shew  that 
the  angle  </>  which  the  tangent  at  any  point  of  the  string 
makes  with  the  horizontal,  considered  as  a  function  of  the 
arc  s  measured  up  to  this  point  from  some  fixed  point  of  the 
string,  and  the  time  t,  satisfies  the  two  partial  differential 
equations 


_ 

ds  dsdt      dt 


CHAPTER  IX. 


DISTURBED   ELLIPTIC   MOTION. 

156.  IF  a  body,  which  is  moving  in  an  orbit  under  the 
action  of  a  central  force,  is  subjected  to  the  action  <>t  >m.ill 
impulsive  forces,  the  effect  is  that  small  changes  are  instan- 
taneously produced  in  the  elements  of  the  orbit. 

If  however  the  body  is  subjected  to  the  action  of  small 
finite  and  continuous  forces,  such  for  instance  as  the  action 
of  a  resisting  medium,  the  orbit  is  not  an  exact  ellipse,  but 
the  motion  can  be  represented  by  supposing  that  the  Ixiily  is 
moving  in  an  ellipse  the  elements  of  which  are  contimi 
changing. 

This  ellipse  is  called  the  instantaneous  orbit,  and  it  is 
defined  as  the  orbit  which  would  be  described  after  ;mv 
instant  of  time,  if  the  action  of  the  disturbing  forces  be 
suspended  at  that  instant. 

In  the  case  of  an  ellipse  described  under  the  action  of  a 
centre  of  force  in  a  focus,  the  elements  of  the  orbit  are  the 
MX  is  major,  the  eccentricity,  and  the  longitude  of  the  apse, 
that  is,  the  inclination  of  the  apse  line  to  a  fixed  line  in  t  he 
plane  of  motion.  Another  element  is  the  inclination  of  the 
plane  of  the  orbit  to  a  fixed  plane  in  space. 

We  shall  however  confine  our  attention  to  the  case  of 
disturbing  forces  in  the  plane  of  the  orbit. 

Such  disturbing  forces  may  be  represented  by  tang* 
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and  normal  components,  or  by  radial  and  transversal  compo- 
nents. 

In  dealing  with  tangential  and  normal  components  we 
shall  employ  the  method  given  by  Sir  John  Herschel  in  the 
Outlines  of  Astronomy,  Arts.  670  and  671. 

In  the  case  in  which  the  disturbing  forces  are  represented 
by  radial  and  transversal  components,  we  shall  utilize  the 
theorem,  given  in  Art.  115,  that  the  velocity  can  be  repre- 
sented by  two  constant  velocities,  viz.  the  velocity  p/h 
perpendicular  to  the  radius  vector,  and  the  velocity  ep/h 
perpendicular  to  the  major  axis. 

157.     Effects  of  a  small  tangential  impulse. 

Since  v*=  —  -   ^  (Art.  114),  it  follows  that  if  v  is  slightly 

increased,  a  is  slightly  increased,  and  that,  if  it  is  the  small 
increase  of  v, 

—,8a  =  2vu. 
a- 

Hence,  &a  being  the  small  change  in  a,  2Sa  is  the  small 
change  in  PH. 

Moreover  since  the  tangent  is  equally  inclined  to  the 
focal  distances,  and  since  the  direction  of  motion  is  not 
changed  by  the  impulse,  it  follows  that  H',  the  new  outer 
focus,  lies  in  PH  produced. 


208  TANGENTIAL   IMPUI-> 


Producing  PH  so  that  HH'  =  28a,  and  joining  SI/',  w.- 
obtain  the  new  position  of  the  apse  line. 

If  6  be  taken  to  represent  the  true  anomaly  AXP,  and  if 
I  be  the  longitude  of  SP  and  vr  the  longitude  of  SA,  both 
measured  from  a  fixed  direction  ST  in  the  plane  of  the  orbit, 

0  =  I  -  w,  and  if  SP  =  r  and  PH=r 
r'  =  2a-rand  °^—^  = 


If  then  the  angle  HSH'  =  Bvr,  we  see  from  the  figure 
that 

HH  '  sin  H     Ba  .    TT    r  sin  08a 
SCT  =  --  off  —  =  —  sm  //  =  —  ;  --  , 
SH  ae  r  ae 

Zrvau  sin 


u  sin  6     2u  sin  6     far 

—  ;  —  =-        —\/—j' 
par  e        V  fir 


Again,  since  S#  =  SH'  cos  S«r  -  HH'  cos  #, 
and  £#  '  =  2  (a  +  8a)  (e  +  8e), 

=  8a  cos  H, 


«>       Sa  ,  2avit  ,       T,      ^ 

.*.  de  =  —  (cos  H  —  e)  =  -  (cos  H  —  e), 
a  p 

or,  since  2ae  =  r'  cos  H  —  r  cos  0, 


t  /       /i  ,    x     o    /       a  ,    \        ar 

Se  =  --  —  (cos  0  +  e)  =  2tt  (cos  9  +  e)  \  /  —>. 
fir  V  fir 

158.     Effects  of  a  small  normal  impulse. 

Let  the  action  of  the  impulse  produce  a  small  velocity  u' 
in  the  direction  of  the  normal  drawn  inwards;  then,  ne- 
glecting the  square  of  u,  the  velocity  remains  unchanged, 
but  the  direction  of  motion  is  turned  through  the  small  ai 
whose  circular  measure  is  u'/v. 

Since  the  velocity  is  not  changed,  it  follows  that  the 
major  axis  and  the  length  of  PH  are  the  same  as  before. 
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that  PH  is  thrown  into  the  position  PH'  such  that  the  new 
direction  of  the  tangent  is  equally  inclined  to  SP  and  H'P. 


Joining  SH'  we  obtain  the  new  position  of  the  apse  line. 

Since  the  angle  through  which  the  tangent  is  turned  is 
u'/v  it  follows  that  the  angle  HPH'  is  2u'/v  ; 

.-.  HH'  = 


or 


Representing  by  8w  the  angle  HSH',  we  see  that 

HH'  cos  H     r'u'  cos  H      u 
SOT  =  -  ojr  —  =  —  -  =  —  (2ae  +  r  cos  0), 
SH  aev          aev  ^ 

u'  I   r 

Sw  =  —  (Zae  +  r  cos  6)  4  /  —  -,  . 
e  /V  A*ar 


Also,          SH  =  SH'  cos  Bm  +  HH'  sin  H, 
so  that,  a  being  unchanged, 

r'u'   .     ,-..         u'r  sin  0 
Se  =  --  sm  H  =  --     —  . 
av  av 


or 


V  jjar'' 


159.     Effects  of  finite  and  continuous  disturbing  forces. 

The  mass  of  the  body  being  m,  suppose  that  mf  is  the 
measure  of  a  small  tangential  disturbing  force. 

B.  D.  14 
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During  the  small  time  Bt,  the  disturbing  force  increases 
the  velocity  by  f8t,  and,  as  in  Newton's  First  Proposition,  we 
can  represent  the  finite  force  as  the  limit  of  a  serii 
impulses,  delivered  at  the  commencements  of  the  int«  : 
Bt  of  time. 

Hence,  putting  u  =/St  in  Art.  (157),  we  find  that 

a  =  2a*v///i, 
vr  =  Zrvaf  sin 
and  e  =  2avrf(cos  6 

Again,  if  mf'  is  the  measure  of  a  small  normal  disturbing 
force,  write  f'ot  for  u'  in  the  equations  of  Art.  (158)  ;  then 
we  obtain 

tsr  =f  (2o«  +  r  cos  0)t'uev, 


160.     Effects  of  a  small  radial  impulse. 

Let  the  impulse  be  measured  in  the  direction  SP,  that  is, 
outwards,  and  let  u  be  the  small  velocity  produced  in  the 
direction  SP. 


Let  the  apse  line  be  tilted  through  the  small  angle  Bra, 
and  let  fall  the  perpendicular  PN'  upon  its  new  posi; 
Then,  the  value  of  h  being  unchanged,  the  velocity  in  the 
new  orbit  is  compounded  of  fi/h  in  the  direction  PE,  per) 
(Hcular  to  SP,  and  ep/h  in  the  direction  N'P,  taking  e'  to 
represent  e  +  Be. 
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These  two  components  are  the  equivalents  of  the  velocity 
in  the  direction  PE,  efi/h  in  the  direction  NP,  and  u  in 
the  direction  SP. 

Resolving  in  the  directions  parallel  and  perpendicular  to 
the  undisturbed  position  of  the  apse  line,  we  obtain  the 
equations 

e'fji  .    K 

-f  sin  6«r  =  —  u  cos  0, 
A 

-7—  cos  &w  =  -j-  +  u  sin  0, 
li  fi 

*            uh        n      *       uh  •    a 
. .  OCT  = cos  0,     be  =  —  sin  0. 

Also,  since  h2  =  fia  (1  —  e2), 

.'.  Bet  =  2eu  sin  0 


«cos0     /atl—e?)       -.  .    ^     /a(\—e'-) 

otr  = A/  -  -  ,      6e  =  M sin  0  *y   - 

161.     Effects  of  a  small  transversal  impulse. 

If  w'  is  the  velocity  in  the  direction  PE,  produced  by  the 
impulse,  the  change  Bh  in  the  value  of  h  is  u'r,  and  if  we  take 
h'  to  represent  h  +  Bh,  the  velocity  in  the  new  orbit  is  repre- 
sented by  ft/ft  in  the  direction  PE  and  ep/ti  in  the  direction 
N'P  perpendicular  to  the  new  position  of  the  apse  line. 

Resolving  in  the  directions  parallel  and  perpendicular  to 
the  undisturbed  apse  line,  we  obtain 

-TT  sin  Bur  +  r,  sin  0  =  ( v-  +  u'  1  sin  0. 
ti  h  \h        / 

i 

-T7  COS  Biff  +  77  COS  0  =  -7-  +  T  COS  0  +  u'  COS  0. 
/i  /i  /I         /i 

leading  to  the  equations 


c-       u'r  ,  /ix     u'hcos0 

ce  =  -y-  (e  +  cos  0)  +  -     -  . 


14—2 
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Since  A1  =  pa  (1  —  e2),  these  equations  take  the  forms 
S^t^^ag-^Hg  +  gcogfl 


j         ,     /o(l-e*)  f      0      e  +  cos  0  ) 
oe  =  w  A/  _-iJcos0  +  -,1. 

V         /z        I  1  +  e  cos  0) 

Also,  since  h?  =  jut  (1  -  e*), 


and  this  leads  to 


162.  Effects  of  finite  and  continuous  radial  and  t 
versal  disturbing  forces. 

If  ra/"  is  the  measure  of  the  radial  disturbing  force  •  >n  a 
mass  w,  and  mf  the  measure  of  the  transversal  disturbing 
force,  and  if  we  replace  u  by  f8t  and  M'  by/'8$,  we  obtaii 
expressions  for  «r,  e,  and  d  in  the  two  cases;  that  is. 
obtain  equations  for  determining  the  gradual  changes  pro- 
duced in  the  elements  of  the  orbit  by  the  continuous  action 
of  disturbing  forces. 

163.  Effects  of  a  sudden  small  change  in  the  imi  fjnitii.de 
of  the  absolute  force. 

Supposing  that  Sft,  is  the  change  in  /t,  then,  since  the 
velocity  is  unchanged,  we  find  from  the  equation  v*  =  /i/ 
that 

8a  _     r'  Sp 
a          r  p  ' 

and  that  the  change  in  PH  is  2Sa.  The  direction  of  motion 
not  being  changed  the  new  outer  focus  H'  is  in  PH  pro- 
duced. 

Employing  the  figure  of  Art.  (157), 
HH'smH       r's 


,     _ 


SH 


11  . 

.*.  far  =  —  -  sin  6. 
ep. 
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£ 

Again      Se  =  —  (cos  H  —  e)  as  in  Art.  (157) 
= —  (cos  H  —  e) 

=  — —  (2ae  +  r  cos  0  —  er'\ 

£ 
or  &e  =  — —  (cos  6  +  e). 

If  jj,  changes  gradually,  and  if  up  is  the  change  per  unit 
of  time,  then  by  putting  npSt  for  Sp,  we  shall  obtain  the 
equations  for  determining  the  gradual  changes  of  a,  er, 
and  e,  so  that  these  equations  are 

a        n/ 

-  = ,  e-cT  =  —  n  sin  0, 

a          r 

e  =  -n  (cos  6  +  e). 


CHAPTER  X. 

MOTION   IN  THREE  DIMENSION  < 

164.  THE  fundamental  equation  of  Kinetics  being  that 
the  time-flux  of  the  momentum  of  a  particle,  in  any  assigned 
direction,  is  equal  to  the  sum  of  the  acting  forces  in  that 
direction,  and  the  resulting  equations  for  the  motion  of  a 
particle  in  three  dimensions  being  given  in  different  forms 
in  Art.  (56),  we  proceed  to  employ  these  equations  in  some 
particular  cases. 

Motion  of  a  heavy  particle  in  contact  with  faced  smooth 
curves  or  surfaces. 

Measuring  z  vertically  downwards,  and  taking  the  accele- 
ration along  the  tangent  to  the  path  of  the  particle,  we 
obtain 

dv          dz 

mv  -=-  =  mq  -j-  , 
ds       ^  ds 

and  therefore         £  m  (v3  -  wa)  =  rug  (z  —  c), 

if  the  particle  start  with  the  velocity  u  from  the  level  c. 

This  is  in  effect  the  equation  of  energy,  but  it  must  be 
carefully  borne  in  mind  that,  in  this  case,  the  system  consists 
of  a  particle  and  the  earth,  and  that  we  are  neglecting  the 
kinetic  energy  acquired  by  the  earth  in  consequence  of  the 
attraction  between  it  and  the  particle. 


165.     Motion  of  a  heavy  bead  sliding  down  a  smuutl 
in  the  form  of  a  helix  with  its  axis  verti 

If  a  be  the  inclination  of  the  arc  of  the  helix  to  its  base, 
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R  and  R  the  reactions  in  directions  of  the  principal  normal 
and  binormal,  the  equations  of  motion  are 

dv  .  mv2        D  „, 

mv  —  =  mg  sin  a,        — —  =  R,  0  =  H  —  mg  cos  a. 

(Z5  GE>  S6C    OC 

From  these  equations,  v2  =  2gz,  if  ^  be  the  height  through 
which  the  bead  has  fallen,  and  the  resulting  reaction  is  equal 
to  VE2  +  R'2. 

166.  In  general,  if  a  particle  move  in  free  space,  or  in 
contact  with  smooth  curves  or  surfaces,  the  equation  of 
motion,  obtained  by  taking  the  forces  in  direction  of  the 
tangent,  is 

dv        0 

mv  -T  =  mS, 
as 

mS  being  the  resultant  of  the  acting  forces  in  direction  of  the 
tangent. 

If  the  particle  have  a  velocity  u  at  the  point  P  and  a 
velocity  v  at  the  point  Q, 

%m  (v'~  —  wa)  =  I  mSds, 

the  integral  being  taken  from  P  to  Q. 

Now,  in  accordance  with  the  definition  of  potential  energy 
in  Art.  51,  the  change  of  potential  energy  of  the  system,  con- 
sisting of  a  particle  in  a  field  of  force,  that  is,  of  a  particle, 
and  attracting  masses  the  kinetic  energy  of  which  may  be 
neglected,  is  the  work  which  would  have  to  be  done  against 
the  forces  of  the  system  in  order  to  move  the  particle  from 
P  to  Q,  and  therefore,  if  U  be  the  potential  when  the  particle 
is  at  P,  and  V  when  it  is  at  Q, 


V-U=j-mSds, 


the  integral  being  taken  from  P  to  Q. 
We  hence  obtain 


or  ^mu3  +  V  =  %  mu?  +  17, 

which  is  the  equation  of  energy. 
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The  total  energy  being  constant,  we  notice  that  the  force 
on  the  particle,  which  is  the  time-flux  of  the  momentum,  is 
the  negative  space-flux  of  the  potential  energy. 

In  other  words  the  force  in  any  direction,  at  any  point  of 
the  field,  is  the  rate  of  exhaustion,  in  that  direction,  per  unit 
of  linear  space,  of  the  potential  energy. 

167.  Reaction  of  a  smooth  surface  on  a  particle  which  is 
moving  in  contact  ivith  the  surface, 

Let  the  figure  be  a  section  of  the  surface  by  a  plane  per- 
pendicular to  the  line  of  motion  of  the  particle  P,  and  let  PF 
be  the  principal  normal  of  the  path,  and  PG  the  binormaL 


The  accelerations  in  these  directions  being  v*/p,  and  zero, 
where  />'  is  the  radius  of  absolute  curvature  of  the  path,  it 
follows  that  the  resulting  acceleration  in  direction  of  the 
normal  PE  to  the  surface  is  w3  cos  (j>/p',  if  <f>  be  the  angle 
FPE  or,  by  Meunier's  theorem,  tf/p,  where  p  is  the  radius  of 
curvature  of  the  normal  section  of  the  surface  by  the  plane 
through  the  tangent  to  the  path. 

Hence,  if  R  be  the  pressure,  measured  inwards,  and  N  the 
acting  force  in  the  direction  of  the  normal  to  the  surface, 
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If  U  be  the  acting  force  in  direction  of  the  tangent  PL 
to  the  surface  in  the  plane  EPF, 

mi?  Ip  .  sin  <p  =  U, 
and  therefore  mv*  tan  <j>=pU, 

an  equation  which  determines  the  position  of  the  osculating 
plane  of  the  path. 

If  6  be  the  inclination  of  the  direction  of  motion  to  the 
direction  of  greatest  curvature,  and  if  pl  and  p2  are  the  least 
and  greatest  radii  of  curvature  of  the  normal  sections  at  the 
point  P  of  the  surface, 

i  =  icos20  +  -sin20, 
P     Pi  P* 

and  the  first  equation  takes  the  form 


h 


\    pi  Pa 

In  the  case  of  a  cylindrical  surface,  p3  is  infinite,  and  we 
then  have 


Pi 

168.  If  no  forces  are  in  action  the  path  is  a  geodesic. 

For,  taking  the  equation  of  motion  in  direction  of  the 
binormal, 

0  =  R  sin  0  ; 

therefore  <f>  =  0,  or  the  osculating  plane  is  a  normal  plane. 

This  result  is  equally  true  if  the  surface  be  a  rough 
surface,  for  the  same  equation  exists. 

169.  Motion  of  a  heavy  particle  in  a  smooth  surface  of 
revolution  the  axis  of  which  is  vertical. 

Measuring  z  upwards,  and  employing  cylindrical  co-ordi- 
nates, the  accelerations  are 

r-rfr,  r6  +  2rB,  and  z, 
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and  therefore,  taking  the  acceleration  in  direction  of  the 
tangent  PT  to  the  meridian, 

z  sin  <f>  +  (r  —  rfr)  cos<f>  =  —  g  sin  <£. 

Also,  there  being  no  horizontal  force  perpendicular  to  the 
plane  APN, 


and  therefore 


r*6  =  h. 


The  equation  of  the  surface,  z=f(r),  being  given,  • 
equations  determine  the  motion. 

Taking  the  acceleration  in  direction  of  the  normal  PG, 
we  have,  for  the  pressure, 

m  {zcos  <j>  —  (r  —  r^2)  sin  <f>]  =  R  —  mg  cos  <£. 
Observing  that  tan  <f>  =  dz/dr  =/'  (r),  and  that 
h  dr  .,     .  h  dr 


the  first  equation  becomes 


..........  ' 
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which  is  the  differential  equation  of  the  projection  of  the 
path  on  a  horizontal  plane. 

dr 

Multiplying  by  2  ^  and  integrating,  we  obtain 


If  the  path  be  a  horizontal  circle  of  radius  a,  we  at  once 
obtain  from  the  equation  (1) 


Or,  we  can  obtain  this  result  by  considering  that  the 
acceleration  to  the  centre,  v2/a,  is  maintained  by  the  action 
of  gravity  and  the  pressure  of  the  surface. 

If  we  employ  the  principles  of  energy  and  momentum, 
leading  to  the  equations, 

£  ra  {&  +  r1  +  r*(P}  =C-  mgz,  and  r^  =  h, 
we  arrive  at  once  at  the  equation  (2). 

170.  To  find  the  apsidal  angle  of  the  projection  on  a 
horizontal  plane  of  the  path  when  it  is  nearly  circular. 

When  the  particle  is  moving  in  a  circle,  we  can  imagine 
a  slight  disturbance  of  the  motion,  as  for  instance  by  the 
action  of  a  small  impulse  in  the  vertical  plane  through  the 
axis  and  the  particle.  The  value  of  h  will  then  be  unchanged, 
and  if  we  assume  r  =  a  +  v,  where  v  is  a  very  small  quantity, 

/dv\* 
and  neglect  f  -^  1  ,  the  differential  equation  becomes 

[1  +{/(*)}•]  g 


-  a  ~  v  +  rt 

a/  {&) 


so  that  the  apsidal  angle  is 

TT  Vl  +  {/>)la  /  V3  +  of" 
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This  shews  that  the  motion  is  stable,  provided 

3  +  «/"  (a)  //'(a) 
is  positive. 

171.  A  heavy  particle  is  projected  horizontally  along  the 
inside  of  a  surface  of  revolution,  the  axis  ofwliich  /\  vertical; 
it  is  required  to  find  the  initial  curvature  of  its  pat  It. 

PG  being  the  normal  to  the  surface  at  P,  let  PE&nd  PF, 
in  the  figure  of  Art.  (169),  be  the  directions  of  the  principal 
normal  and  of  the  binormal  of  the  path. 

If  p  be  the  radius  of  absolute  curvature,  the  acceleration 
in  the  direction  PE  is  tf/p',  and  therefore,  if  EPG  =  ^r,  the 
acceleration  in  the  direction  PT  is  v*  sin 


and  therefore  v*  sin  ijr/p  =  g  sin  <j>. 

PG  is  the  radius  of  curvature  of  the  normal  section  of  the 
surface  perpendicular  to  the  plane  ANP,  and  therefore,  by 
Meunier's  theorem, 

p  =  PG  cos  -\Jr  =  r  cos  >/r/sin  <£,  if  r  = 
Hence  t>*  tan  i/r  =  gr, 

v*r 
and  p'  = 

172.  Motion  of  a  Iteavy  particle  on  the  surface  of  a 
sphere. 

In  the  figure  of  Art.  (169)  let  G  be  the  centre  of  the 
sphere  and  take  c  for  the  radius. 

The  equation,  r*8  =  h,  becomes  c*  sin1  <j>.d  =  h,  and  the 
equation  of  energy  is 

c3^8  +  c*  sin*  <f>6*  =  C  +  2gc  cos  <£, 


If  the  particle  be  projected  horizontally,  from  the  position 
=  o,  with  the  velocity  v, 

h  =  vc  sin  o,     </>  =  0,  and  «*  =  C  +  2gc  cos  a, 
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so  that 

c262  +  v2  (5^-?  -  1}  =  2orc  (cos  <f>  -  cos  a). 
\sm2  0        / 

To  find  the  greatest  and  least  altitudes  of  the  particle,  put 
<£  =  0,  then  we  obtain  <f>  =  a,  or 

u8  (cos  a  +  cos  <£)  =  2</c  (1  —  cos2  <£). 

It  is  easily  seen  that  this  equation  gives  one  value  for 
cos  (f>  lying  between  +  1  and  —  1,  and  therefore  it  follows  that 
the  whole  motion  of  the  particle  is  comprised  between  two 
horizontal  planes. 

Taking  the  acceleration  in  the  direction  of  the  normal 
GP,  we  find  for  the  pressure,  measuring  z  downwards, 

friz  cos  <f>  +  m  (r  —  rfc)  sin  <£  =  mg  cos  <£  —  R. 
Since  z  =  c  cos  <£,  and  r  =  c  sin  </>,  it  follows  that 

•y2  sin2  a 

It  =  mg  cos  <f>  +  mcdr  +  m  —   .  „  .  , 

c  sin2  <f> 

or  jR  =  ratjr  (3  cos  <j>  —  2  cos  a)  +  mw2/c. 

This  is  in  accordance  with  the  general  result  of  Art.  (167), 
for,  in  this  case,  the  square  of  the  velocity 

=  v2  —  2gc  (cos  a  —  cos  </>). 

173.  Motion  of  a  heavy  particle  on  the  surface  of  a  smooth 
cone,  the  vertex  being  downwards,  and  the  axis  vertical. 

Employing  cylindrical  co-ordinates,  and  taking  the  ac- 
celeration along  the  generating  line,  we  obtain 

(r  —  rfc)  sin  a  +  z  cos  a  =  —  g  cos  a, 
or  r—  r  sin2aa2=  —  (7  sin  a  cos  a. 

Also  r*d  =  h,  and  putting  u  for  -,  we  find  for  the  differential 
equation  of  the  projection  of  the  path  on  a  horizontal  plane, 

dzu          .  a  sin  a  cos  a 

-J-  +  u  sin2  a  =  y-  — . 


'2-2-2  REVOLVING  TUBE. 

174.  Motion  of  a  particle  in  a  smooth  plane  tube  which 
revolves  about  an  axis  in  its  pi 

Take  the  axis  of  rotation  as  the  axis  of  z,  and  <£  as  the 
inclination  of  the  normal  to  the  axis  of  z. 

Taking  S,  N,  and  T  as  the  acting  forces  in  directions  of 
the  tangent  and  normal  to  the  curve  and  perpendicular  t«>  its 
plane,  and  R,  R'  as  the  reactions  in  the  two  last-naim  d 
directions,  the  equations  of  motion  are 

m  (r  —  r$")  cos  <£  +  mz  sin  <j>  =  S, 
mz  cos  <f>  —  m  (r  —  rfc)  sin  <£  =  N  +  R, 


Take  for  instance  the  case  of  a  parabolic  tube  vAtJi  its  vertex 
(I'H'nwards,  revolving  uniformly  about  its  axis  which  is  ver- 
tical. 

We  have  then 

S  =  —  mg  sin  <£,   N=  —  mgcos<f>,   T=0, 

$  =  o),  4>az  =  r3,  and  2a  tan  <f>  =  r, 
and  the  first  equation  becomes 

r  (4aa  +  r*)  +  rf*  =  (4a2o>8  -  2a#)  r. 

Integrating  and  supposing  that  initially  r  =  c,  and  r  =  0, 
r1  (4a8  +  r2)  =  2a  (2aa>2  -  #)  (r1  -  c5). 

If  2aa>8  =  <7,  the  particle  will  remain,  in  relative  n 
•whatever   point   it   is   placed   initially  ;    and   according    as 
2aw2  >  or  <  g,  the  particle  will  ascend  or  descend. 

175.  Motion  of  a  heavy  chain  inside  a  smooth  tube  which 
is  revolving  uniformly  about  a  vertical  axis  in  its  own  plane. 

Consider  the  motion  of  an  element  PQ,  (So-)  of  the  chain 
AB.  Taking  the  arc  OA  -st  and  AP  =  <r,  the  equation  of 
motion  is 

m$<r  {if  sin  <£  +  (r  —  o>2r)  cos  <f>]  =  BT  —  mgB<r  sin  <f>. 
The  expression  'z  sin  <f>  +  r  cos  <f>  is  what  would  be  the 
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tangential  acceleration  if  there  were  no  rotation  and  is  there- 
fore equal  to  is,  and  the  equation  becomes 

•  \     dT 
m(s  —  wV  cos  9)  =  -7 mg  sm  0; 


or,  analytically,  <r  not  being  a  function  of  the  time, 

z  =  s  sin  </>,  r  =  s  cos  9, 
z  =  is  sin  9  +  s<£  cos  9,  r  =  s  cos  <f>  —  S(f>  sin  9, 
whence  £  sin  0  +  r  cos  ^>  =  s. 

Taking  I  as  the  length  of  chain  AB,  and  integrating  over 
the  length  I,  we  obtain 

ls  =  ^(r'>-r""-)-9(J-z"\ (a), 

r',  z'  being  the  co-ordinates  of  the  end  B,  and  r",  z"  of  the 
end  A. 

All  these  four  quantities  being  functions  of  s,  we  have 
an  equation  determining  the  motion  of  the  chain  in  the  tube. 

If  R  be  the  rate  of  pressure  at  P  in  direction  of  the 
normal  PO,  per  unit  of  length  of  chain,  we  have,  by  taking 
the  acceleration  in  the  direction  PG, 

yig 

mSa-  {z  cos  <j>  —  (r  —  rto2)  sin  <£}  =  R8<r  -\ mg&a  cos  <£, 


or 


ms- 


T 


"  •  T»  •*•  • 

-  +  <w2r  sm  <f>  =  R  -\ ma  cos  <f>. 

P  P 

For  example,  if  the  tube  be  circular  in  form,  and  if  the  arc 
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OA  subtend  an  angle  6  at  the  centre,  and  AB  an  angle  a, 
then,  from  the  equation  (a), 

aa'6  =  £&>sa  (sin1  (a  +  0)  -  sin8  6}  -  g  (cos  0  -  cos  (a  +  0)}, 
and  therefore, 

=  ±a>8a  {sin  20  -  sin  2  (a  +  0)}  -  2$r  {sin  0  -  sin  (a  +  0)}  +  C. 


176.  Motion  of  a  heavy  bead  on  a  smooth  wire  in  th  t 

of  a  helix,  having  its  axis  vertical,  and  revolving  uniformly 
about  its  axis. 

Measuring  0  from  the  foot  of  the  helix,  the  cylindrical 
co-ordinates  of  the  bead  are 

a,  0  +  tot,  z,  where  z  =  a0  tan  a. 
Taking  the  acceleration  along  the  tangent  to  the  helix. 

a0  cos  a  +  z  sin  a  =  —  g  sin  a, 

or  z  —  —  g  sin8  a,  and  .'  .  zt=  2g  sin8  a  (h  —  z). 

This  gives  the  vertical  velocity,  and  the  horizontal  velocity 

=  a  (6  +  w)  =  ao>  +  z  cot  a. 
For  the  motion  on  the  arc  of  the  helix, 

8  =  zcoseca  and  .'.  s8  =  2<jr(/i  —  z). 

If  R,  R'  be  the  reactions  of  the  wire  on  the  bead  in 
directions  of  the  principal  normal  and  binormal  of  the  helix, 
we  have, 

ma(0  +  w)8  =  R, 

and  m  (z  cos  a  —  a0  sin  a)  =  R  —  mg  cos  a. 

177.  The  motion  of  a  bead  on  a  tortuous  wire  revolving 
about  a  fixed  axis,  and  acted  upon  by  any  given  forces,  can 
be  similarly  treated  by  the  use  of  cylindrical  co-ordinates. 

Or  we  can  take  axes  of  x  and  y  revolving  with  the  curve, 
in  which  case  the  expression  for  the  acceleration  along  the 
tangent  to  the  curve  will  be 
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which  reduces  to  s  —  ca?r  -=- ,  and  if  T  be  the  sum  of  the 

as 

tangential  forces  the  equation  of  motion  is 


V5 

If  p  be  the  radius  of  absolute  curvature  of  the  curve,  the 
acceleration  of  the  bead  in  direction  of  the  principal  normal 
is  equal  to 

which  reduces  to 


and  the  expression,  when  multiplied  by  the  mass  of  the  bead, 
is  equal  to  the  sum  of  the  forces  in  direction  of  the  principal 
normal,  and  of  the  reaction  in  that  direction. 

In  a  similar  manner  the  reaction  of  the  curve  in  direction 
of  its  binormal  can  be  determined. 


178.  Motion  of  a  heavy  particle  on  a  smooth  inclined 
plane,  the  plane  being  in  rigid  connection  with  a  fixed  vertical 
axis  and  revolving  uniformly. 

Take  the  line  of  greatest  slope,  drawu  upwards,  through 
the  fixed  point  on  the  plane  as  the  axis  of  x,  and  the  normal 
to  the  plane  as  the  axis  of  z.  Then,  referring  to  Art.  (34), 

0i  =  ft>  sin  o,  #2  =  0,  03  =  a)  cos  a, 
and  therefore,  z  being  zero, 

u  =  x  —  coy  cos  a, 
v  =  y  +  cox  cos  a, 

w  =        coy  sin  a. 
B.  D.  15 
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Taking  the  accelerations  parallel  to  the  axes,  we  have,  if 
R  be  the  reaction  of  the  plane, 

m  (u  —  vto  cos  a)  =  —  mg  sin  a, 
m  (v  —  wco  sin  a  +  uw  cos  a)  =  0, 
m(w  +  va>  sin  a)  =  R  —  mg  cos  a. 

The  first  two  of  these  equations  give 

x  —  2o>  cos  ay  —  to2  cos2  ax  =  —  g  sin  o, 
y  +  2a>  cos  our  —  &>2y  =  0, 

thereby  determining  the  motion,  and  the  third  equation  Lr 
the  pressure.     The  integration  is  at  once  effected  by  aid  of 
the  calculus  of  operations,  for  the  elimination  of  y  leads  to 

-£  +  co»  1  3  cos'  a  -  1  J  -jj,+  w4  cos2  ax  =  $rw2sin  a, 

a  linear  equation  with  constant  coefficients. 

If  the   particle  be   constrained   to   move  on  a  smooth 
curve  in  the  revolving  plane,  the  motion  is  determined  by 
taking  the  resultant  acceleration  along  the  tangent  to 
curve. 

This  leads  to  the  equation, 

(x  —  2o>  cos  ay  —  o>*  cos2  cue)  -r-  +  (y  +  2o>  cos  cur  -  a>*y)  -¥ 

dm 


dx        ,   <>'/  .      dx 

or  5  —  a)3  cos*  our  j  —  wy^  =  ~  ^smarfJ* 

Take  for  instance  the  case  of  a  bead  moving  on  a  smooth 
circular  wire  which  is  made  to  revolve  uniformly  about  a  fixed 
vertical  axis  through  its  centre. 

If  0  be  the  angular  distance  of  the  bead  from  the  axis  of 
x,  the  preceding  equation  becomes 

a6  -  w'a  sin2  a  sin  6  cos  0  =  g  sin  a  sin  6, 
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and  the  angular  motion  is  therefore  given  by 

a  02  =  <y2a  sin2  a  sin2  0  —  2g  sin  a  cos  6  +  C. 

The  radial  pressure,  R,  on  the  bead,  measured  inwards,  is 
given  by  the  equation 

ma(02+2o)#cosa  +  w2  cos2  a  cos20+  a>2  sin2  B)  =  R+mgsmacos0. 

179.  The  general  problem  of  the  motion  of  a  particle  on 
a  smooth  surface  which  is  made  to  revolve  about  a  fixed  axis 
can  be  dealt  with  in  a  similar  manner  by  aid  of  the  general 
expressions  for  velocities  and  accelerations  which  are  given  in 
Art.  (34). 

Taking  axes  rigidly  connected  with  the  revolving  surface, 
let  the  plane  of  zx  contain  the  fixed  axis  about  which  the 
surface  is  revolving,  and  let  a  be  the  inclination  of  the  axis 
of  z  to  this  fixed  axis. 

We  have,  then, 

0l  =  o>  sin  a,  02  =  0,  03  =  w  cos  a, 
and  therefore, 

u  =  x  —  yw  cos  a,  v  =  y  —  za)  sin  a  +  xa>  cos  a, 

w  =  z  +  yoj  sin  a. 

The  expressions  for  the  accelerations  are 
fl=u  —  va>  cos  a, 
f-2  =  v  —  wo)  sin  a  +  uco  cos  a, 
fa  =  w  +  vet  sin  a, 


and,  if  the  acting  forces  are  given,  the  equations  of  motion 
can  be  formed. 

180.  As  a  particular  instance  consider  the  motion  of  a 
pendulum,  or,  which  is  the  same  thing,  of  a  particle  inside  a 
smooth  sphere  rotating  with  the  earth. 

EP  being  the  earth's  axis,  let  C  be  the  position  of  relative 
equilibrium  of  the  particle,  and  let  OC  meet  the  earth's  axis 
mE'. 

15—2 
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Neglecting  the  size  of  the  smooth  sphere  in  comp 
with  the  distance  OE,  and  regarding  the  earth  a«  a  sphere  of 


which  E  is  the  centre,  the  direction  E'Oz  is  defined  by  the 
consideration  that  the  resultant  of  the  earth's  attraction  in 
the  direction  OE,  and  of  the  reaction  at  C,  is  the  force 
ma?ON  in  the  direction  ON. 

The  direction  of  the  reaction  at  C  is  also  the  direction  of 
the  plumb-line  at  the  place,  and  defines  the  vertical  at  th- 
place. 

The  horizontal  plane  at  the  place  is  the  plane  perpen- 
dicular to  the  plumb-line. 

Let  F  be  the  measure  of  the  earth's  attraction  in  the 
direction  OE,&nd  let  nig  be  the  pressure  at  C,  which  is  call. d 
the  weight  of  the  particle. 
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Then,  if  EL  be  parallel  to  NO,  and  a  represent  the  angle 
OE'N,  $  the  angle  EOE',  and  c  the  earth's  radius, 


F  :  mg  :  mw*c  sin  (a+<f>)  =  OE  :  LO  :  LE 
=  cos  a  :  cos  (a  +  <£)  :  sin  <f>. 


From  these  equations,  or  at  once,  independently,  we  have 
m<u2c  sin  (a  +  </>)  sin  a  =  the  resultant  force  in  the  direction  OE' 
=  Fcos<f>  —  mg. 

Remembering  that  the  latitude  of  a  place  on  the  earth's 
surface  is  the  inclination  to  the  equator  of  the  plumb-line  at 
the  place,  we  observe  that  a  is  the  co-latitude  of  the  place. 

Now  take  E'O  produced,  that  is,  the  vertical  at  0,  as  the 
axis  of  z,  and  0  as  the  origin,  and,  remembering  that  the 
earth  rotates  from  West  to  East  through  South,  take  the  axis 
of  y  in  the  direction  of  the  West,  so  that  the  positive  direction 
of  y  will  be  above  the  plane  of  the  paper  in  the  first  of  the 
two  figures  of  this  article. 

Then  the  expressions  for  the  velocities  and  accelerations 
are  those  given  in  Art.  (179),  with  the  exception  of  the  ex- 
pression for  the  velocity  parallel  to  the  axis  of  y,  which  now 
becomes 

v  =  y  —  zw  sin  a  +  xu  cos  a  —  &>c  sin  (a  +  </>). 
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The  equations  of  motion  are 

3C  'I 

V         a*    S*~         a'    J*~ 
or,  expressing /i,/2,  and/,  at  full  length, 
x  —  2y<a  cos  a  +  a?z  sin  a  cos  a  —  a>*x  cos2  a  +  tu'c  sin  (a  +  <£>)  < 

.F  . 
=  —  sin  6  - 

w  m  a 

R  v 

V  —  2z«  sin  a  -f  2#a>  cos  a  —  a>*v  = — , 

m  a 

z  +  2y<w  sin  a  —  zco*  sin1  a  +  #a>2  sin  a  cos  a  —  &>2c  sin  (a  +  <f>)  sin  a 

^  Rz 

= COS  0 

m  ma 

But  we  have  shewn  above  that 


F  sin  <£  =  7n&)2c  sin  (o  +  <£)  cos  a, 
and  .Fcos  0  =  wi<7  +  rao>2c  sin  (a -f  <£)  sin  a, 

and  therefore  the  equations  become 

R  x 

x  —  2yo>  cos  a  +  oPz  sin  a  cos  a  —  afx  cos*  a  = 

wi  a 


y  —  2zd>  sin  a  -I-  2#a>  cos  a  —  w*v  = 

ma 

R  z 

z  +  2y<o  sin  a  —  zu?  sin2  a  -f  xa>-  sin  a  cos  a  = a, 

m  a 

which  are  the  exact  equations  of  motion  of  a  pendulum. 

It  must  be  observed  that  in  the  formation  of 
equations  we  are  neglecting  the  attractions  of  the  sun  and 
moon  on  the  earth  and  on  the  pendulum.  If  we  take 
account  of  these  attractions  fresh  terms  will  appear  on -both 
sides  of  the  equations.  The  terms  which  will  appear  in  the 
left-hand  members  will  be  the  component  accelerations  of 
the  earth's  centre  due  to  the  attractions  of  the  sun  and  moon 
on  the  earth,  so  that  the  left-hand  members  will  represent 
accelerations  relative  to  the  sun's  centre.  The  terms  which 
will  appear  in  the  right-hand  members  will  be  the  com- 
ponents of  the  attractions  between  the  sun  and  the  pendulum. 
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and  between  the  moon  and  the  pendulum,  divided  by  the 
mass  of  the  pendulum.  In  omitting  to  take  account  of  the 
terms  thus  described  we  are  simply  neglecting  the  differences 
between  the  accelerations  of  the  earth's  centre  and  the 
pendulum,  due  to  the  attractions  of  the  sun  and  moon, 
differences  which,  as  a  matter  of  fact,  are  excessively  small 
in  comparison  with  the  accelerations  of  the  pendulum  due  to 
the  attraction  of  the  earth. 

181.  As  a  matter  of  fact  it  has  been  shewn  by  observa- 
tion, that,  if  g  be  the  acceleration  due  to  gravity  at  the 
equator,  o>2c  :  g  ::  1  :  289. 

Taking  a  foot  and  a  second  as  units  this  gives  1/9  as  the 
roughly  approximate  numerical  value  of  &>2c,  a  result  which 
can  be  tested  by  observing  that  &>2c  is  equal  to 

•  400°  x  528°- 


OL 
\24  x  bO  x 

Since  the  radius  of  the  sphere  is  generally  about  two  or 
three  feet,  while  the  radius  of  the  earth  is  4000  miles,  it 
follows  that  &>2#,  (o*y,  and  w?z  are  very  small  quantities  in 
comparison  with  &>2c  or  with  g. 

Since      mg  :  mtfc  sin  (a  +  <£)  ::  cos  (a  -I-  <£>)  :  sin  <£, 
it  follows  that,  approximately,  (/>  =  <uac  sin  a  cos  ct/g. 

If  the  particle  make  very  small  excursions  from  its 
position  of  equilibrium,  we  can  put  z  =  —  a,  and  neglect  the 
squares  of  x  and  y.  We  then  obtain  the  approximate 
equations, 

..     0.  Rx 

x  —  2yo>  cos  a  =  -- 

ma 

Ry 
y  +  zxco  cos  a  =  -- 

m  a 

2y<w  sin  a  =  -----  q  • 
m 

and  putting  g  =  n2a,  and  eliminating  R  we  obtain  finally, 
x  —  2ya)  cos  a  +  tf-x  =0,         y  +  Zxaj  cos  a  -f  ri*y  =  0. 
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182.     From  the  preceding  equations,  we  find  that 
xy—ya;+  2to  cos  a  (xx  -f  yy)  =  0, 
.'.  xy  —  yx  +  a)  cos  a  (a?  +  y2)  =  C, 
or  r*d  +  ow-2  cos  a  =  G. 

If  the  particle  be  started  from  the  origin,  (7  =  0, 

.'.  6  =  —  to  cos  a. 

We  also  obtain  from  the  same  equations, 

xx  +  yy  +  n2  (xx  +  yy)  =  0, 

.'.  x3  +  if*  +  n-  (x*  +  y2)  =  D, 

or  r2  +  r*0*  +  n*r»  =  D, 

so  that  r-2  =  (w2  +  &>2  cos2  a)  (a2  -  ?-2), 

if  a  is  the  value  of  r  when  f  =  0, 

and  /.  r  =  a  cos  (?i2  +  o>2  cos1  a}*£. 

The  equation,  0  =  —  w  cos  a,  shews  that  the  motion  is  in  a 
vertical  plane  which  turns  round  from  West  to  East  through 
North  with  the  constant  angular  velocity  o>  cos  a. 

This  is  the  case  of  Foucault's  pendulum,  and  the  fact  is 
that  w  cos  a  is  the  component  angular  velocity  of  the  earth 
about  the  vertical  at  the  place,  so  that  the  earth  turns  round 
under  the  pendulum,  and  the  appearance  produced  is  that  of 
a  vertical  plane  of  motion  turning  round  a  vertical  axis  clock- 
wise, that  is,  in  the  direction  West — North — East — S  .utli. 
The  experimental  verification  of  this  theoretical  result  is  one 
of  the  most  important  of  the  proofs  of  the  earth's  rotation 
about  its  polar  axis. 

The  experiment  was  suggested  and  tried  by  Foucault,  and 
the  details  of  his  observations  were  communicated  by  him  to 
the  Acade'mie  des  Sciences  de  Paris  early  in  the  year  1851. 

The  gradual  displacement  of  the  vertical  plane  of  motion 
had  been  observed  in  Italy  nearly  200  years  before,  but  it 
was  Foucault  who  first  recognised  the  cause  of  the  displace- 
ment, and  who  stated  that  the  observation  of  the  : 
direct  proof  of  the  earth's  rotation  *. 

*  Arago's  AttrotwmU  Populaire,  Tome  in.  page  45. 
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183.     In  the  general  case,  writing  the  equations  in  the 
forms 


(D2  +  n2)  x  =  2<u  cos  a  .  Dy,     (J>  +  n2)  y  =  -  2&>  cos  a  .  Dx, 
we  find  that 

(D*  +  2  (n2  +  2<a2  cos2  a)  D2  +  w4)  a?  =  0  ; 
/.  a;  =  A  cos  (_p£  +  $)  +  B  cos  (gtf  +  7), 
where  —  p2  and  —  q-  are  the  roots  of  the  equation, 

p?  +  2  (n2  +  2o>2  cos2  a)  fi  +  n*  =  0, 
and  the  expression  for  y  is  of  the  same  form. 

The  elimination  of  t  between  these  equations  for  x  and  y, 
shews  that  the  projection  of  the  path  on  the  horizontal  plane 
is  approximately  an  ellipse. 

184.     Motion  of  a  projectile, 

Take  the  point  of  projection  as  the  origin,  and  take  the 
axes  as  in  Art.  (180),  that  is,  let  the  vertical  through  the 
point,  drawn  upwards,  be  the  axis  of  z,  the  direction  of  the 
North  the  axis  of  x,  and  the  direction  of  the  West  the  axis 
of  y. 

The  exact  equations  of  motion,  considering  the  earth's 
centre  fixed,  are 

x  —  2yto  cos  a  +  u?z  sin  a  cos  a  —  a>2a;  cos2  a  =  0, 

y  —  2z<0  sin  a  +  2ia>  cos  a  —  w?y  =  0, 

2  +  %yti>  sin  a  —  zo)3  sin2  a  +  #&>2  sin  a  cos  a  =  —  g. 

Discarding  the  small  terms  in  these  equations,  we  obtain 
the  approximate  equations, 

£  =  0,    y  =  0,     z  =  -g> 

which  have  been  employed  in  previous  chapters. 

This  however  is  the  justification  of  the  assumption  that, 
in  consequence  of  the  earth's  attraction,  and  the  earth's 
rotation  about  its  polar  axis,  the  acceleration  of  a  falling 
body,  relative  to  the  horizontal  plane  of  a  place,  in  the 
direction  perpendicular  to  it,  is  measured  by  the  quantity 
;/  as  defined  in  Art.  (180). 
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185.     Fall  of  a  heavy  body  from  a  considerable 

It   is  intended  to  consider  the  case  of  a  fall  of  from 
200   feet  to  600  feet,  this   being  a   practicable   range 
experimental  tests. 

In  this  case  aPx,  a>*y,  and  ta*z  are  excessively  <mall  in 
comparison  with  eo'c,  and  may  therefore  be  neglected  for  a 
first  approximation. 

Again  x  and  y  will  be  very  small  compared  with  z,  and 
therefore,  for  a  first  approximation,  we  have  the  e<juu' 

x  =  0,     y  —  Z(i>z  sin  a  =  0,     z  =  —  g. 


Taking  the  origin  to  be  the  point  from  which  the  body  is 
let  fall,  we  find  that 

x  =  0,     z  =  —  \g1?,    y  =  —  $vgts  sin  a. 

Hence,  if  the  body  fall  through  the  depth  h,  the  ea- 
deviation  from  the  vertical  will  be 


&>  sn  a 


If  we  employ  the  results  thus  obtained  and  replace  y  by 
,  then,  for  a  second  approximation, 


x  +  $<o*gt*  sin  a  cos  a  =  0,     y  +  Zwgt  sin  a  =  0, 

z  —  \uPgt*  sin3  a  =  —g. 
.*.     x  =  —  ^a>*g&  sin  a  cos  a,     y  =  —  $cogP  sin  a, 

z  =  -  $gP  +  fa'gP  sin2  a. 
We  thus  obtain  a  southerly  deviation  ^to-gt*  sin  a  cos  a, 

"/  3 

or  A  -  sin  a  cos  a,  and  a  modification  of  the  relation  be- 

9 
tween  the  time  and  the  depth  to  which  the  body  falls. 

If  the  body  be  let  fall  from  the  height  h  above  tin-  hori- 
zontal plane  from  which  z  is  measured,  we  shall  find  that 

z  =  h-  \g&  -I-  fttty*4  sin1  a, 

and  that  the  southerly  deviation  on  the  horizontal  plan- 
3o>sAa  sin  a  cos  0/2*7. 
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Taking  a  particular  case  let  the  fall  be  through  100 
metres,  or  328  feet  nearly. 

The  easterly  deviation  at  the  equator 

/8~F  2?r          328  x  18 

= *"  V  y = *•  2T76oir6b  — 2— nearly 

=  '071  foot  =  '85  inch  =  22  millimetres  nearly. 

7T 

In  latitude  —  —  a,  the  easterly  deviation 
2 

=  22  sin  a  millimetres. 
This  agrees  with  a  result  given  by  Laplace. 

It  will  be  easily  seen  that  the  deviation  to  the  South  is 
in  this  case  an  excessively  small  quantity. 

Experiments  were  made  at  Bologna,  by  Guiglielmini,  for 
the  verification  of  this  theoretical  result,  in  the  year  1792. 

The  falls  were  from  heights  of  about  24>0  feet,  and,  in 
every  case  tried,  the  body  fell  to  the  ground  a  fraction  of  an 
inch  to  the  East  of  the  plumb-line. 

Experiments  have  also  been  made  in  the  shaft  of  a  mine 
at  Freyberg  with  a  fall  of  about  500  feet,  and  the  results  of 
observation  were  in  close  accordance  with  the  value  given 
by  the  theoretical  formula. 

In  Arago's  Astronomic  Popitlaire,  Tome  ill.,  page  35,  it  is 
stated  that  the  idea  of  this  experiment  is  due  to  Newton,  and 
that  it  was  communicated  by  him  to  the  Royal  Society  of 
London  in  November,  1679,  but  it  'does  not  appear  that  it 
was  tried  experimentally. 

186.  Case  of  a  heavy  body  projected  vertically  upwards 
with  a  given  velocity. 

As  in  the  previous  case  the  equations  for  a  first  approxi- 
mation are 

#  =  0,     y  =  2co2  sin  a,     2  =  —  g. 

Hence,  if  w  is  the  initial  velocity, 
x  =  0,   z  —  wt  —  ^gt3,  and  y  =  o>  sin  a  (wt*  — 
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The  last  result  i>hews  that  during  the  ascent  and  do- 
that  is,  during  the  time  *2w/g,  the  projectile  has  a 
deviation  from  the  vertical,  which,  when  the  pn> 
the  ground,  is  equal  to  4omr*  sin  a/3^*. 

If  allowed  to  fall  below  the  horizontal  plane  from  which 
it  was  projected,  as  for  instance  by  falling  down  the  shaft  of 
;\  mine,  the  body  will  cross  the  vertical  at  the  time  .'> 
\\  ill  afterwards  have  an  easterly  deviation. 

For  a  second  approximation, 

x  =  3<u*  sin  a  cos  o  (wt  —  %g&),    y  =  2o>  sin  a  (w  —  gt\ 
z  =  —  So)1  sin*  a  (wt  —  \gP)  —  g. 
.'.  x  =  a>*  sin  o  cos  a 


y  =  a>  sn  a  wP  — 

—  o>s  sin'  a 


187.  Case  of  a  heavy  body  projected  in  a  given  direction 
on  a  smooth  horizontal  plane. 

In  this  case,  z  —  0,  and  the  approximate  equations  are 

x  =  2<»y  cos  a,     y  =  —  2a>i  cos  a, 

2w&H/  sin  a  =  R  —  mg, 

if  m  is  the  mass  of  the  body,  and  R  the  reaction  of 
horizontal  plane. 

Taking  tt  and  v  as  the  velocities,  in  the  directions  of  x 
and  y,  with  which  the  body  is  projected  from  the  origin,  and 
writing  X  for  2o>  cos  a, 

x  =  M  4-  Xy,     y  =  v  —  \x. 

Integrating  these  equations,  we  obtain 
\x  —  v  —  v  cos  XJ  +  a  sin  \t, 
Xy  =  —  u  +  u  cos  \t  +  v  sin  \t, 


so  that  the  path  is  approximately  an  arc  of  a  circle  trending 
in  the  direction  West  —  North  —  East  —  South. 

Also,  by  expansion,  we  obtain  the  approximate  equa 
x  =  ut  +  wP  cos  a,    y  =  vt  —  o>uP  c< 
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It  '/  and  v  are  positive,  these  equations  indicate  deviations 
to  th<-  North  and  to  the  East,  represented  respectively  by 

and 


If  u  or  v  is  negative,  or  if  both  are  negative,  there  may 
be  wf-.storly  or  northerly  deviations. 

Take  V  as  the  velocity  of  projection,  and  0  as  the  incli- 
nation to  the  axis  of  x,  that  is  to  the  direction  of  the  North, 
of  the  direction  of  projection. 

To  a  spectator  at  the  place  of  projection,  the  displace- 
ment to  the  right 

=  out*  cos  a  cos  0  +  art*  cos  a  sin  6 
=  a)  Vt*  cos  a. 

These  results  are  applicable  to  the  cases  of  rifle  bullets  or 
cannon  shot  fired  at  short  ranges,  the  angle  of  elevation 
being  very  small. 

188.     Case  of  a  railway  train. 

If  a  railway  train  is  travelling  on  a  straight  line  of  rails, 
the  approximate  equations  of  motion  are 

MX  —  23/&>y  cos  a  =  —  R  sin  0, 
My  +  2Mcox  cos  a  =  R  cos  0, 

where  R  is  the  horizontal  reaction  of  the  rails  measured  to 

the  left, 

If  the  velocity  is  uniform  and  equal  to  V, 


shewing  that  there  is  a  pressure  on  the  rails  to  the  right. 
looking  in  the  direction  of  motion. 

189.     General  case  of  a  projectile. 

Neglecting  wtx,  aty,  and  ca*z,  the  equations  of  motion 
are 

x  —  2aty  cos  a  =  0,     z  +  2a>y  sin  a  =  —  g, 

y  —  2(0z  sin  a  +  2a>x  cos  a  =  0. 


PROJECT!  I.  K. 


Hence,  putting  X  for  2o>cosa  and  /*  for  2<u  sin  a,  and 
taking  u,  v,  w  as  the  components  of  the  initial  velocity, 


w  —  g,    y  — 

We  hence  obtain,  to  the  same  degree  of  approximation, 
y  =  nw  -  ftgt  -  \u, 
y  =  v  —  (\u  —  fiw)  t  — 
y  =  vt  —  \  (\u  —  fiw)  f  — 
Taking  vt  as  a  first  approximation  to  the  value  of  y, 
a;  =  ut  +  %  XvP,     z  =wt  —  ^gf  —  ^pvP. 

Taking  u  and  v  positive,  we  observe  that  if  fiw  <  \u, 
i.e.  if  w  <  u  cot  a,  these  equations  indicate  deviations  to  the 
East  and  the  North,  and  also  an  increase  in  the  vertical  height. 
If  u  and  v  are  either  or  both  negative  these  interpretations 
will  require  modification. 

In  the   case  of  a  rifle  bullet  and  of  a  cannon  ball  for 
ordinary  ranges,  w  is  usually  small  compared  with  u  ami  r 
so  that  the  horizontal  deviation  is  of  sensible  amount,  and 
allowance  must  be  made  for  it,  in  order  to  secure  accu 
practice. 

If  V  is  the  horizontal  component  of  the  velocity  of 
projection,  and  if  6,  measured  from  North  to  West,  marks 
the  direction  of  the  vertical  plane  of  projection, 

u=Vcosff  and   t>=Fsin0. 

Hence  to  an  observer  at  the  place  of  projection,  th 
placement  to  the  right,  in  all  cases, 

=  \  \vP  sin  0  +  {£  (\u  -  nw)  P  +  ftngP}  cos  0, 
=  w  Vt3  cos  a  —  mot*  sin  a  cos  8  +  $  o>gP  sin  a  cos  9. 

Further  and  more  close  approximations  can  be  made,  and 
in  fact  the  exact  equations  can  be  completely  solved,  but  iln 
process  is  lengthy  and  the  fresh  terms  introduced  are,  in 
ordinary  practical  cases,  excessively  small. 

190.  Taking  a  particular  case,  it  is  a  fact  that,  in  a 
Martini-Henry  rifle,  the  muzzle  velocity  was  1315  feet 
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second,  and  the  times  of  flight,  for  ranges  of  800  and  1000 
yards,  were  2'6  and  3'4  seconds. 

Take  the  co-latitude  of  the  place  to  be  about  38°,  and 
observe  from  tables  of  natural  sines  and  cosines  that 
cos  38°  =  4/5  approximately. 

Then  the  theoretical  expression  (oVPcosa  for  the  devia- 
tion to  the  right  gives  about  6  inches  for  the  800  yds.  range 
and  about  9  inches  for  the  1000  yds.  range. 

Another  particular  case,  of  considerable  interest,  is  that 
of  a  shot  which  was  fired  from  a  cannon  in  1888  at  a  range 
of  21000  yards.  The  muzzle  velocity  was  2375  feet  per 
second  and  the  time  of  flight  was  64  secouda 

The  theoretical  expression  gives  about  73  yards  as  the 
deviation  to  the  right. 

In  all  these  calculations  we  have  left  out  of  consideration 
the  resistance  of  the  air,  which  is  a  most  important  factor  in 
practical  gunnery. 

In  consequence  of  this  resistance  the  amount  of  range 
obtainable  is  largely  diminished,  and  the  parabolic  form  of 
path  is  not  maintained. 

Again,  in  the  case  of  rifled  guns,  a  large  effect  is  pro- 
duced by  drift,  which  is  a  deviation  due  to  the  rotation  of 
the  projectile,  and  is  caused  by  the  tangential  action  of 
the  air. 

In  the  case  of  the  Martini-Henry  rifle  at  1000  yds.,  the 
drift,  as  determined  by  experiment,  was  about  7^-  inches. 
This  determination  was  effected  by  firing  two  barrels,  one 
with  a  right-handed  and  the  other  with  a  left-handed  twist, 
in  parallel  rests  at  1000  yards,  the  result  being  a  spread  of 
15  inches. 

In  the  case  of  the  cannon  shot  at  long  range,  the  deflection 
observed  was  1000  yards,  the  greater  portion  of  which  was 
due  to  drift*. 

*  I  am  indebted  to  Professor  GreenMll  for  the  practical  facts  and  the 
information  contained  in  this  article. 
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EXAMPLES. 

1.  Is  a  railway  train  heavier  when  going  oast  or  going 
west  ? 

Shew  that  for  a  train  weighing  180  tons,  travelling  60 
miles  an  hour  in  latitude  60°,  the  difference  is  about  the 
weight  of  two  men. 

2.  A  particle  of  mass  m  is  attached  to  one  end  of  an 
elastic  string,  the  other  end  of  which  is  fastened  to  the  v< 

of  a  smooth  cone  of  vertical  angle  2a,  having  its  axis  vertical 
and  vertex  upwards;  prove  that  the  particle  can  move  with 
a  constant  velocity  v  round  the  surface  of  the  cone,  ami  with 
the  string  stretched  to  double  its  natural  length,  provided 
that  the  modulus  of  elasticity  >  mg  cos  a,  and  that 

20*  cos  a<ag  sin2  a. 

If  the  particle  be  slightly  disturbed  in  the  direction  of 
the  string,  find  the  time  of  a  small  oscillation. 

3.  A  point  describes  a  loxodrome  on  a  sphere  in  such  a 
way  that  its  longitude  increases  uniformly ;  prove  that  the 
resultant  acceleration  varies  as  the  cosine  of  the  latitude,  and 
that  its  direction  makes  with  the  normal  an  angle  equal  to 
the  latitude. 

4.  A  material  particle  rests  on  a  rough  plane  inclined  at 
a  given  angle  to  the  horizon, the  plane  begins  to  rotate  round 
an  axis  perpendicular  to  it,  with  a  velocity  commencing  from 
zero  and  continually  increasing.     Determine  the  veloci1 
which  the  particle  will  commence  to  move  on  the  plain-,  and 
tin     condition   that   the   commencement  of  the   motion    is 
simultaneous  with  that  of  the  plane. 

5.  A  particle  slides  on  a  smooth  helix  of  radius  n  and 
angle  a  under  the  action  of  a  force  to  a  fixed  point  in  tin 
axis  equal  to  /*  times  the  distance.     Investigate  the  motion 
and  prove  that  the  pressure  cannot  vanish  unless  the  grc 
velocity  of  the  particle  be  V/*  a  sec  a. 
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6.  A  heavy  particle  moves  on  the  inside  surface  of  a 
smooth  spherical  shell  ;  shew  that,  if  the  velocity  be  due  to 
falling   from   the  level   of  the  centre,  the  pressure  on  the 
suri'ace  will  vary  as  the  depth  below  the  centre. 

7.  A  heavy  particle,  in  contact  with  the  lower  half  of 
the  internal   surface  of  a   fixed  smooth  spherical  shell,  is 
projected  horizontally  with  velocity  V,  the  radius  through 
the  particle  making  initially  an  angle  a  with  the  vertical. 
Find  the  pressure  in  terms  of  the  velocity  at  any  time  and 
prove   that  if  F2  cos  a  <  2ag,  the  particle  cannot  leave  the 
surface,  but  that  if  F2  cos  a  >  2ag,  it  may  do  so,  and  find  the 
additional  condition  necessary. 

8.  Two   equal  particles,  each  of  unit  mass,  attracting 
one   another  with   the   force,  p-  x  distance,   are   placed    in 
two  rough  straight  tubes  at  right  angles  to  one  another, 
and   the  friction   is   equal  to   the   pressure   in  each  tube  ; 
prove   that,   if  they  be  initially  at  unequal  distances,  one 
moves  for  a  time  7r/2/o  before  the  other  begins  to  move,  and 
that,  while  they  are  approaching  the  point  of  intersection  of 
the  tubes,  they  move  in  the  same  manner  as  the  projections 
of  the  two  extremities  of  a  diameter  of  a  circle  upon  a  straight 
line  on  which  the  circle  rolls. 


9.  A  particle  is  revolving  on  a  smooth  plane  about  a 
centre  of  force,  the  accelerating  effect  to  the  centre  being 
/j,  x  distance,  and  when  the  body  arrives  at  an  apse  the  plane 
begins  to  revolve  with  an  angular  velocity  ^V3/*  about  the 
apsidal  line  ;  shew  that  the  subsequent  orbit  described  on 
the  plane  will  be  a  portion  of  a  parabola  ;  and  that,  when  the 
particle  leaves  the  plane,  its  velocity  will  be  \/3  x  velocity  at 
the  vertex. 

10.  A  smooth  parabolic  tube  whose  latus  rectum  is  4« 
rotates  about  its  axis  which  is  vertical,  the  vertex  being  down- 
wards, with  uniform  angular  velocity  <u.     Find  to  in  order 
that  a  heavy  particle  may  be  in  equilibrium  at  any  point 
of  the  tube. 

B.  D.  16 
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If  the  angular  velocity  of  the  tube  be  greater  than  this 
and  a  particle  be  projected  down  the  tube  from  any  point  with 
velocity  just  sufficient  to  make  it  reach  the  vertex,  shew  that 
the  equation  to  the  projection  of  the  subsequent  path,  on  a 
horizontal  plane,  is 

A  _        2«  +  V4aa  +  r3  _  V4aa  4-  r3 
r  2a 

11.  A   small   bead  slides  on  a  smooth  circular  ring  of 
radius   a,   which  is  made  to  revolve  round  a  vertical  axis 
passing  through  its  centre  with  uniform  angular  velocity  «. 
the  plane  of  the  ring  being  inclined  at  a  constant  angle  a  to 
a  horizontal  plane.     Shew  that  the  law  of  angular  motion  of 
the  bead  on  the  ring  is  the  same  as  that  of  a  bead  on  a  rin^ 
<>f  radius  acoseca  revolving  round  a  vertical  diameter  with 
angular  velocity  a>  sin  a. 

12.  A  smooth  wire,  in  the  form  of  a  parabola,  1-itus 
rectum  I,  revolves  about  its  axis  which  is  vertical,  the  v« 
being   uppermost,  with  uniform  angular  velocity  =  >Jgll',   a 
string,  passing  through  a  fixed  ring  at  the  focus  carries,  at 
one  end,  a  small  ring,  mass  m,  which  slides  on  the  wire,  and 
at  the  other  end  a  particle,  mass  m,  which  hangs  fr 
Given  the  velocity,  V,  of  the  ring  at  the  vertex,  determine 
the  rate  at  which  the  ring  describes  the  parabola  at  any 
point. 

If  m  =  4nn',  and  2V"=gl,  prove  that,  at  a  time  t  after  the 
ring  has  passed  the  vertex,  the  angle  6  between  the  two  parts 
of  the  string  is  given  by  the  equation 


>t2  =  Vf  fc 

13.  Three  masses  m^,  Tn,,  m,  are  fastened  to  a  string 
which  passes  through  a  ring,  and  m^  describes  a  horizontal 
circle  as  a  conical  pendulum  while  m,  and  m*  hang  vertically. 

If  m,  drop  off,  prove  that  the  instantaneous  change  of 
tension  of  the  string  is 


+  m, 
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14.  A  particle  is  placed  between  two  smooth  co-axial 
circular  cylinders  of  nearly  equal  radii,  whose  common  axis 
is  inclined  to  the  vertical,  and  slides  down  under  gravity. 
If  /3  be  the  angular  distance  of  its  initial  position  from  the 
lowest  point  of  the  cross-section  through  that  position,  shew 
that  the  particle  will  never  press  the  inner  surface  if  2/3  <  TT; 
but  if  2^  >  IT,  the  particle  will  pass  from  the  inner  to  the 
outer  surface,  and  back  again,  and  so  on,  when  </>,  its  angular 
distance  at  any  point  from  the  lowest  point  of  the  cross- 
section  through  that  point,  takes  the  successive  values  given 
by  3  cos  <f>  =  2  cos  /?. 

15.  A  particle  moves  in  a  smooth  circular  tube  of  radius 
a,  which  is  made  to  revolve  about  a  fixed  vertical  diameter 
with  constant  angular  velocity  to. 

If  6  be  the  angular  distance  of  P  from  the  lowest  point 
at  the  time  t,  and  if  P  initially  be  at  rest  relatively  to 
the  tube  when  6  =  a,  then 


6          a 
cot  o  =  cot  o 


/  a\ 

(  tot  sm  o)  • 


16.  A  heavy  particle  is  moving  on  the  interior  surface  of 
a  smooth  sphere  with  velocity  due  to  the  level  of  the  centre, 
and  its  motion  is  horizontal  at  a  depth  c  below  the  centre  ; 
shew  that  the  radius  of  curvature  of  its  path  at  that  point  is 

.,  where  a  is  the  radius  of  the  sphere. 


17.  A  particle,  mass  in,  is  projected  along  the  surface  of 
a  paraboloid  of  revolution,  of  latus  rectum  4a,  with  a  velocity 
4\//*a,  in  the  plane  of  the  latus  rectum,  and  is  acted  upon  by 
a  force  to  the  focus,  m/t  (distance)  ;   prove  that  the  initial 
osculating  plane  of  its  path  is  inclined  to  the  axis  at  the 
angle  cot"1  3/5,  and  that  initial  pressure  is  3m/xa  \/2. 

18.  If  a  particle  be  moving  on  a  smooth  circular  cone 
under  a  force  to  the  vertex  varying  inversely  as  the  square 
of  the  distance,  prove  that  if  the  cone  be  developed  on  to  a 
tangent  plane  the  path  will  be  developed  into  a  conic  having 
the  vertex  of  the  cone  for  one  focus. 

16—2 
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19.  Forces  act  along  the  meridians  of  a  sphere  on  a 
particle  moving  on  its  surface.      The  particle  is  projected 
from  a  point  on  the  equator  and  its  path  is  a  loxodi 
Determine  the  law  of  force. 

20.  A  particle  moves  on  the  inside  of  a  smooth  circular 
cone,  vertical  angle  2ct,  under  the  action  of  a  force  to  the 
vertex  varying  inversely  as  the  square  of  the  distance.     It  is 
projected  from  an  apse  at  a  distance  c  from  the  axis  with  the 
velocity  which  bears  to  the  velocity  requisite  for  circular 
motion  the  ratio  of  V3  to  \/2.     Prove  that  the  projection  of 
the  path  on  a  plane  perpendicular  to  the  axis  is 

3c  =  2r  +  r  cos  (6  sin  a), 

that  the  time  from  one  apse  to  the  next  is  TT  (2c  cosec  a)- 
and  that  the  pressure  of  the  particle  on  the  surface  of 
cone  is  inversely  proportional  to  the  cube  of  its  distance  from 
the  vertex. 

21.  A  heavy  bead  moves  along  a  vertical  circular  win- 
which  revolves  about  a  vertical  straight  line  in  its  own  plain- 
Find  the  time  of  a  small  oscillation,  and  the  resistance  on  tlu- 
wire. 

22.  A  point  moves  on  a  smooth  sphere  under  two  central 
attractive  forces  /x/rjVj3,  ^/r12rs*  in  the  distances  r,  ,  r,  of  the 
point  from  the  north  and  south  poles  respectively  ;  if  the 
velocity  at  starting  be  that  due  to  falling  from  infinity,  then 
the  path  on  the  sphere  will  be  a  loxodrome. 

23.  Two  particles  of  masses  m  and  ra'  are  connect^  1  by 
a  string  passing  through  a  small  hole  at  the  vertex  of  a  cone 
having  its  axis  vertical  and  vertex  uppermost  ;  if  in  hangs 
vertically,  find  the  condition  that  m  may  describe  a  circle  of 
radius  c  on  the  cone,  and  shew  that  if  the  particle  be  slightly 
disturbed  it  will  oscillate  about  the  circular  path  in  the  tinu- 

/  (  c  (m  —  m  cos  a)  ) 
\   \%g  (mf  +  m)  sin  a)  " 


24.     A  parabolic  wire,  axis  vertical  and  vertex  downwards, 
rotates  about  its  axis  with  uniform  angular  velocity.     A  i 
slides  down  it  under  gravity  ;  prove  that  it  may  descend  with 
constant  velocity. 
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25.  A   heavy  string  of  given  length  is  enclosed  in  a 
smooth  straight  tube,  which  is  made  to  revolve  uniformly 
about  a  vertical  axis,  so  as  to  describe  a  right  circular  cone  ; 
determine  the  motion  of  the  string  and  the  tension  at  any 
point. 

26.  A  surface  is  of  the  form  traced  out  by  the  revolution 
of  the  curve  z  =  c  cos  xjc  about  the  axis  of  z  :  the  surface 
being  placed  with  its  axis  vertical,  a  particle  is  projected 
upon  it  in  such  a  manner  that  it  describes  a  horizontal  circle 
in  a  given  time  t.     Prove  that  the  number  of  possible  circles 
is  even,  except  in  that  case  in  which  the  time  of  revolution 
satisfies  the  equation 


27.  A  heavy  particle  moves  on  a  curve  which  revolves 
uniformly  about  a  vertical  axis  ;  prove  that  the  time  of  an 
oscillation  of  the  particle  about  a  position  of  relative  equi- 
librium will  be 

2?r  /         p  sin  a         \* 
a>  \k  —  p  sin  a  cos2  a/  ' 

p  being  the  radius  of  curvature  at  the  point  of  equilibrium, 
«  the  angle  made  by  the  normal  at  that  point  with  the 
vertical,  k  the  distance  of  the  point  from  the  axis  of  revolu- 
tion, and  <u  the  angular  velocity  of  the  curve. 

28.  An  anchor  ring  is  formed  by  the  revolution  of  a 
circle  of  radius  (c)  about  an  axis  in  its  own  plane,  distant  (a) 
from  the  centre  of  the  circle.     A  particle  is  projected  along 
the  equator  of  smaller  radius  with  velocity  (v),  and  is  acted 
on  by  a  centre  of  attractive  force  in  the  centre  of  the  axis, 
and  equal  at  distance  r  to  p.rn  ;  shew  that  if  the  particle  be 
slightly  displaced  it  will  continue  to  return  to  its  original 
path  at  equal  angular  intervals  (6),  where 


/Try  _  a-c  (fia  (a  -  c)n        \ 

w  =  ~l~  v*        T 


29.     There  are  two  points  P  and  Q  which  move  so  that 
the  line  of  motion  of  each  relative  to  the  other  is  always 
to  a  given  direction.     If  the  motion  of  P,  and  the 
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initial  position  of  Q  be  given,  shew  how  to  dt-t.  nninr  th> 
surface  on  which  it  must  move.     If  the  orbit  of  P  be  j>! 
prove  that  this  surface  is  a  cylinder.     If  the  motion  of 
that  of  a  projectile  in  vacuo,  and  the  relative  velocit 
P  and  Q  constant,  determine  the  motion  of  Q. 

30.  A  smooth  hollow  ellipsoid  of  revolution  is  fixed  with 
its  axis  (2a)  vertical,  and  a  particle  is  projected  from  a  point 
in  the  horizontal  plane  through  the  centre  and  on  the  insid. 
surface  with  a  velocity  JZga  and  inclination  a  to  the  horizon. 
Find  a  in  order  that  the  greatest  depth  below  the  centr-- 
may  be   2a/3,  and   find  in  that  case   the  greatest  height 
reached. 

31.  A  smooth  surface  is  generated  by  the  revolution  •  t 
the  curve   a?y=(?  about  the  axis  of  y  which  is  vertically 
downwards,  and  a  heavy  particle  is  projected  along  the 
face  with  velocity  due  to  the  depth  below  the  horizontal 
plane  through  the  origin:  prove  that  its  path  intersects  all 
the  meridians  at  a  constant  angle. 

32.  A  surface  of  revolution  is  such  that  if  it  be  held  wit  ii 
its  axis  vertical,  and  a  heavy  particle  be  projected  alon 
with  suitable  velocity  at  any  point  in  any  direction,  its  path 
will  cut  every  meridian  of  the  surface  at  a  constant  n: 
Shew  that  the  surface  may  be  generated  by  the  revolution 
round  the  axis  of  y  of  the  curve 


33.  A  particle,  under  the  action  of  an  attractive  force 
varying   inversely   as   the   distance  from  a  given  plan. 
constrained  to  move   on   a  smooth   spherical   surface,   and 
projected  with  the   velocity  due   to   an   infinite   dista 
prove  that  the  resultant  force  on  the  particle  always  passes 
through  a  fixed  point. 

34.  A   material   particle   is   acted   on   by  a   force  the 
direction  of  which  always  meets  an  infinite  straight  line  A  />' 
at  right  angles,  and   the  intensity  of  which   is  inversely 
proportional   to   the   cube   of   the  distance  of  the  particle 
from  the  line.     The  particle  is  projected  with  the  velocity 
from  infinity  from  a  point  P  at  a  distance  a  from  the  no 


EXAMPLES.  "247 

point  0  of  the  line  in  a  direction  perpendicular  to  OP,  and 
inclined  at  the  angle  a  to  the  plane  A  OP.  Prove  that  the 
particle  is  always  on  the  sphere  of  which  0  is  the  centre,  that 
it  meets  every  meridian  line  through  AB  at  the  angle  a,  and 
that  it  reaches  the  line  AB  in  the  time 


V/u,  cos  a  ' 
/JL  being  the  absolute  force. 

35.  A  heavy  particle  moves  upon  a  surface  of  revolution, 
axis  vertical,  formed  by  the  revolution  of  a  parabola  of  latu.s 
rectum  4a  about  the  tangent  at  the  vertex  ;  prove  that  the 
differential  equation  of  the  projection  of  the  path  upon  a 
horizontal  plane  is 


where  A,  is  a  constant. 

36.  A  particle  constrained  to  move  in  the  surface  of  a 
smooth  ellipsoid  is  under  the  attraction  of  an  internal  ellip- 
soidal shell,  the  two  surfaces  being  confocal;  prove  that  if  the 
particle  be  projected  from  an  umbilicus  with  a  given  velocity, 
it  will  return  to  the  umbilicus  in  a  time  which  is  independent 
of  the  direction  of  projection. 

37.  Two  infinite  straight  lines  which  are  at  right  angles 
but  do  not  meet  attract  according  to  the  law  of  gravitation. 
Prove  that,  if  a  particle  be  projected  from  the  middle  point 
of  the  shortest  distance  between  the  lines  in  direction  of  the 
line  bisecting  the  angle  between  them,  it  will  continue  to 
move  in  a  straight  line  :  and  find  the  limits  of  the  motion. 
Prove  also  that  a  particle  will  move  with  uniform  velocity, 
under  the  attraction  of  the  lines,  in  any  smooth  tube  which 
takes  the  form  of  the  curve  of  intersection  of  a  certain  hyper- 
bolic paraboloid  with  any  one  of  a  certain  series  of  oblate 
spheroids. 

38.  A  small  smooth  groove  is  cut  on  the  surface  of  a 
right   cone,   axis   vertical   and    vertex   upwards,  in   such  a 
manner  that  the  tangent  is  always  inclined  to  the  vertical 
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at  the  same  angle  /9.  A  particle  slides  down  the  groove 
from  rest  at  the  vertex  ;  shew  that  the  time  of  descending  a 
vertical  height  h  is  equal  to  the  time  of  falling  freely  through 
a  height  h  sec8  y9.  Shew  also  that  the  pressure  is  constant 
and  that  it  makes  a  constant  angle  6  with  the  principal 
normal  to  the  path,  such  that  2  tan  6  ^/cos"  o  —  cos*  ft  =  si  n  2, 
2ct  being  the  angle  of  the  cone. 

39.  Three   particles  of  equal  mass   which  attract  one 
another  according  to  the  law  of  the  inverse  square,  are  free 
to  slide  on  three   wires  which   form  the  edges  of  a  prUm 
whose   base   is   an   equilateral   triangle.     If  the   system  is 
slightly  disturbed  from  its  position  of  equilibrium,    prove 
that  it  executes  a  small  oscillation  in  the  time  2-Tr  Va*/3m ; 
m  being  the  mass  of  a  particle  and  a  the  mutual  dist 

of  the  wires. 

40.  A  particle  is  free  to  move  along  a  helix  whose  axis 
is  vertical,  and  a  centre  of  force  whose  accelerating  effect  is 
p  x  distance  resides  in  the  axis  of  the  helix.     The  ]  > 

so  placed  as  to  be  in  equilibrium,  and  the  centre  of  attraction 
then  begins  to  move  vertically  upwards  with  a  velocity  I ' ; 
prove  that  after  a  time  t 

JJL  sin2  a  (s  sin  a  -  F<)8  +  (s  sin  a  -  F)8  =  F8, 
s  being  the  arc  of  the  helix  measured  from  the  position  of 
equilibrium,  and  a  the  angle  which  the  helix  makes  with  the 
horizontal.     Hence  determine  s  in  terms  of  t. 

41.  A  circular  tube  of  smooth  bore  has  its  centre 
above  a  rough  horizontal  plane  and  is  made  to  roll  uniformly 
in  contact  with  the  plane.    Shew  that  the  motion  of  a  particle 
of  unit  mass  within  the  tube  is  given  by 

a<£  —  aH2  sin3  a  sin  ^>  cos  <f>  +  g  sin  o  cos  <f>  =  0, 

and  the  pressures  towards  the  centre  and  perpendicular  to 
the  plane  of  the  tube  are  determined  by 

a  (<f>  +  fl  cos  a)8  +  all8  sin2  a  sin8  ^  +  g  sin  a  cos  <f>  —  R, 
2a$fl  sin  a  cos  <£  +  aH8  sin  o  cos  a  cos  <f>  —  g  cos  a  =  S, 

where  fl  is  the  angular  velocity  of  the  point  of  contact  round 
the  vertical  and  a  the  inclination  of  the  plane  of  the  tube  to 
the  horizon. 


CHAPTER  XI 

THE  HODOGRAPH  AND  THE  BRACHISTOCHRONE. 

191.  The  Hodograph.  If  from  any  fixed  point  a  straight 
line  be  drawn  parallel  to  the  direction  of  motion  of  a  moving 
point  and  of  a  length  proportional  to  the  velocity  of  the  point, 
the  locus  of  its  extremity  is  the  hodograph  of  the  path  of  the 
point. 

Polar  equation  of  the  hodograph. 

If  6  be  the  inclination,  to  any  fixed  direction,  of  the 
tangent  to  the  path,  and  if  the  velocity  =/(#), 

then  r=cf(6) 

is  the  polar  equation  of  the  hodograph,  c  being  any  constant. 

For  example,  if  a  heavy  particle  slide  down  the  arc  of  a 
smooth  vertical  circle  from  its  highest  point,  the  hodograph  is 

-cos0). 


Again,  if  a  particle  describe  an  ellipse  under  the  action  of 
a  force  to  its  centre,  vac  CD,  Art.  (114),  and  therefore  the 
ellipse  is  its  own  hodograph. 

192.  If  OP  and  OQ  represent,  in  direction  and  magni- 
tude, the  velocities  of  a  particle  at  the  times  t  and  t  +  St,  PQ 
represents,  by  the  triangle  of  velocities,  the  velocity  imparted 
during  the  time  St,  and  therefore,  if  /  be  the  acceleration  of 
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the  particle,  PQ  is  the  direction  of  the  acceleration,  and  its 
length  =fSt. 


Hence  it  follows  that  the  tangent  to  the  hodograph  is  th«- 
direction  of  the  acceleration,  and  that,  if  o-  be  the  arc  of  the 
hodograph,  /  =  a,  that  is,  the  velocity  in  the  hodograph  is 
equal  to  the  acceleration  of  the  particle. 

If  for  instance  a  particle  move  in  a  plane  curve  under  the 
action  of  a  force  making  a  constant  angle  with  the  direction 
of  motion,  the  hodograph  is  an  equiangular  spiral. 

In  general,  if  x,  y,  z  be  the  co-ordinates  of  a  particle  in 
motion,  and  £,  77,  £  the  co-ordinates  of  the  corresponding 
point  of  the  hodograph,  we  have 

£  =  #,    17  =y,     £W, 
and  from  these  the  equations  of  the  hodograph  can  be  found. 

Thus,  if  a  heavy  particle  slide  down  a  smooth  helix,  the 
axis  of  which  is  vertical, 

x  =  a  cos  6,    y  =  a  sin  0,    z=  aO  tan  a, 
and  2     =  vs 


. •.  £  =  sin  6  cos  a*/2ga0  tan  a,    77  =  cos  6  cos  a^fyaff  tan  a. 
and  ?  =  sin  a  */2ga0  tan  a. 
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Hence  f2  +  rf  —  g*  cot2  a,  shewing  that  the  hodograph  is  a 
curve  drawn  on  the  surface  of  a  right  cone,  a  result  which 
presents  itself  at  once  from  the  geometry  of  the  case. 

193.  In  the  particular  case  of  central  forces,  the  hodo- 
graph is  the  reciprocal  polar  of  the  path,  turned  through  a 
right  angle. 

Q 


For  if  SQ  =  v  =  h/p,  SQ  will  be  the  radius  vector  of  the 
hodograph,  turned  through  a  right  angle.  Or,  which  is  the 
same  thing,  the  hodograph  is  the  inverse  of  the  pedal  curve 
turned  through  a  right  angle. 

Hence  for  a  conic  section  described  under  the  action  of  a 
force  to  the  focus,  the  hodograph  is  a  circle. 

If  p  —f(r)  be  the  equation  of  a  central  orbit,  the  equation 
of  the  hodograph  is 


For  QE,  the  perpendicular  on  SP,  is  the  tangent  to  the 
path  of  Q,  and 

r2       f2  fz      p* 

v  =  SY  =  —  =  -      r-SP-—-  -  — 
P  SQ     t"  ~SE~p" 
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In  all  cases  of  free  motion  under  the  action  of  parallel 
forces  the  hodograph  is  obviously  a  straight  line. 

194.  Conversely,  if  the  hodograph  and  its  mode  of  de- 
scription be  known,  the  path  can  be  determined. 

Suppose  for  instance  the  hodograph  to  be  a  helix  described 
with  uniform  velocity.  We  then  have, 

x  =  a  cos  (at,     y  =  a  sin  o>t,    z  =  a.cot  tan  7, 

and  the  integration  of  these  equations  gives  the  equations  of 
the  path. 

From  the  first  two  we  obtain  the  form 
(*- a)1 +  <y -£)•  =  <*•, 
so  that  the  path  is  a  curve  on  the  surface  of  a  cylinder. 

195.  If  two  particles  describe  the  same  curve,  in  the 
same  direction,  under  the  action  of  the  same  central  force, 
the  chord  of  the  hodograph  corresponding  to  their  positions 
at  any  time  represents  the  velocity  of  either  relative  to  the 
other. 

Suppose  for  instance  that  two  particles  are  describing 
the  curve,  r  =  c  sec3  $8,  in  the  same  direction  and  under  the 
action  of  a  force  to  the  origin. 

The  hodograph  in  this  case  is  a  cardioid,  the  cusp  of 
which  is  at  the  origin,  and  it  is  a  known  property  of  this 
curve  that  all  chords  through  the  cusp  are  of  equal  length. 

Hence  it  follows  that  when  the  directions  of  motion  of 
the  two  particles  are  parallel  the  sum  of  their  velocities 
is  constant. 

For  another  example,  if  two  particles  describe  the  < 
r  sin  30  =  a,  under  the  action  of  a  force  to  the  origin,  the 
hodograph  is  a  three-cusped  hypocycloid. 

Now  it  is  a  known  property  of  this  hypocycloid  that 
any  tangent  to  it,  bounded  by  the  curve,  is  of  con- 
length*. 

*  Roultttes  and  Glitiettei,  Art.  (25). 
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Hence  we  infer  that  whenever  the  directions  of  motion 
of  the  two  particles  meet  on  the  curve  the  velocity  of  either, 
relative  to  the  other,  is  always  the  same. 

The  Brachistochrone. 

196.  The  Brachistochrone  is  the  curve  along  which  a 
particle  can  be  guided  in  a  given  field  of  force  from  one 
given  point,  or  from  one  given  curve  or  surface,  to  another 
given  point,  or  to  another  given  curve  or  surface,  so  as  to 
make  the  transit  in  the  least  possible  time.  We  shall 
consider  first  some  special  cases  and  afterwards  prove  some 
general  characteristics  of  brachistochrones. 

To  find  the  brachistochrone  for  the  case  of  a  heavy  particle 
in  a  vertical  plane  from  one  given  point  to  another. 

Measuring  y  downwards  from  the  starting-point 

* 

and  the  expression 


fds  fl  +p*dx  . 

—  ,  or    I  -  T£=  —  is  to  be  a  minimum. 

J    V  J  ^2 


Employing  the   ordinary  processes   of  the   Calculus   of 
Variations,  we  obtain 


G 
r 


dx  =     I    y 
fy     V  2c-y* 


Hence  x  =  c  vers"1  -  — 

c 

is  the  brachistochrone,  and  this  represents  a  cycloid  having 
its  cusp  at  the  origin. 

197.  A  heavy  particle  moves  on  the  surface  of  a  smooth 
circular  cone,  axis  vertical  and  vertex  upwards  ;  it  is  required 
to  find  the  brachistochrone  from  a  given  point  to  a  given 
generating  line. 

If  A  be  the  starting-point,  VA  =  a  and  VP  =  r, 
v3  =  2g  cos  a  (r  —  a), 
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and  the  expression, 


f^)1 +  ,-«.•« 

T  —  ft 

where  <j>  is  the  azimuthal  angle,  is  to  be  a  minimum,  from 
which  condition  we  obtain 


. 
d<f>J  c(r-a) 

as  the  differential  equation  of  the  brachistochrone. 


At  the  limit  #,  employing  the  boundary  equation,  we 

dv 

find  that  -77  =  0,  and  therefore  that  the  brachistochrone  is 
ct<p 

horizontal  at  its  lower  extremity. 

The  fact  that  the  curve  passes  through  the  point  (a,  0) 
theoretically  determines  c,  and  the  radius  to  the  lowest  point 
is  given  by  the  positive  root  of  the  equation, 

r2  sins  a  —  c  (r  —  a)  =  0. 
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198.    Case  of  a  heavy  particle  moving  in  a  brachistochrone 
on  any  surface  of  revolution  the  axis  of  which  is  vertical. 

Measuring  z  vertically  downwards,  and  employing  cylin- 
drical co-ordinates,  let  r  =f(z)  be  the  equation  of  a  meridian. 

Then 

ds*  =  dz*  +  dr*  +  r2d(f>2,  and  v*  =  2g  (z  —  c), 

and  the  condition  that  the  expression 


should  have  a  minimum  value  leads  to  the  equation 
r"-d(f>  =  Cvds. 

The  expression  fmvds,  i.e.  the  space  integral  of  the 
momentum,  is  called  the  action,  and  the  interpretation 
of  the  result  obtained  is  that,  for  a  brachistochrone.  the 
area  swept  over  by  the  radius  vector  on  the  horizontal 
plane  is  proportional  to  the  action. 

199.  A  particle  moves  under  the  action  of  a  repulsive 
force  from  a  fixed  point  0  varying  as  the  distance ;  and  starts 
tuith  the  velocity  J  p .  OA  from  the  point  A. 

To  find  the  brachistochrone  to  another  point  B,  we  first 
observe  that,  at  a  distance  r, 


and  therefore 

is  a  minimum,  the  limits  being  constant 

df) 

This  leads  to  r  -=-  =  G, 

ds 

shewing  that  the  brachistochrone  is  an  equiangular  spiral. 

If  it  be  required  to  determine,  in  this  case,  the  brachisto- 
chrone from  the  fixed  point  A  to  a  given  curve,  r=f(6),  we 
have,  in  addition  to  the  equation,  rdd  —  Cds,  the  boundary 
condition. 
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Taking  r,  ,  0,  as  the  co-ordinates  of  the  bounding  point  B 
on  the  curve  r  =f(6),  this  condition  is 


1  fdr 


» 

or,  =  0. 


IB' 

L 


Now,  if  55'  be  a  small  arc  ot  the  given  curve  and 
BOB'  =  ddl,  and  if  the  dotted  line  BF  represent  part  of  the 
brachistochrone,  and  B'E  the  slightly  variated  curve,  meeting 
in  E  the  radius  vector  OB,  then  8^  =  —  BE. 

From  the  figure  it  will  be  seen  that 

=  EL-BL  =  B'L  cot  EB'O  -  B'L  cot  PRO, 


and  therefore         or,  =  j/'  (0.)  -  fi£)  I  d0t. 


Substituting  in  the  above  equation,  and  observing  that 
d&1  is  an  arbitrary  quantity,  we  obtain 


proving  that  the  brachistochrone  must  intersect  the  given 
curve  at  right  anglea 

*  See  Todhunter'a  Integral  Calculut,  Art.  (358). 
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To  complete  the  solution,  we  obtain  from  rdd  =  Cds,  the 
equation 

r  =  aee  cot  a,  where  a  =  OA , 

and,  to  find  r1}  dl  and  a,  we  have  the  above  equation  (A), 
with  the  equations, 


200.  The  brachistochrone  for  a  particle  moving  in  a  given 
field  of  force. 

The  system  of  the  particle  and  the  field,  being  a  conser- 
vative system,  as  in  Art.  (166),  we  know  that  the  velocity 
depends  upon  the  position  of  the  particle,  and  therefore,  if  v 
be  its  velocity  when  passing  through  the  point  (x,  y,  z), 


For  the  brachistochrone  we  have  to  make  the  expression 


V 

a  minimum,  p  and  q  standing  for  dyjdx  and  dzjdx. 

The  methods  of  the  Calculus  of  Variations  (see  Todhun- 
tcr's  Integral  Calculus,  Art.  o64)  lead  to  the  equations, 


d  (\\      d  (I  p         \ 

Ty  (v)  ~  dx  (v  VITFT^J  = 


Ty 

d     l         d     l 


which  reduce  to 

d*y     dv  dy     dv 

t>j^-j-j+j- 
as2     as  as     dy 


dzz     dv  dz     dv 

v  /  -  -  -j-  j~  +  j-  =  °- 
at?      ds  ds     dz 

B.  D.  17 
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(ft/  fl  Z 

Multiplying  by  -jj-  and   3    respectively,  and  adding 
results,  we  obtain  the  symmetrical  equation 

d?a;     dv  dx     dv 
V  —  --  ---  1-  —  =  0 
ds*     ds  ds     dx 

Any  two  of  these  three  equations  determine  the  brachisto- 
chrone. 

201.     Tlie  brachistochrone  for  a  particle  constrained  to 
move  on  a  given  smooth  surface. 

Taking  K  and  L  to  represent  the  left-hand  members  of 
the  equations  (.4),  we  have  in  this  case 


X, 

and  also,  if  <f>  (%,  y,  z)  =  0  be  the  given  surface, 

$*+£*-€[ 

dy   •       dz 
We  hence  obtain  the  single  condition 

*  mL< 

dcf)     deb 
dy  ^  dz 

and  this  equation,  with  (f>  (x,  y,z)  =  0,  determines  the  bra 
tochrone. 

202.  In  the  case  of  a  particle  moving  in  a  field  of  force, 
if  v  be  the  velocity  of  the  particle,  and  V  the  potential 
energy,  the  equation  of  energy  is 


From  this  equation  we  obtain 

dv        d 
mvdx=s~di 

if  mX  be  the  component  of  the  acting  force. 


dv        dV 

=s~=m    ' 
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The  equations  of  Art.  (200)  now  become 

d*x        dvdx      v 
v2  j—  -  v  T-  -j-  +  X  =  0, 
as2        as  as 

„  d-y       dv  dii      ^r     n 


If  \,  /i,  z>  be  the  direction  cosines  of  the  binormal  we 
obtain 


and  hence  it  follows  that 

the  osculating  plane  contains  the  resultant  of  the  acting  forces. 

Again,  multiplying  by  the  direction  cosines  (I,  m,  ri)  of 
the  principal  normal,  and  adding,  we  find  that 

-  +  lX  +  mY+nZ  =  0; 

P 

that  is,  the  component  of  the  acting  force  in  direction  of  the 
principal  normal  is  equal  to  —  mv^/p. 

Now,  for  free  motion,  the  force  along  the  principal  normal 
is  equal  to 


If  then  the  normal  force  be  reversed  in  direction,  the 
tangential  force  remaining  unchanged,  a  free  path  becomes  a 
brachistochrone,  and  the  converse  is  equally  true. 

In  other  words  the  forces  are  reflections,  or  images,  of 
each  other  with  regard  to  the  tangent,  both  in  direction  and 
magnitude. 

This  theorem  is  due  to  Professor  Townsend,  and  is  given 
with  illustrations  in  Vol.  XIV.  of  the  Quarterly  Journal  of 

Mathematics. 

For  instance,  if  a  particle  move  in  the  curve,  s  =  4a  sin  $, 
under  the  action  of  a  force  inclined  to  the  direction  of  motion 
at  the  angle  vr/2  +  </>,  it  will  be  found  that  the  force  is 
constant. 

17—2 
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The  image  of  this  case  is  the  cycloidal  brachistochrone 
under  the  action  of  gravity. 

For  another  example  take  the  case  of  an  ellipse  descrih.  «1 
freely  under  the  action  offerees  to  the  two  foci,  each  varying 
inversely  as  the  square  of  the  distance. 

The  same  ellipse  will  be  a  brachistochrone  for  repul>i\v 
forces  from  the  two  foci,  each  varying  inversely  as  the  sq> 
of  the  distance  from  the  other  focus. 

203.     The  following  case  is  that  of  a  converse  problem, 
viz.  to  find  the  greatest  distance  which  can  be  passed  « 
under  given  conditions  in  a  given  time. 

The  velocity  of  the  current  in  a  river  is  proportional  tu  tl<e 
distance  from  the  bank,  and  a  man  who  swims  at  a 
rate  wishes  to  get  as  far  as  possible  down  the  river  in  a  // 
time;  how  must  he  start  from  the  bank? 

Measuring  x  parallel  to  the  bank,  and  taking  py  for  tin- 
velocity  of  the  stream,  and  v  the  rate  at  which  the  man  can 
swim,  we  have 

x  =  fiy  +  v  cos  6  and  y  =  v  sin  6, 

so  that,  if  T  be  the  given  time, 


dy 
where  p**^ 

If  #  is  a  maximum, 


and,  taking  a  as  the  initial  value  of  6,  this  leads  to 


v  tan  a  —  p.vt  =  \(G  —  fty)*  —  t^. 
•*.  tan  v  ^  —      —  ™  —         —  ^ 

=  tan  a  —  /if, 
and,  if  /3  is  the  final  value  of  6, 

tan  a  —  tan  /S  =  /*T. 


EXAMPLES.  261 

The  boundary  condition  is 

i  =  0  and  •*•  Pi  =  0, 
so  that  /3  =  0,  and  tan  a  =  fir. 

The   swimmer  must   therefore   start   at   an   angle,   the 
tangent  of  which  is  proportional  to  the  given  time. 

EXAMPLES. 

1.  A  point  moves  in  a  straight  line  under  the  action  of 
a  force  varying  as  the  distance  from  a  point  in  that  line ; 
prove  that  the  corresponding  point  in  the  hodograph  moves 
as  though  acted  upon  by  a  similar  force. 

2.  One  particle  describes  a  given  orbit  about  a  centre  of 
force,  and  another  particle  describes  the  hodograph  of  that 
orbit  under  the  action  of  a  force  to  the  pole  of  the  hodograph, 
shew  that  the  product  of  the  accelerations  of  the  particles  at 
two  corresponding  points  of  their  orbits  varies  as  the  product 
of  the  central  distances  of  those  points. 

3.  If  P  and  Q  be  the  tangential  and  normal  forces,  and 
<£  the  inclination  of  the  tangent  to  a  fixed  direction,  the 
hodograph  is 

r      [8P 


4.  A  smooth  elliptic  tube  is  placed  with  its  major  axis 
vertical  and  a  particle  allowed  to  slide  down  it,  starting  from 
rest  at  the  highest  point ;  shew  that  the  hodograph  is  given 
by  the  equation 

r  =  c  sin  ^  \  cot"1  [  T  cot 


5.     Prove   that   the   hodograph   of  a  central  orbit  can 

itself  only  be  a  central  orbit  under  the  action  of  a  force 

to   the  origin   from   which   its   radii  are  drawn  when   the 
central  orbit  is  an  ellipse  or  hyperbola. 
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<i.     A   heavy   particle   moves   on   a   rough   curve    in    a 
vertical  plane  so  that  the  pressure  on  the  curve  is  constant. 
Prove  that  its  hodograph  is  a  conic  described  as  aboi 
(••litre  of  force  in  the  focus. 

7.  If  a  particle  describe  a  lemniscate  under  the  action  of 
a  force  to  the  pole,  prove  that  the  hodograph  is  of  the  form 

,TT-26 

r3  =  a-  sec*  — ^ —  • 

8.  If  a  particle  move  in  a  brachistochrone  in  an  open 
field   of  force   the   pressure   on   the   constraining  curv 
2mva/p. 

9.  A  rough  tube  in  the  form  of  a  cycloid  is  plae.-d  with 
its  axis  vertical  and  vertex  upwards.     A  heavy  particle  is 
projected  along  the   tube   from   the   vertex   with   a  given 
velocity  V,  find  the  velocity  in  any  subsequent  position. 

If  the  coefficient  of  friction   be   tan  X,  and    the   initial 
velocity  be  to  that  which  would  be  acquired  in  descending 
freely  down  the  tube,  supposed  smooth,  as  sin  X  :  1,  {>; 
that  the  hodograph  is  a  circle. 

10.  Find  the  hodograph  in  the  cases  of  free  motion  in 
a  cardioid  under  the  action  of  a  force  to  the  cusp. 

11.  One  circle  rolls  uniformly  on  the  circumference  of 
another,  on  the  outside  ;  find  the  hodograph  of  a  point  on  th< 
circumference  of  the  rolling  circle. 

12.  Find  the  hodograph  in  the  cases  of  the  motion  of  a 
heavy  particle  on  a  smooth  cycloid,   the  axis  of  which  i> 
vertical  and  the  vertex  (1)  upwards,  (2)  downward*. 

l:{.     A    ] (article  is  moving  under  the  action  of  a  force 
perpendicular  to  and  proportional  to  the  distance  from  th« 
line   of  zero   velocity,  shew   that  the  brachistochrone  is  a 
circle. 

14.     Prove  that  a  parabola  is  a  brachistochrone, 

(1)  for  a  constant  force  from  the  focus ; 

(2)  for  a  force  from  the  directrix  varying  inverse! 
the  square  of  the  distance  from  the  directrix. 
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15.  One  circle  rolls  uniformly  on  the  circumference  of 
another  on  the  inside;   find   the  hodograph  of  a  point  on 
the  circumference  of  the  rolling  circle. 

16.  If  p  be  the  radius  of  curvature  at  any  point  of  the 
hodograph  of  a  central  orbit,  and  p  the  perpendicular  from 
the  pole  of  the  hodograph  on  the  tangent  at  that  point,  then 
the  force  at  the  corresponding  point  of  the  orbit  is  propor- 
tional to  pzp. 

17.  A   projectile   moves   under  gravity   in   a   uniform 
medium  whose  resistance  varies  as  the  velocity.     Prove  that 
the  hodograph  of  the  trajectory  is  a  straight  line,  and  that 
the  velocity  of  the  point  on  the  hodograph  is  proportional 
to  the  horizontal  velocity  of  the  projectile. 

18.  A  particle  moves  under  a  central  acceleration  fium+3. 
being  projected  from  an  apse  at  a  distance  a  with  a  velocity 

Shew  that  the  hodocrraph  is  r"1  cos  mB  =  a 


n  +  1  a™* 

n 


constant  where  m  = 


19.  Prove  that  if  the  force  vary  inversely  as  the  cube  of 
the  distance  from  a  fixed  point,  the  brachistochrone  will  be 
an  equilateral  hyperbola. 

20.  Shew  that  the  parabola  is  brachistochronous  for  a 
force   acting  perpendicularly   from    its    axis,   and    varying 
directly  as  the   axial  and  inversely   as  the  square  of.  the 
focal  distance,  the  line  of  no  velocity  coinciding  with  the  a\i>. 

21.  A  particle  moves  in  a  vertical  plane  in  a  medium 
whose  resistance  is  kvn:   determine  the   hodograph.     Shew 
that  it  will  be  an  algebraic  curve  if  n  be  an  odd  integer. 

Defining  the  instantaneous  parabola  as  the  parabola  that 
would  be  described  if  at  any  instant  the  resistance  cease  to 
act  ;  shew  that  the  vertex  of  such  a  parabola  is  at  any  instant 
moving  downwards  at  an  angle  tan"1  (£  tan  0)  to  the  horizon, 
where  (f>  is  the  angle  the  particle's  path  makes  with  the 
horizontal. 

22.  Two  particles  are  describing  free  paths  in  one  plane 
which   are  holographs  to  one  another  ;   if  the  particles  be 
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always  at  corresponding  points,  prove  that  the  paths  must  be 
conic  sections,  and  find  the  nature  of  the  forces  acting 
the  particles. 

23.  A  body  moves  on  a  right  circular  cone,  the  velocity 
varying  as   the   nth   power  of  the  cosine  of  the  angle  of 
inclination  to  the  vertical,  and  the  body  moves  along  the 
curve  of  quickest  descent  from  one  given  point  to  another. 
Shew  that,  if  the  cone  be  developed,  the  path  will  become  a 
curve  such  that  the  perpendicular  on  the  tangent  varies  as 
some  power  of  the  polar  subtaugent ;  and  find  the  curv« 

the  cases  n  =  1  and  n  =  0. 

24.  If  the  velocity  of  a  carriage  along  a  road  is  propor- 
tional to  the  cube  of  the  cosine  of  the  inclination  of  the 
road  to  the  horizon,  determine  the  path  of  quickest  a^ 
from  the  bottom  to  the  top  of  a  hemispherical  hill,  and  *h« -\v 
that  it  consists  of  a  spherical  curve  described  by  a  point  of  a 
great  circle  which  rolls  on  a  small  circle  described  about  the 
pole  with  a  radius  Tr/6,  together  with  an  arc  of  a  great  circle. 

25.  If  a  point  move  in  a  plane  with  velocity  always 
proportional  to  the  curvature  of  its   path,  prove  that  the 
brachistochrone  of  continuous  curvature   between  any  two 
given  points  is  a  complete  cycloid. 

26.  Prove  that   any  curve  which  is  a  free  path  for  a 
force  to  a  fixed  centre  is  also  a  brachistochrone  for  an  equal 
force  enveloping  its  caustic  by  reflexion  from  the  fixed  cent  iv 
as  focus. 

27.  Find   the  hodograph  of  an  elliptic  orbit  described 
under  the  action  of  a  force  to  the  focus,  and  hence  prove  that 
the  mean  value,  taken  with  regard  to  time,  of  the  inverse 
square  of  the  radius  vector  is  equal  to  the  product  of  the 
reciprocals  of  the  semiaxes. 

28.  A  point  moves  so  that  its  velocity  varies  as  the  length 
intercepted  on  a  fixed  line  between  the  tangent  and  the 
normal  to  its  path.     Prove  that  its  quickest  course  between 
any  two  given  points  is  part  of  a  four-cusped  hypocycloid. 

29.  A  particle  moves  freely  under  the  action  of  a  force 
whose  direction   is  always  parallel   to  a  fixed  plane,  and 
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describes  a  curve  which  lies  on  a  right  circular  cone  and 
crosses  the  generating  lines  at  a  constant  angle ;  prove  that 
its  hodograph  is  a  conic  section. 

30.  A  heavy  particle  is  projected  from  a  given  point 
along  a  smooth  groove  cut  on  the  surface  of  a  right  circular 
cone,  whose  axis  is  vertical  and  vertex  upwards,  with  the 
velocity  due  to  the  depth  from  the  vertex.     Prove  that,  if 
it  reach  another  given  point  not  more  than  half  way  round 
the  cone  in  the  least  possible  time,  the  curve  of  the  groove 
must  be  such  as  would  if  the  cone  were  developed  become  a 
parabola  with  the  point  corresponding  to  the  vertex  as  focus. 

31.  A  particle,  acted  on  by  a  central  attractive  force 

ttf 

whose  accelerating  effect  at  a  distance  r  is  .  a        ^ ,  a  being 

a  constant,  is  projected  from  a  given  point  with  the  velocity 
from  infinity ;  prove  that  the  form  of  the  groove,  in  which  it 
must  move  in  order  to  arrive  at  another  given  point  in  the 
shortest  possible  time,  is  an  hyperbola  whose  centre  coincides 
with  the  centre  of  force. 

32.  A  point  moves  on  a  cylinder  of  radius  a  and  length 
I  from  a  given  point  on  one  end  to  a  given  point  on  the 
other  in  the  shortest  possible  time,  when  its  velocity  varies 
as  the  distance  from  a  fixed  plane  through  the  axis ;  shew 
that  the  curve  described  is  given  by 

cos  6  sinh  I/a  =  cos  a  sinh  x'fa  +  cos  ft  sinh  x/a, 
where  0  is  the  inclination  to  the  fixed  plane  of  the  plane 
drawn  through  the  axis  to  a  point  in  the  curve  whose  dis- 
tances from  the  ends  are  x,  x',  and  where  a,  ft  are  the  initial 
and  the  final  values  of  0. 

33.  Two  points  begin  to  move  at  the  same  instant  and 
also  stop  simultaneously,  and  the  product  of  their  accelera- 
tions at  any  time  varies  inversely  as  the  product  of  their 
velocities.     If  a,   b,   be  their  initial  and  a',  b',  their  final 
velocities,  and  t  be  the  greatest  time  the  motion  can  last, 
prove  that 

a!*-a?  _       b'3-b* 
2aa  :    26/3    ' 

where  a,  ft,  are  respectively  their  initial  accelerations. 


EXAMPLES. 

•U.     A  tn.-ui  walks  up  a  uniform   incline   from  a  [ 
point,  to  reach  a  given  height.     His  velocity  the 

sine  of  the  angle  between  his  path  and  the  lines  of  gre.i 
slope   on   the   incline.     If  he   exhausts   himself  at  a 
proportional  to  the  product*  of  the  whole  height  ascend* •<). 
an<!  the  square  of  the  cosine  of  the  inclination  of  his  path  to 
the   line   of  greatest   slope,  shew  that  he  will   get   to   the 
rt-ijuired  height  with  least   exertion   along  a  curve    whose 
equation  is  y*  =  aa?. 

35.  A  particle  is  constrained  to  move  on  a  surface  of 
revolution  under  the  action  of  forces  the  directions  of  whi«-h 
pass  through  the  axis,  and  which  depend  upon  the  dista 
from  the  axis  or  from  fixed  points  in  it;  find  the  differential 
equation,  (in  r  and  6,  or  in  any  other  form,)  to  the  projection 
on  a  plane  perpendicular  to  the  axis,  of  the  brachistocnronooa 
path  between  two  points  on  the  surface,  and  prove  tha 
velocity  at  any  point  is  proportional  to  the  distance  fi  -in  tin- 
axis,  and  to  the  sine  of  the  angle  between  the  path  and  tin-- 
generating curve  through  the  point. 

If  the  surface  be  a  hemisphere,  and  the  force  be 
and  vary  as  the  distance  from  the  axis,  shew  that  when 
starting-point  is  in  the  rim  of  the  surface,  the  projection 
is  a  straight  line. 

36.  Find  the  differential  equations  of  the  brachistochrone 
on  the  surface  of  a  sphere  which  is  rotating  round  a  diametral 
axis  with  uniform  angular  velocity. 

Prove  that  if  r  and  6  be  the  co-ordinates  of  the  projection 
of  the  particle  on  a  plane  perpendicular  to  the  axis,  r  will  be 
proportional  to  the  resolved  part  of  the  force  of  constraint 
perpendicular  to  the  meridian  plane  of  the  particle  at 
instant,  and  that  under  certain  conditions  the  equation 
between  r  and  0  assumes  the  form 

a  =  r  cosh  mff. 

If  the  relative  velocity  of  the  particle  at  starting  be  <><|iial 
to  the  velocity  of  the  point  on  the  surface  from  which  it 
starts,  prove  that  the  relative  motion  in  longitude  will  be 
uniform. 


CHAPTER  XII. 


MOTION   OF  TWO   PARTICLES  ACTING  ON   EAf'H   OTHER. 


204.  IF  two  particles,  attracting  each  other,  move  in  a 
plane,  we  know  that  their  centre  of  gravity  is  either  at  rest 
or  is  in  motion  with  a  velocity  constant  in  magnitude  and 
direction. 

Having  given  the  velocities  at  any  instant  we  can  find 
the  velocity  of  the  centre  of  gravity,  and  by  reversing  this 
velocity  on  the  whole  system  we  find  the  velocities  of  the 
two  particles  relative  to  their  centre  of  gravity,  and  the  case 
is  then  reduced  to  that  of  a  central  force. 

In  all  cases  the  force  of  each  particle  on  the  other  is 
proportional  to  the  product  of  the  masses  and  a  function  of 
the  distance,  and  therefore  by  a  proper  choice  of  units  is 
represented  by  the  expression  mm'  <f>  (r). 

If  m,  m  be  the  masses  of  the  particles,  and  u,  u'  their 
initial  velocities  relative  to  their  centre  of  gravity,  these 
velocities  are  in  parallel  and  opposite  directions,  and  are  such 
that 

IHU  =  m'u'. 

It  is  evident  that  the  two  paths  about  G,  their  centre 
of  gravity,  are  similar  curves. 
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If  PQ  =r,  and  if  mm'  <f>  (?•)  be  the  force  exerted  by  '-.n  h 
particle  on  the  other,  then,  considering  the  motion  of  P,  this 
force 


m'     D) 

- GP\> 


which  is  a  function  of  the  distance  GP,  and  the  motion  is 
therefore  determined  as  in  Chapter  VII. 


IL  ^ 


If  the  path  of  P  with  regard  to  G  be  determined  in  the 
form,  GP=f(0),  the  path  of  P  relative  to  Q  is  given  by  the 
equation, 

m'-,PQ=f(0). 


m  +  m 


Or,  we  can  determine  the  path  of  P  relative  to  Q  by 
finding  the  initial  velocity  of  P  relative  to  Q,  and  observing 
that  the  acceleration  of  P  relative  to  Q  is 


which  again  reduces  the  case  to  that  of  a  force  to  a  fixed 
centre. 
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205.  Motion  of  two  particles  in  a  plane  attracting  each 
other  'tvith  a  force  varying  as  the  distance. 

The  force  on  P  =  mm'  PQ  =  m  (m  +  m)  GP,  and  the 
acceleration  of  P  in  the  direction  PG  =  (m  +  in')  GP  ;  hence 
it  follows  that  P  describes  an  ellipse  about  G  as  centre 
in  the  time  27r/Vra  +  m',  and  that,  if  u  be  the  initial  velocity 
of  P  relative  to  G,  the  semidiameter  conjugate  to  GA 


If  u,  u'  be  the  initial  velocities  of  P  and  Q  relative  to  G, 
so  that  urn  =  m'u,  the  initial  velocity  of  P  relative  t 

=  u  +  u  =  (m  +  m')  u/m', 

and  the  acceleration  of  P  relative  to  Q  =  (m  +  m')  PQ,  so 
that  the  periodic  tiim-  is  ITT  j  \/  m  +  m  ,  and  the  semidiam 
conjugate  to  AB,  of  the  relative  path 

=  u  V?n,  +  ra'/ra'. 

These  last  results  are  of  course  at  once  derivable  by  geometry 
from  the  preceding. 


206.     Motion  of  t/i'o  particles  in  a  i>1<me  when  the  l<t< 
attraction  is  that  of  the  inverse  square  of  the  di*t<' 
Taking  the  force  between  the  particles  to  be 
(Distance)2,  tin-  acceleration  of  P  in  the  direction  PG 

and  hence   it   follows  that  the  path  of  P  relative   to  (T  i>   a 
conic  of  which  G  is  a  focus. 

This  conic  is  a  parabola,  ellipse,  or  hyperbola  according  a- 
u-  is  equal  to,  less  than  or  greater  than  2m's/(m  +  7n')t  A&. 

If  the  relative  path  is  an  ellipse,  its  transverse  axis  2</  is 
given  by  the  equation 

2=      2m'3      i  1_       \\ 
~(m  +  irif\AG     2a/' 
and  the  periodic  time  =  2?ra*  {m  +  in')',  in'  . 

In  the  same  manner  if  the  law  of  attraction  be  that  of 
the  inverse  cube  of  the  distance,  the  relative  paths  may  be 
equiangular  spirals,  provided  the  relative  velocities  are 
properly  adjusted  at  starting. 
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207.  If  the  two  particles  are  not  initially  jm-j.  <  -tr<l   in 
the  same  plane,  we  must  find  the  velocity  of  tin-  centre  of 
inertia  of  the  system,  and,  by  reversing  it  on  each  body  of 
the  system,  we  shall  obtain  their  velocities  relative-  to  the 
centre  of  inertia.     These  velocities  will  be  in  parallel  <1 
tions  and  such  that  inu  =  m'u,  and  the  plane  passing  through 
them  is  the  plane  of  the  relative  motion. 

Hence  it  is  seen  that  the  actual  motion  consists  of  the 
motion  in  the  plane,  while  the  plane,  remaining  parall 
itself,  moves  with  the  centre  of  inertia. 

208.  We  can  also  obtain  these  results  from  the  equ; 
of  motion. 

For,  if  x,  y,  z  be  the  co-ordinates  of  one  particle, 
x,  y',  z'  of  the  other,  r  the  distance  between  them,  and 
E  the  force  of  each  on  the  other,  the  equations  of  motion 
are, 

'  '  n  z  —  z1 

inz  =  —  R- 


r  r 

—  a?  ny 


r 
Hence  we  obtain 


,     m'z' =  R 


n 


X  —  x'     y  —  y'     z  —  z'  uim'r 

and,  integrating,  we  find  that 


(z  —  z)  (x  —  x)  —  (x  —  x')  (i  —  z)  =  Bt 


A,  B,  and  C  being  constants, 
and..          Ax 


shewing  that  the  line  joining  the  particles  is  alway> 
dicular  to  the  straight  line,  the  direction  cosines  of  which  are 
proportional  to  A,  B,  G. 


TWO   HEAVY   PARTICLES   CONNECTED   BY  A  STRING.    271 

209.  Motion  of  two  heavy  particles,  connected  by  an 
inextensible  string,  and  projected  in  any  manner. 

If  the  initial  distance  of  the  particles  from  each  other  be 
less  than  the  length  of  the  string,  there  will  be,  after  a  certain 
time,  a  jerk  of  the  string.  The  velocities  perpendicular  to 
the  string  will  be  unchanged,  and  the  change  of  the  velocities 
in  direction  of  the  string  will  be  determined  by  the  considera- 
tion that  the  momentum  of  the  system  in  that  direction  will 
not  be  affected  by  the  jerk. 

For  the  subsequent  motion,  since  the  tension  of  the  string 
produces  equal  and  opposite  momenta  in  any  given  time,  it 
follows  that  the  horizontal  momentum,  in  any  direction,  of 
the  system  is  constant,  and  that  the  vertical  momentum 
imparted  to  the  system  is  the  same  as  if  there  were  no 
string. 

If  then  u,  v  be  the  component  horizontal  velocities  in 
given  directions,  at  any  time,  of  one  particle,  and  u',  v'  of  the 
other, 

mu  +  m'u   and  mv  +  m'v 

are  each  constant,  and  if  w,  w'  be  the  initial  vertical  velocities, 
measured  downwards,  the  vertical  momentum  of  the  system 
at  the  time  t  is 

mw  +  m'w'  +(m+  m')  gt. 

Taking  then  a,  {3,  7  as  the  component  velocities  of  the 
centre  of  inertia,  the  horizontal  resultant  Vaa  -I-  /31  is  constant 
in  magnitude  and  direction,  and 

(m  +  m)  7  =  mw  +  m'w'  +  (m  +  m')  gt, 
so  that  the  motion  of  G  is  the  same  as  that  of  a  projectile. 

Further,  if  we  imagine  the  velocity  and  acceleration  of  G 
reversed  on  the  system,  we  shall  have  the  case  of  two 
particles  connected  with  G  by  strings  of  given  length,  and 
consequently  the  motion  of  each  will  be  circular,  and  the 
tension  of  the  string  will  be  constant.  These  are  particular 
cases  of  the  theorems  of  Arts.  (45)  and  (49). 
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210.     We  can  obtain  the  same  result  by  means  of  the 
equations  of  motion. 

If  T  be  the  tension  and  I  the  length  of  the  string,  these 
equations  are 


=  mg- 


m'y 


I 

z-z' 

I    • 


The  addition  of  the  several  pairs  of  equations  gives  the 
first  result. 

Also  we  find  as  in  Art.  (207)  that  the  string  is  always 
perpendicular  to  a  certain  fixed  direction. 

Further  we  have 

(x  -  xj  +  (y-  yj  +  (z-  zj  =  l\ 
and  therefore 

(a?-  x')  (x  -x)+(x-  xj  +  .........  =0.     (a). 

But  from  the  equations  of  motion 

™/l       TL\SC  —  x'    0 
x-x'  =  -T  (-  +  —,  —  j—  ,  &c. 
\m     mj      I 


and  substituting  in  the  equation  (a)  we  deduce  that  T  is 
constant. 

211.  Motion  of  a  number  of  free  particles,  attracting  each 
other  with  forces  proportional  to  the  distance. 

In  this  case,  by  a  well-known  theorem,  the  resulting 
action  on  each  particle  is  directed  to  the  centre  of  gravity  of 
the  system,  and  is  proportional  to  the  distance  from  it.  The 
particles  therefore  describe,  relative  to  G,  ellipses  of  which 
G  is  the  centre,  and  in  the  same  periodic  time. 
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EXAMPLES. 

1.  Two  bodies  attracting  each  other  with  a  force  which 
varies  inversely  as  the  cube  of  the  distance  are  projected  in 
parallel  directions;  find  the  condition  that  the  relative  paths 
may  be  equiangular  spirals. 

2.  If  two  particles  of  masses  \i,  p   attract  according  to 
the  law  of  gravitation  and  be  projected  with  velocities  v,  v', 
making  an  angle  a  with  each  other ;  shew  that  their  orbits 
relative  to  their  common  centre  of  gravity  will  be  para- 
bolas, ellipses,  or  hyperbolas,  according  as 

2  (a  +  u.'\ 

v*  —  2vv  cos  a  +  a2  < ,  = ,  or  <  — - —     -  , 

c 

where  c  is  their  initial  distance  apart. 

3.  Two  bodies,  the  masses  of  which  are  m  and  m',  are 
projected   from   the   points   A,   B,   and   attract  each  other 
according  to  the  Newtonian  law.     The  body  m  is  projected 

from  A  in  the  direction  BA  with  a  velocity  A/ — jrr~ 

V       AD 

m!  is  projected  from  B  in  a  direction  BP  with  a  velocity 

m  +  m'    >OSPBA- 
AB 

determine  completely  the  path  of  either  with  regard  to  the 
other. 

4.  The  co-ordinates  (x,  y),  (xly  y^),  of  the  simultaneous 
positions  of  two  equal  particles  are  given  by  the  equations 

x  =  a9  —  2a  sin  9,  x±  =  ad, 

y  =  a  —  a  cos  0,  yl  —  —  a  +  a  cos  0  ; 

prove  that,  if  they  move  under  their  mutual  attractions, 
the  law  of  force  will  be  that  of  the  inverse  fifth  power  of  the 
distance. 

5.  Two  bodies  attract  each  other  with  a  force  varying  as 
the  distance ;  find  the  conditions  that  the  relative  orbits  may 
be  circles. 

B.  D.  18 
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6.  Two  particles,  of  M  and  m  grammes  respectively, 
attract  according  to  the  law  of  gravitation,  and  the  relative 
orbit  is  a  circle  of  radius  a  centimetres,  prove  that  the 
periodic  time  is 

2?r          a 

3928  -TTTT   —  \  ft   seconds. 
+  m) 


If  at  any  instant  the  square  of  the  relative  velocity  of  m 
be  doubled,  without,  however,  change  of  direction,  shew  that 
the  distance  apart  will  be  doubled  after  an  interval  of  time 
equal  to 

3928  [W2  —£  -  -1  seconds. 
[3       ^/(M  +  m)J 

7.  Two  particles  move  under  the  action  of  their  mutual 
attractions,  one  of  them  being  constrained  to  remain  on  a 
fixed  smooth  wire  in  the  form  of  a  plane  curve  :  if  the  path 
of  the  other  be  an  involute  to  this  curve  and  the  two  particles 
be   always   at  corresponding   points,  the  curve  has   for   its 
intrinsic  equation 

_w*» 

s  =  ae    2  , 
where  m  is  the  ratio  of  the  masses  of  the  particles. 

8.  Two   equal   bodies  attract  each  other  with  a  force 
varying  inversely  as  the  fifth  power  of  the  distance,  and  they 
are  projected  with  equal  velocities,  in  opposite  directions,  at 
right  angles  to  the  line  joining  them  ;  prove  that  there  are 
two  velocities,  in  the  ratio  of  1  :  \/2,  for  each  of  which  the 
relative  orbits  will  be  circles. 

9.  Two  masses  m,  m'  are  connected  by  an  inextensible 
string  of  length  a.     The  extremity  A  to  which  m  is  attached 
is  compelled  to  move  with  uniform  acceleration  in  a  straight 
line  under  the  action  of  a  force  P  in  a  straight  line,  and  the 
extremity  B  to  which  m'  is  attached,  is  compelled  to  describe 
a  circle  round  A  with  uniform  angular  velocity  «o  under  the 
action  of  a  force  Q  perpendicular  to  AB.     Find  P  and  Q,  and 
prove  that  the  least  value  of  P  is 


,.  .  ,    , 

mf  --  -j-r-  provided  aco-  <  '2f. 

V 
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10.  Two  smooth  circular  rings  (of  radius  a)  are  placed 
in  a  vertical  plane  with  their  centres  in  the  same  horizontal 
line  at  a  distance  3a.     Two  equal  beads  (of  mass  in)  slide  on 
these  rings  and  are  connected  by  a   thin  elastic  string,  of 
which  the  natural  length  is  3a  and  modulus  of  elasticity 
3\mg.     They  are  held  as  far  apart  as  possible  and  then  let  go. 
Find  when  they  come  to  rest. 

In  the  particular  case  in  which  X=  1,  find  the  whole  time 
of  the  motion. 

11.  Two  equal  particles  can  move  on  a  fixed  smooth 
circular  wire  and  attract  each  other  with  a  force  varying  as 
the   distance   between  them.     Prove   that   their  centre   of 
gravity  moves  with  uniform  angular  velocity,  and  that  the 
relative  motion  of  one  with  respect  to  the  other  is  the  same 
as  the  motion  of  a  simple  pendulum. 

12.  Two  beads  of  equal  mass  repelling  one  another  with 
a  force  varying  inversely  as  the  square  of  the  distance  are 
free  to  slide  on  a  parabolic  wire.     If  they  are  initially  at  the 
extremities  of    the   latus   rectum,   prove   that  if    properly 
projected  the  line  joining  them  will  always  pass  through  the 
focus  of  the  parabola. 

13.  The  attraction  between  two  equal  particles,  each  of 
mass  in,  is  fjun'/r3,  when  r  is  the  distance  between  them,  and 
they  are  projected  with  equal  velocities  on  the  same  side  of 
the   line   (c)  joining   them   in   directions   not  parallel  but 
equally  inclined  to  that  line ;  prove  that  the  path  of  each 
will  be  an  ellipse,  parabola,  or  hyperbola,  according  as  the 
initial  component  of  each  velocity  in  direction  of  the  line  c 
is  less  than,  equal  to,  or  greater  than  ,/2/ira/c2. 

14.  Two  small  rings  each  of  mass  ra,  which  attract  each 
other  with  the  force  m&>2  x  distance,  are  placed  on  smooth 
wires  Ox,  Oy,  inclined  to  each  other  at  a  given  angle,  which 
commence  to  move  in  their  own  plane  with  angular  velocit}7 
&),  and  continue  to  move  uniformly.     Determine  the  motion 
of  the  rings. 


18—2 


CHAPTER  XIII. 


ENERGY  AND  MOMENTUM. 

212.  IT  is  intended  in  this  Chapter  to  illustrate  the  use 
of  the  principles  of  momentum  and  energy  which  were  laid 
down  in  Articles  (44),  (47)  and  (52)  of  Chapter  IV. 

In  many  cases  problems  of  motion  are  very  rapidly  and 
easily  solved  by  the  aid  of  these  principles,  and  in  all  the 
cases  to  which  they  are  wholly  or  partially  applicable,  the 
problem  of  determining  the  motion  of  a  body  or  a  system  is 
reduced  to  the  solution  of  equations  containing  simple  time- 
fluxes  of  the  co-ordinates  of  the  system. 

213.  Motion   of  two   spheres   which   attract  each   other 
according  to  the  law  of  nature,  of  given  masses  m  and  m',  and 
given  radii  a  and  a',  placed  originally  without  kinetic  energy 
with  their  centres  at  a  given  distance  c  from  each  other. 

Supposing  that  the  configuration  of  zero  potential  energy 
is  when  the  spheres  are  in  contact  the  potential  energy  of 
the  initial  configuration,  which  is  the  work  done  in  separating 
the  spheres, 


=/'  " 

•1  a+a 


mm   ,        mm       mm 
•dr  = 


r*  a  +  a'        c 


During  the  subsequent  motion  let  u  and  u'  be  the 
velocities  of  the  two  balls  when  their  centres  are  at  a 
distance  r  from  each  other. 
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The  principles  of  momentum  and  energy  give  the  two 
equations, 


mu  =  m'u', 


,  ,       mm       mm       mm        mm 

itmu2  -f  *m  u 2  H —  — , =  —  — / , 

a+a         r        a+a         c 

or  A  (mu2  +  m'u'2}  =  mm  [• ) , 

\r     cj 

from  which  u  and  u'  are  at  once  determined  in  terms  of  the 
distance. 

214.  Potential  energy  and  kinetic  energy  in  the  case  of  a 
heavy  body. 

In  this  case  the  system  consists  of  the  body,  mass  m,  and 
the  earth,  mass  M,  and  if  we  suppose  that  the  body  and  the 
earth's  centre  have  initially  no  motion,  and  that  after  a  time 
v  and  u  are  the  velocities  of  the  body  and  of  the  earth's 
centre,  we  have  the  equation  mv  =  Mu,  and  therefore  it 
follows  that  the  kinetic  energies,  \Mu2  and  ^mv*,  are  in  the 
ratio  m  :  M,  which,  in  all  ordinary  cases,  is  absolutely 
infinitesimal.  Hence  the  case  becomes  that  of  a  revolving 
earth,  the  centre  of  which  is  fixed. 

In  that  case  we  have  shewn,  in  Art.  184,  that  if  mg  is  the 
weight  of  the  body  at  the  place,  g  is  approximately  the 
vertical  acceleration  downwards  of  the  body  when  set  free  in 
any  manner. 

We  have  also  shewn  in  the  particular  case  of  a  body  let 
fall  from  a  height  h,  that  the  easterly  velocity,  —  y,  is 
approximately 

2&>  s\n  a(h  —  z),  or  a>gP  sin  a. 

Turning  now  to  the  equations  of  Art.  184,  we  see  that 
the  exact  equation  connecting  the  position  of  the  body  at 
any  instant  relative  to  the  place  with  its  velocity  relative  to 
the  place  is 

x-  +  y-  +  z~  —  or  {y"  +  (z  sin  a  —  x  cos  a)2]  =  C  —  lyz. 
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In  the  particular  case  of  the  body  let  fall, 


We  hence  see  that,  if  we  neglect  the  Easterly  and  Southerly 
deviations,  we  obtain  the  approximate  equation 

z2  =  2g(h-  z). 

215.  We  can  test  this  conclusion  still  further  by  starting 
with  the  equation  of  energy. 

When   a  body  is   let  fall  from  a  height  h,  it  has  the 

horizontal  velocity,  to  (c  +  k)  sin  (a  +  <£),  in  direction  of  the 

East,  or,  very  approximately,   a>c  sin  a,   if  we   neglect  the 
Easterly  deviation. 

As  soon  as  the  body  is  released,  the  force  in  action  upon 
it  is  the  attraction  F  of  the  earth  in  the  direction  of  the 
earth's  centre. 

If  we  neglect  the  Southerly  deviation,  or,  in  other  words, 
if  we  neglect,  for  the  time  t,  the  curvature  of  the  conical 
surface  which  is  swept  out  by  the  vertical  about  the  earth's 
polar  axis,  the  force  F  will  be  in  action,  in  the  vertical  plane 
through  the  East,  in  a  gradually  varying  direction. 

Very  approximately,  the  velocity  imparted  to  the  body  by 
the  action  of  the  force  will  be  Ft/m  in  the  direction  inclined 
at  the  angle  ^cot  sin  a  to  the  original  direction  of  the  vertical. 

Omitting  the  energy  due  to  the  earth's  rotation,  which 
would  appear  on  both  sides,  the  equation  of  energy  will  be 

f  F  fF  Y) 

•Jra  \  &>2c2  sin2  a  —  2&>c  sin  a  .  —  t  sin  (i&>£  sin  a)  +  [  —  t)  }• 
*      (  m  \m  J  ) 

+  F(c  +  z)  =  |raa>2c2  sin2  a  +  F(c  +  h), 

iF  ) 

—  tf  —  &>2e£2  sin2  a  [  =  h  —  z,  very  nearly. 
m  J 


or 
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But  F  —  my  =  mw-cs'm2  a,  (Art.  180),  to  the  same  degree 
of  approximation  ; 


which,  since  —gt  is  a  first  approximation  to  the  value  of  z, 
agrees  with  the  result  before  obtained. 

216.  In  writing  down  the  equation  of  energy  we  have 
to  express  the  fact  that  the  sum  of  the  kinetic  and  potential 
energies  of  the  system  is  constant. 

The  change  of  potential  energy  is  measured  by  the  work 
done  by  the  forces  of  the  system. 

Hence  we  may  write  down  the  equation  of  energy  by 
expressing  the  fact  that  the  change  of  kinetic  energy  is 
equal  to  the  work  done  by  the  forces. 

In  some  simple  cases  it  is  convenient  to  employ  the 
latter  mode  of  expression;  in  general  however  it  is  more 
conducive  to  accuracy  of  thought  to  employ  the  former  mode 
of  expression. 

217.  Motion  of  a  simple  pendulum. 

If  a  simple  pendulum  of  length  I  start  from  the  inclination 
a  to  the  vertical,  the  work  done  by  gravity  as  the  pendulum 
falls  to  the  inclination  0  is  my  (I  cos  6  —  I  cos  a),  and  the  kinetic 
energy  acquired  is  ^ml-d'2. 

Equating  these  we  find  that 


2  =  -r-  (cos  6  —  cos  a), 

i 


j    dt     rr 

and  .'.-&  =  A/  „- 


dd     V  2g  A/COS  6  -  cos  a  * 
If  a  is  very  small,  this  is  approximately 

ctt  =     /?__!_ 
dS  ~  V  g  Vaa-0a ' 

from  which  we  obtain  0  =  a  cos  \l  j  t  as  in  (Art.  126). 
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218.  Motion  of  two  equal  heavy  particles,  fastened  to  the 
ends  of  a  rod  without  weight,  and  oscillating  in  a  vertical 
plane  inside  a  smooth  sphere. 

Taking  a  for  the  radius  and  2c  for  the  length  of  the  rod, 
the  equation  of  energy  is 

2  {\ma^}  =  2mg  Va2  -  c2  (cos  0  -  cos  a), 
6  being  the  inclination  of  the  rod  to  the  horizon, 

or  ^  =  — — (cos  6  —  cos  a). 

a2 

Comparing  this  with  the  first  equation  of  the  last  article 
we  see  that  the  length  of  the  equivalent  simple  pendulum  is 

a2-:-  Va2-c2. 

219.  Motion  of  a  compound  pendulum,  that  is.  of  any 
rigid  body,  or  rigidly  connected  system  of  bodies,  about  a  fixed 
horizontal  axis. 

G  being  the  centre  of  gravity  of  the  system  and  GO  its 
distance  from  the  axis,  let  0  be  the  inclination  of  GO  to  the 
vertical  at  any  time  during  the  motion. 

If  P  be  the  position  of  a  particle  mass  m  of  the  system, 
and  if  OP  =  r,  the  kinetic  energy  of  the  particle  m  is  ^mr*&2, 
for  the  angular  velocity  of  OP  is  the  same  as  that  of  OG. 

Hence  the  equation  of  energy  gives 

2  (|mr^2)  =  Mga  (cos  0  -  cos  a), 
if  OG  =  a,  and  M  =  the  total  mass. 

The  expression  2  (wr2)  is  called  the  moment  of  inertia  of 
the  system  about  the  axis,  and  is  generally  represented  by  the 
expression  Alk*,  so  that 


#2  =  -     (cos  6  -  cos  a). 

Comparing  this  with  the  first  equation  of  (Art.  179),  we 
see  that  the  length  of  the  equivalent  pendulum  is  A;2 -ha,  so 
that  if  I  be  the  length, 

la  =  k\ 
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The  point  in  OG  at  the  distance  I  from  0  is  called  the 
centre  of  oscillation  of  the  system,  the  point  0  being  the 
centre  of  suspension. 

Since  I  =•  Mk2/Ma,  it  will  be  seen  that  the  length  of  the 
equivalent  simple  pendulum  is  equal  to  the  moment  of  inertia 
of  the  system  about  the  fixed  axis,  divided  by  the  product  of 
the  mass  of  the  system,  and  the  distance,  from  the  fixed  axis, 
of  its  centre  of  gravity. 

220.  The  evaluation  of  the  expression  2  (mr-)  for  parti- 
cular cases  is  an  exercise  in  the  Integral  Calculus. 

In  the  performance  of  the  calculation  two  facts  are  of 
great  utility;  these  are 

(1)  That  the  moment  of  inertia  of  a  rigid  body  about  any 
axis  is  equal  to  the  moment  of  inertia  about  a  parallel  axis 
through  the  centre  of  gravity  together  with  the  product  of 
the  mass  by  the  square  of  the  distance  between  those  parallel 
axes  ; 

(2)  That  the  moment  of  inertia  of  a  plane  lamina  about 
any  axis  perpendicular  to  the  plane  is  equal  to  the  sum  of 
the  moments  of  inertia  about  any  two  axes  in  the  plane, 
perpendicular  to  each  other,  drawn  through  the  foot  of  the 
axis. 

For  the  first  let  r  be  the  distance  of  any  particle  from 
the  axis,  and  r  its  distance  from  the  parallel  axis  through  G. 

Then  if  h  be  the  distance  between  the  axes, 
2  (mr"1)  =  2m  (r2  +  A2  -  2hr  cos  0)  =  2  (mr2)  +  Mh*. 

For  the  second,  if  x  and  y  be  the  distances  of  any  particle 
of  the  lamina  from  the  axes  in  the  plane, 

2  (mr2)  =  2m  (a?  +  y*)  =  2  (m#3)  +  2  (my-). 


For  convenience  a  few  simple  results  may  be  stated,  taking 
in  all  cases  M  as  the  mass  of  the  body,  and  Afk2  as  representing 
the  moment  of  inertia. 

For  a  straight  rod  of  length  I  about  an  axis  through  one 
end  perpendicular  to  the  rod,  kz  =  J£2  ;  and  hence,  if  the  axis 
pass  through  the  middle  point,  fc2  =^l2. 
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For  a  circular  ring,  about  the  line  through  its  centre 
perpendicular  to  its  plane,  k*  =  r*.  For  a  circular  lamina 
about  the  line  through  its  centre  perpendicular  to  its  plane 
k*  =  £r2. 

For  a  parallelepiped  of  edges  a,  b,  c,  about  the  edge  c, 
tf  =  £  (a2  +  62). 

For  an  elliptic  area  about  the  transverse  and  conjugate 
axes, 

k2  =  rjrfc2  and  \tf, 

and  about  the  line  through  its  centre  perpendicular  to  its 
plane, 

£2  =  i(a2+Z>2). 

For  a  triangular  area  ABC  about  a  straight  line  through 
A  in  the  plane  of  the  area, 


where  ft  and  7  are  the  distances  of  B  and  C  from  the  straight 
line  through  A. 

For  a  sphere  about  a  diameter, 

&2  =  fr2. 
For  a  thin  spherical  shell  about  a  diameter, 

*V|t*. 

For  a  solid  ellipsoid  about  the  axis  a, 


For  a  thin  ellipsoidal  shell  bounded  by  similar  and  simi- 
larly situated  ellipsoids, 


221.  Recurring  to  the  compound  pendulum,  suppose  it 
to  consist  of  a  number  of  bodies  of  mass  in,  TO',...  and 
let  h,  h'...  be  the  distance  of  their  centres  of  gravity  G,  G',... 
from  the  fixed  axis,  and  k,  //,...  the  radii  of  gyration  about 
axes  through  G,  G,'...  parallel  to  the  fixed  axis, 

the  total  moment  of  inertia  =  S/n  (k-  +  h"). 
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Again  let  H  be  the  centre  of  gravity  of  the  whole 
and  OH  its  distance  from  the  fixed  axis. 

Also  let  a,  a',...  be  the  angles  made  by  the  plane  through 
the  fixed  axis,  and  G,  G',.  .  .  with  the  plane  through  the  fixed 
axis  and  OH. 

Then  the  mass  of  the  system  x  OH 

=  2  (mh  cos  a). 

.*.  the  length  of  the  equivalent  simple  pendulum  is 
2ra  (k*  +  A2)/2  (mh  cos  a). 

222.     Expressions  for  linear  and  angular  momenta. 

Considering  motion  in  one  plane,  if  x  and  y  be  the 
co-ordinates  of  a  particle  m  of  the  system,  the  linear 
momenta  parallel  to  the  axes  are  2  (mx)  and  2  (my),  or,  if  £,  77 
be  the  co-ordinates  of  the  centre  of  gravity,  M£  and  MT). 

The  moments  about  the  origin  of  the  momenta  mx  and 
my  being  —mxy  and  myx,  the  angular  momentum  of  the 
system  is 


In  polar  co-ordinates  mrO  is  the  part  of  the  momentum 
perpendicular  to  the  radius  vector,  and  therefore  the  angular 
momentum  is 

2  (rar2  0). 

If  A  be  the  area  swept  over  by  the  radius  vector, 

2A  =  xy  —  yx  =  r*d, 
so  that  the  angular  momentum  is 

22mA. 

Again,  if  p  be  the  perpendicular  on  the  tangent  to  the 
path  of  the  particle  m,  the  angular  momentum  of  the 
system  is 

2  (msp), 

and,  since      pds  =  r*dd,  and  p  =  x  -j^-  —  y  -j-  , 
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this  expression  at  once  transforms  itself  into  either  of  those 
preceding. 

In  the  case  of  a  single  rigid  body,  revolving  about  an  axis 
with  which  it  is  rigidly  connected,  6  is  the  same  for  all  the 
particles,  and  the  angular  momentum  is 

,  or 


223.  For  motion  in  three  dimensions  the  expressions 
for  the  linear  and  angular  momenta  are 

2  (mx),  2  (my),  2  (mz ), 
2m  (yz  —  zy),  2m  (zx  —  xz),  2m  (xy  —  yx). 

If  we  take  £,  77,  £  as  the  co-ordinates  of  the  centre  of 
gravity,  and  x,  y,  z  as  the  co-ordinates,  relative  to  G,  of  a 
particle  m,  the  angular  momentum  about  the  axis  of  z 

=  2  [m  (£  +  x)  (fj  +  y)  —  (77  +  y)  (£  +  x)}, 

=  M  (%r)  —  rj%)  +  2m  (xy  —  yx), 
since  2  (mx)  =  0,  and  2  (my)  =  0. 

Hence  it  follows  that  the  angular  momentum  of  a  system, 
about  any  assigned  axis,  is  the  sum  of  the  angular  momentum 
due  to  the  motion  of  the  particles  of  the  system  relative  to 
the  parallel  axis  through  the  centre  of  gravity,  and  of  the 
angular  momentum  due  to  the  mass  of  the  system  supposed 
to  be  concentrated  at,  and  moving  with,  the  centre  of 
gravity. 

It  may  be  instructive  to  present  the  proof  of  this  state- 
ment in  another  form. 

Let  0  and  G  be  the  projections  of  the  assigned  axis  and 
of  the  centre  of  gravity  on  a  plane  perpendicular  to  the  axis, 
GA  the  projection  of  the  line  of  motion  of  G,  and  FK  the 
projection  of  the  line  of  motion  of  a  particle. 

Also  let  ON  be  perpendicular  to  GA,  and  OF  perpendicular 
to  FK. 

Taking  m  as  the  mass  of  the  particle  and  u  as  the 
component  in  the  line  FK  of  its  velocity,  and  taking  EG 
parallel  to  FK, 
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The  angular  momentum  about  the  axis  0 

=  2  (w,u .  OF)  =  2  (mu .  OE)  +  2  (mu  .  GK). 

If  u  be  the  velocity  of  G  in  the  direction  GA,  the  first 
term,  which  is  the  sum  of  the  moments  about  0  of  a  number 
of  momenta  in  lines  through  G,  is  equal  to  the  moment  of 
their  resultant,  and  therefore 

=  Mu .  ON. 


The  second  term 

=  2  [m  (u  -  u  cos  0)  GK]  +  uS,  (mGKcos  0). 

But  2  (m<7#  cos  0)  =  2  (m  .  M)  =  0, 


and  therefore  the  second  term  represents  the  angular  mo- 
mentum due  to  the  motion  of  the  particles  of  the  system 
relative  to  the  centre  of  gravity. 

224.  In  the  case  of  a  single  rigid  body,  when  the  motion 
is  entirely  in  two  dimensions,  an  expression  for  the  angular 
momentum  is 


if  p  and  $  be  the  co-ordinates  of  the  centre  of  gravity. 
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Take,  for  instance,  the  case  of  a  number  of  rigid  bodies, 
rotating  about  the  same  fixed  axis  with  given  angular  velocities, 
and  becoming  suddenly,  or  gradually,  connected  together. 

In  this  case  the  total  angular  momentum  is  unchanged, 
and  therefore,  if  mk-w  be  the  original  angular  momentum  of 
one  of  the  bodies,  and  O  the  final  angular  velocity  of  the 
system, 

0  .  2 


225.     Expressions  for  kinetic  energy. 

For  motion  in  two  dimensions,  the  expression  in  rect- 
anular co-ordinates  is 


and  in  polar  co-ordinates, 

$2m  (r2  +  r202). 

For  the  case  of  a  rigid  body  in  motion  about  a  fixed  axis, 
the  kinetic  energy  is 

£S(mr202)  or  \MW. 

For  motion  in  three  dimensions  the  expression  for  the 
kinetic  energy  in  rectangular  co-ordinates,  is 

£2m(0*  +  y3  +  32); 
in  cylindrical  co-ordinates 


and  in  polar  co-ordinates, 

£2m  (f2  +  r-62  +  r2  sin2 


Other  modes  of  expression  can  also  be  given  and  will  be 
employed  when  necessary. 

If  x,  y,  z  be  co-ordinates  relative  to  the  centre  of  gravity 
the  kinetic  energy 


+  if 
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So  that  the  kinetic  energy  is  the  sum  of  the  energy  due  to  a 
mass  M  at  the  centre  of  gravity  and  of  the  energy  due  to  the 
motions  of  the  particles  of  the  system  relative  to  the  centre 
of  gravity.  Or,  in  other  words,  the  total  kinetic  energy  is 
the  sum  of  the  energies  due  to  translation  and  rotation. 

226.  In  all  cases  in  which  no  external  forces  are  in 
action  the  linear  momenta  and  the  angular  momenta  remain 
constant. 

The  principle  of  the  conservation  of  energy  of  a  mechanical 
system,  that  is  to  say,  the  assertion  that  the  sum  of  the 
potential  and  of  the  visible  kinetic  energies  is  constant, 
applies  to  all  those  cases  in  which  the  potential  energy 
depends  on  the  configuration  of  the  system,  and  in  which 
the  change  of  potential  energy,  due  to  a  change  of  con- 
figuration, is  independent  of  the  manner  in  which  that 
change  is  made. 

There  is  no  doubt  that,  in  any  system,  the  total  energy 
remains  unchanged,  unless  extraneous  force  act  on  the 
system,  but,  as  in  the  case  of  impacts  taking  place  between 
bodies  of  the  system, 'there  may  be  an  apparent  loss  of  kinetic 
energy,  which  is  fully  accounted  for  by  the  development  of 
invisible  kinetic  energy  in  the  form  of  heat,  or  in  some  other 
form. 

Or  again,  kinetic  energy  may  be  created  by  explosions, 
but  in  this  case,  the  visible  kinetic  energy,  together  with  the 
heat  added  to  the  system,  are  the  equivalent  of  the  potential 
energy  which  was  lying  dormant  in  the  explosive  matter 
while  in  its  quiescent  condition. 

Internal  friction,  if  due  to  the  sliding  of  two  surfaces  on 
each  other,  is  destructive  of  visible  kinetic  energy,  while,  on 
the  other  hand,  visible  kinetic  energy  may  be  created  by  the 
action  of  live  things,  as  for  instance  in  the  case  of  a  man 
walking  on  a  rough  plank,  or  a  rough  ball,  or  climbing  a 
moveable  rope. 

In  such  cases  the  system  is  said  to  be  not  dynamically 
conservative,  although  it  is  really  conservative  if  all  the 
transformations  of  energy  be  taken  into  account.  " 
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227.  If  an  elastic  string  form  part  of  a  system,  the  gain 
of  potential  energy  due  to  its  extension  from  its  natural 
length  is 

£  (Tension)  (Extension)  ; 

for  the  work  done  in  pulling  out  the  string 


as  may  also  be  shewn  by  a  simple  geometrical  figure.  In 
such  a  case  the  contraction  or  extension  of  the  string  implies 
a  transformation  of  energy,  the  loss,  or  gain,  of  potential 
energy  due  to  the  contraction  or  extension,  being  represented 
by  a  change  in  either,  or  both,  of  the  kinetic  energy,  and  of 
the  potential  energy  due  to  configuration,  irrespective  of  the 
string. 

Energy  imparted  to  a  system  by  the  action  of  an  extraneous 
couple. 

Any  state  of  motion  of  a  plane  can  be  represented  by  a 
state  of  rotation  about  an  instantaneous  centre  in  the  plane. 


If  a  small  displacement,  B<j>,  be  made  round  the  in- 
stantaneous centre  E,  the  work  done  by  the  force  of  the 
couple 


G  being  the  moment  of  the  couple. 
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Hence,  if  6  be  the  total  angular  twist  of  the  couple,  the 
work  done 

=  I   Gd<j>  =  G0,  if  G  be  constant. 
Jo 

We  now  proceed  to  illustrate  these  general  statements  by 
their  applications  to  some  particular  cases. 

228.     Motion  of  a  heavy  rod  placed  with  its  lower  end  in 
contact  with  a  smooth  horizontal  plane  and  let  go. 

If  a  be  the  initial  inclination  to  the  vertical  and  0  at  any 
subsequent  time,  the  kinetic  energy  is 

\m  (y*  +  &202)  where  y  =  a  cos  0, 
and  the  equation  of  energy  is 

(sin2  6  +  £)  0*  +  mga  cos  0  =  mga  cos  a, 


A,     67  cos  a  —  cos  6 

so  that  V-  =  —    -  .  0   .  ,  Q  , 

a    1  +  3  sm2  6 

and  the  rod  falls  flat  with  the  angular  velocity  V(&7  cos  a/2a). 

Motion  of  a  heavy  rod,  constrained  to  slide  in  a  vertical 
line,  with  its  lower  end  on  the  curved  surface  of  a  smooth 
hemisphere,  the  hemisphere  sliding  on  a  smooth  horizontal 
plane. 

If  0  be  the  inclination  to  the  vertical  of  the  radius  to  the 
point  of  contact,  and  a  its  initial  value,  the  equation  of 
energy  is 

(d  \2  fd  \2 

-j-  .  a  cos  0  J  +  \M  (  -r  .  a  sin  0  j  +  mga  cos  0  =  mga  cos  a  : 

.'.  (m  sin2  0  +  M  cos2  0)  afc  =  mg  (cos  a  —  cos  0). 

Motion  of  a  heterogeneous  sphere  rocking  on  a  rough 
horizontal  plane,  the  whole  motion  being  parallel  to  one 
vertical  plane. 

B.  D.  19 
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Taking  0  as  the  point  of  contact  on  the  plane  of  the  end 
of  the  radius  vector  CG  through  O  when  it  is  vertical,  x,  y  as 
the  coordinates  of  G,  CG  =  c,  and  the  radius  =  a,  the  equation 
of  energy  is 


(x2  +  2/2  +  &202)  +  mg  (a  —  c  cos  6)  =  mg  (a  —  c  cos  a), 
where  x  =  ad  —  c  sin  6,  and  y  —  a  —  c  cos  6  ; 

.'.  02  (a2  +  c2  -  2ac  cos  6  +  &2)  =  2#c  (cos  6  -  cos  a). 


Motion  of  a  rough  sphere,  rolling  in  a  straight  line  on  a 
rough  horizontal  plane,  and  impinging  on  a  rough  fixed 
horizontal  edge  perpendicular  to  its  line  of  motion. 

When  the  sphere  impinges  on  the  edge  there  is  a 
tangential  impulse,  and  also  a  normal  impulse,  on  the 
sphere,  and  as  these  impulses  have  no  moment  about  the 
edge,  it  follows  that  the  angular  momentum  about  the  edge 
is  unchanged. 

Let  a  be  the  radius  of  the  sphere,  a  (1  —  sin  a)  the  height 
of  the  edge,  and  to,  &>'  the  angular  velocities  of  the  sphere 
just  before  and  just  after  the  impact. 

The  equation  of  angular  momentum  is 

f  IfaV  =  Mam  .  a  sin  a  +  f  Ma*c0, 
.'.  7ft/  =  (2  +  5  sin  a)  &>. 

If,  after  a  time,  6  is  the  inclination  to  the  horizontal 
of  the  radius  of  the  sphere  through  the  edge,  the  equation  of 
energy  is 

|  .  \Mo?fc  +  Mga  sin  6  =  \  .  \Mtfu>*  +  Mga  sin  a, 
so  that  the  sphere  will  roll  over  the  edge  if 


229.     Notion  of  two  equal  rods,  AB,  BC,  jointed  at  B  and 
moving,  on  a  smooth  horizontal  plane,  about  the  fixed  point  A. 

In  this  case  the  angular  momentum  about  A  and  the 
kinetic  energy  are  both  constant. 
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Taking  0  and  <£  as  the  inclinations  to  a  fixed  line  on  the 
plane,  the  velocity  of  the  centre  of  gravity,  G,  of  EG  is  com- 
pounded of  its  velocity  relative  to  B, 

that  is,     acj)  perpendicular  to  BC,  and  of  the  velocity  of  B, 
which  is  2a6  perpendicular  to  AB ; 


4a2  • 
the  angular  momentum  of  AB  is  m  —  6,  and  that  of  BC  is 

o? 
m  -=  <j>  +  ma$  [a  +  2a  cos  ($  —  6)}  +  m2a6  {2a  +  a  cos  (</>  -  0)]  ; 

hence  the  equation  of  momentum  is 


6  (i£  +  2  cos  <£-0)  +  <j>  (|  +  2  cos  0-0)  =  C. 
Again,  the  square  of  the  velocity  of  G 


=  a2<>2  +  4a2    +  4<az<>6  cos  <f>- 

4a2  • 
the  kinetic  energy  of  AB  is  fan—  =-  02, 

a2  • 
and  that  of  .BC  due  to  rotation  is  £m  -»-  <£2  ; 

.'.  the  equation  of  energy  is 


s  0-^  =  C", 

6'  and  (7'  being  constants  given  by  the  initial  conditions. 
These  two  equations  determine  0  and  0. 

19—2 
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230.  If  a  solid  body  is  rotating  about  a  fixed  axis,  and 
is  changing  its  shape  and  size,  without  the  action  of  any 
external  force,  its  angular  momentum  remains  constant,  and 
this  determines  the  change  of  angular  velocity. 

If  for  instance  a  sphere  rotate  about  a  fixed  diameter, 
changing  its  size,  but  retaining  its  shape  and  its  homogeneity, 
the  angular  momentum,  which  is  f  .Mr2a>,  remains  constant. 

If  the  radius  change  to  r't  the  change  in  the  kinetic 
energy  is 

fflf(/V*-rV)  or  iJf^2(r2-r'2)G>a. 

A  case  in  point  would  be  the  march  of  a  large  army  with 
trains  and  supplies  from  Southern  to  Northern  regions. 

In  such  a  case  the  moment  of  inertia  of  the  earth  is 
diminished,  and  its  velocity  of  rotation  would  be  increased  in 
accordance  with  the  equation 


also  the  kinetic  energies,  ^Mk'2co'z  and  ^MkW  are  in  the 
ratio  of  &3  to  k'2,  so  that  the  kinetic  energy  of  the  earth 
would  be  increased. 

231.  Motion  of  a  heavy  rod  swinging  about  its  upper 
extremity  which  is  freely  jointed  to  a  fixed  support. 

Let  m  be  the  mass  of  a  small  element  of  the  rod  at  the 
distance  r  from  the  fixed  end. 

Then,  if  6  be  the  inclination  of  the  rod  to  the  vertical,  and 
<£  its  azimuthal  velocity,  the  angular  momentum  about  the 
vertical  through  the  fixed  end  and  the  energy  are  respectively, 

2  [mrn-  sin2  0  .  <j>] 
and        1  2  {mr-6*  +  mr*  sin2  6  .  <j>2}  +  Mg  (a  -  a  cos  0), 

if  we  assume  that  the  configuration  for  zero  energy  is  when 
the  rod  is  vertical  and  at  rest. 

Each  of  these  expressions  being  constant,  we  obtain  ior 
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the  determination  of  6  and  <f>  the  equations, 

<j>  sin2  6  -  O  sin2  a, 
|  a  (0*+  <j>2sin2  0)  +  g  (1  -cos  0) 

=  |  a  (o>2  +  ft2  sin2  «)  +  (/(!-  cos  a), 
<i>  and  O  being  the  initial  values  of  6  and  <£. 

Eliminating  (f>  and  taking  the  time-flux  of  the  resulting 
equation,  we  obtain 

4a0  -  4an2  sin*  a  cosec2  6  cot  6  +  3#  sin  0  =  0. 

The  condition  that  the  rod  may  revolve  uniformly,  so  as 
to  describe  a  right  circular  cone  of  vertical  angle  2a,  is 

4aQ2  cos  a  =  8(7. 

If  while  thus  revolving  the  rod  receive  a  slight  displace- 
ment, not  disturbing  this  relation,  the  small  vibrations  in  0 
will  be  determined  by  putting  6  =  a  +  -fy,  when  i/r  is  small  in 
the  above  equation. 

The  result  is  the  approximate  equation, 

4a  cos  aty  +  3g  (1  +  3  cos2a)  i/r  =  0, 
so  that  the  period  of  the  oscillation  is 


a  cos  a  /  V3#  (1  +  3  cos2  a). 

232.  Motion  of  a  heavy  horizontal  ring,  fitting  on  a 
smooth  vertical  cylinder,  and  supported  by  a  number  of  vertical 
inextensible  strings  fastened  to  its  upper  edge. 

If  the  ring,  when  in  equilibrium,  be  started  with  a  given 
angular  velocity  a),  it  will  rise  until  the  potential  energy 
stored  up  by  the  elevation  is  equal  to  the  original  kinetic 
energy,  that  is  to  a  height  h  such  that 

mgh  =  |  wa2o>a, 
a  being  the  radius. 

As  the  ring  rises  the  strings  will  form  helices  on  the 
surface  of  the  cylinder,  and,  taking  I  for  the  length  of  each 
string,  and  6  the  angle  through  which  the  ring  turns  in 
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rising    through    the    height    z,    we    have    the    geometrical 
equation 

P  =  (l-  z?  +  o?e\  and  .  •.  tfQ'e  =  (l-z}  z. 
The  equation  of  energy  is 

%m(z*  +  a2£2)  +  mgz  =  |  ?na2<a2, 
and  these  equations  give  0  and  z  in  terms  of  z. 

If,  instead  of  starting  the  ring  with  an  angular  velocity, 
it  be  set  in  motion  by  a  horizontal  couple  G,  twisted  through 
an  angle  /3,  the  energy  imparted  to  the  system  is  Gfi. 

Part  of  this  energy  appears  in  the  form  of  a  change  of 
potential  energy  due  to  change  of  configuration,  and  its 
amount  is 

vug  [I  -  Jl2  -  a-/32}. 


The  difference,  Gft  —  mg  [I  —  Jl*  —  a2/32},  is  represented  by 
the  kinetic  energy  with  which  the  ring  starts  off  in  its  new 
configuration. 

233.  If  a  heavy  elastic  ring,  in  the  form  of  a  horizontal 
circle,  be  placed  on  the  surface  of  a  smooth  sphere  and  allowed 
to  slip  down,  we  can  determine  the  motion  by  observing  that 
the  potential  energy  is  diminished  by  the  fall,  and  increased 
by  the  extension  of  the  ring.  If  a  be  the  radius  of  the 
sphere,  2-Tra  sin  a  the  initial  length  of  the  ring,  and  0  be  the 
angular  distance  of  each  point  of  the  ring  from  the  vertex  at 
any  subsequent  time,  the  equation  of  energy  is 

i  a  ,  *•  «      (sin  0-  sin  a)2 

*ma?6-  +  mqa  cos  6  +  -^  .  ZTra  --  =  —    —  -  =  mqa  cos  a. 
2  sma 

The  condition  that  the  string  should  just  slip  over  the 
sphere  is  that 


which  gives         mg  sin  a  cos  a  =  TT\  (1  -  sin  a)2. 
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234.  A  circular  wire  ring  of  mass  M,  carrying  a  small 
bead  of  mass  m,  lies  on  a  smooth  horizontal  table,  and  is 
capable  of  turning  about  a  fixed  point  in  its  circumference. 
An  elastic  thread  the  natural  length  of  which  is  less  than 
the  diameter  of  the  ring  has  one  end  fastened  to  the  bead 
and  the  other  end  to  the  fixed  point.  It  is  required  to 
determine  the  motion  when  the  initial  position  of  the  thread 
coincides  very  nearly  with  the  diameter  of  the  ring. 

The  angular  momentum  is  always  zero,  so  that  if  OP  the 
thread  be  inclined  at  an  angle  <f)  to  the  initial  position  of  the 
diameter  OA,  and  if  r  is  the  length  of  the  thread, 


where 


r  =  2a  cos  (<£  +  0). 


Again,  the  equation  of  energy  is 

.  2a202  +  \m  (f2  +  r24>2)  +  £7  (r  -  IJ  =  £  (2a  -  l)n-, 


I  being  the  natural  length  of  the  thread,  and  these  equations 
theoretically  determine  6  and  (f>. 

When  the  string  contracts  to  its  natural  length  the  kinetic 
energy  retains  a  constant  value  until  by  the  motion  of  the 
bead  the  string  is  again  put  into  a  state  of  tension. 
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235.  If  an  elastic  thread,  in  the  form  of  a  circle  on  a 
smooth  horizontal  plane,  be  set  rotating  with  a  given  angular 
velocity,  the  principles  of  angular  momentum  and  energy  give 
the  equations 

=  raa2&>, 


\m  (f2  +  r>02)  +  —  (r  -  a)2  =  $maW, 
a 

a  and  a>  being  the  radius  and  angular  velocity  initially  and  r 
and  0  at  any  subsequent  time,  and  those  equations  determine 
r  and  Q  in  terms  of  r. 

236.  Motion  of  a  wire  ring  on  a  smooth  horizontal  plane 
produced  by  an  insect  alighting  upon  it  and  moving  uniformly 
round  the  arc  of  the  ring. 

As  the  insect  starts  with  a  finite  motion  there  must  be  an 
impulsive  action,  that  is,  of  the  nature  of  a  kick,  between  the 
insect  and  the  ring  in  direction  of  the  tangent. 

Take  M,  m,  as  the  masses  and  u  as  the  velocity  of  the 
insect  relative  to  the  ring. 

If  V,  v  be  the  actual  initial  velocities,  in  contrary  direc- 
tions, of  the  centre  of  the  ring  and  of  the  insect, 

MV=  mv. 

If  a)  be  the  initial  angular  velocity  of  the  ring,  we  have 
the  geometrical  condition, 

V+  aco  +  v  =  u. 

Again,  the  angular  momentum  about  any  vertical  line  is 
equal  to  zero. 

Taking  the  angular  momentum  about  the  vertical  line 
through  the  initial  position  of  the  centre  of  the  ring, 

J/a2w  =  mva, 
and  these  equations  determine  V,  o>  and  v. 

During  the  subsequent  motion,  G,  the  centre  of  gravity  of 
the  ring  and  the  insect,  remains  at  rest,  and  the  angular 
momentum  about  G  is  zero,  so  that  if  <f>  and  0  be  the  angles 
turned  through  by  the  ring  and  the  radius  to  the  insect, 
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mPG*e  +  MCG*6  -  Ma?$  =  0, 


or 


This  equation,  and  the  geometrical  condition,  a  (0  -f  </>)  =  u, 
determine  0  and  <£. 

237.  A  remarkable  application  of  the  principle  of  energy 
has  been  made  by  Professor  C.  Niven  in  discussing  the 
motion  produced  when  a  heavy  elastic  string,  suspended 
from  one  end,  is  cut  at  any  point*. 

To  illustrate  this  application  we  take  a  simple  case,  in 
which  the  action  of  gravity  has  no  effect. 

An  elastic  string  has  one  end  fastened  to  a  fixed  point  on  a 
smooth  horizontal  plane,  and  the  other  end  is  drawn  out  to 
any  assigned  distance,  and  is  then  let  go;  it  is  required  to 
determine  the  subsequent  motion. 

Taking  a  as  the  natural  length  and  I  as  the  stretched 
length  of  the  string,  the  tension  T  is  \  (I  —  a) fa,  and  if  dx  be 
the  natural  length  of  an  element  at  the  end  of  the  string,  its 
potential  energy,  before  the  end  is  let  go,  which  is  half 
tension  x  extension, 

rf2  //         ~\  3 

dx. 


*  On  a  case  of  Wave  Motion,  by  Professor  C.   Niven,  Messenger  of 
Mathematics,  Vol.  vin.,  1879. 
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When  the  end  is  let  go,  this  energy  is  set  free,  and  is 
immediately  converted  into  kinetic  energy. 

Taking  m  as  the  mass  of  unit  length,  and  V  as  the 
instantaneous  velocity  of  the  end  of  the  string,  the  kinetic 
energy  is  ^  mdac  V'2,  and  therefore, 


_T_          /  X"  l-a 

~    m\  ~  V  ra    a 


__ 

Jm\ 

The  first  element  being  started  with  this  velocity  the 
next  element  will  be  under  the  same  initial  conditions,  and 
will  acquire  the  same  velocity,  and  all  the  elements  in 
succession  will  acquire  the  same  velocity,  so  that  a  wave-like 
motion  will  be  propagated  from  the  free  end  to  the  fixed  end 
of  the  string. 

To  find  the  velocity  of  transmission  of  the  wave,  we 
observe  that  when  the  wave  is  passing  over  the  element  PQ, 


A  P        Q  B 

the  tension  at  P  is  T  and  the  tension  at  Q  is  zero,  and 
therefore  in  the  time  dt  the  momentum  generated  in  PQ  is 
Tdt. 

But  this  momentum  is  mdx .  V,  and  therefore 


so  that  the  velocity  of  transmission  is  constant  with  regard 
to  the  natural  length. 

Hence  the  time  in  which  the  wave  travels  from  B  to 
A  =  a\/  m/V^,  and  in  this  time  the  free  end  B  will  have 
traversed  the  space  Va\fm(^\  which  is  equal  to  I  —  a. 

It  follows  therefore  that,  when  the  wave  reaches  A,  the 
string  is  in  its  unstretched  condition,  and  every  element  has 
the  same  velocity  V  in  the  direction  BA. 
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If  we  assume  that  Hooke's  Law  holds  for  compression  as 
well  as  for  dilatation,  the  kinetic  energy  will  be  gradually 
converted  into  the  potential  energy  of  compression,  which 
will  in  its  turn  be  reconverted  into  the  original  kinetic 
energy. 

If  Hooke's  law  does  not  hold  for  compression  or  if  the 
string  is  so  constituted  that  it  is  reduced  to  rest  on  arriving 
at  its  natural  condition,  the  kinetic  energy,  which  is  ap- 
parently lost,  is  really  converted  into  heat. 

238.  We  can  explain  from  first  principles  why  it  is  that 
the  release  of  the  end  of  the  string  instantaneously  results  in 
the  production  of  a  finite  velocity  at  that  end. 

Considering  a  small  element  at  the  end  B,  at  the  moment 
of  release,  the  force  on  the  element  is  T  and  its  mass  is  mdx, 
so  that  we  have  a  finite  force  acting  on  an  infinitesimal 
mass. 

Now  if,  by  means  of  a  mental  microscope,  we  imagine 
the  mass  magnified  so  as  to  become  a  finite  mass,  and  the 
force  T  magnified  in  the  same  proportion,  we  shall  have  the 
case  of  a  very  large  force  acting  upon  a  finite  mass,  the  result 
of  which  is,  as  we  know,  the  production  of  a  finite  velocity  in 
a  very  small  time,  and  the  smaller  we  take  the  element  at 
the  end  B,  the  more  closely  do  we  tend  to  the  ultimate 
form,  which  is  the  instantaneous  production  of  velocity  at 
the  end. 

EXAMPLES. 

1.  A  and  B  are  two  pegs  very  near  together  and  in  the 
same  horizontal  line.  A  perfectly  flexible  string  of  length 
I  is  fastened  at  A  and  hangs  over  B,  the  portion  between  A 
and  B  hanging  down  ;  the  loose  end  begins  to  descend  from 
the  position  of  equilibrium  :  prove  that  the  final  velocity  of 
the  string  is 


2.  If  a  system  of  bodies  initially  at  rest  be  acted  on  by 
no  forces  but  the  attractions  of  its  several  parts,  and  at  any 
subsequent  time  become  united  as  a  single  solid  body,  shew 
that  this  body  will  be  at  rest. 
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3.  A  particle  is  attached  to  a  smooth  string  which  passes 
over  a  rough  circular  arc  in  a  vertical  plane ;  the  particle, 
initially  at  the  end  of  a  horizontal  diameter,  is  drawn  up 
with  constant  acceleration  g/ir ;  prove  that  the  work  expended 
in  drawing  it  to  the  vertex  of  the  circle  is  to  the  work  which 
would  be  done  in  lifting  it  through  the  same  height  in  the 
ratio  6  +  4yu,  —  TT/U,  :  4. 

4.  A  small  ring  moveable  on  a  fine  smooth  wire  in  the 
form  of  an  elliptic  arc  is  connected  with  the  foci  by  two 
elastic  strings,  the  natural  length  and  modulus  of  elasticity 
of  each  string  being  the  same.     If  the  particle  be  placed 
initially  very  near  an  extremity  of  the  major  axis,  and  if  the 
natural  length  of  each  string  be  less  than  the  distance  of  a 
focus  from  the  nearer  vertex,  prove  that  the  velocity  of  the 
particle  in  any  position  is  proportional  to  its  distance  from 
the  major  axis ;  and  find  the  condition  that  the  pressure  on 
the  curve  may,  at  some  point,  vanish. 

5.  A  material  straight  line,  of  finite    length,  attracts 
according  to  the  law  of  nature ;  prove  that  a  particle  starting 
from  a  given  point,  and  proceeding  by  any  smooth  tube  to  a 
point  on  the  attracting  line,  will  arrive  at  the  point  with  the 
same  velocity  whatever  be  the  form  of  its  path. 

6.  A  rod  of  given  mass  is  rotating  on  a  smooth  horizontal 
table  about  its  centre  of  gravity,  and  impinges  on  a  particle 
of  equal  mass  lying  at  rest  to  which  it  becomes  attached ; 
determine  the  subsequent  motion. 

7.  A  thin  straight  tube,  of  very  small  bore,  is  moveable 
on  a  smooth  horizontal  plane  about  a  vertical  axis  through 
its  middle  point,  and  it  contains  a  thin  rod  of  the  same 
length,  the  centre  of  gravity  of  which  very  nearly  coincides 
with  the  middle  point  of  the  tube.     If  the  mass  of  the  rod 
be  the  same  as  that  of  the  tube,  and  if  the  system  be  set  in 
motion  with  an  angular  velocity  &>,  prove  that  the  angular 
velocity  of  the  tube,  after  the  rod  has  left  it,  is  -f  o>. 

8.  An  insect  alights  on  a  horizontal  circular  disc,  rotating 
about  its  centre,  which  is  fixed,  and  crawls  with  uniform 
relative  velocity,  so  as  always  to  approach  the  centre  without 
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altering  the  motion  of  the  disc ;  prove  that  it  will  reach  the 
centre  before  the  disc  has  made  more  than  a  quarter  of  a 
revolution. 

9.  Two  particles  m,  m'  slide  in  a  smooth  circular  groove 
of  radius  a,  whose  plane  is  vertical,  and  are  connected  by  a 
weightless  rod  whose  length  subtends  an  angle  a  at  the 
centre  of  the  circle ;  find  an  expression  for  the  velocity  of 
either  particle  at  any  instant,  under  given  initial  conditions, 
and  shew  that  the  length  of  the  simple  equivalent  pendulum 
for  finite  oscillations  is 

m  +  m'  m'  sin  a 

,  where  tan  p  — 


\M  r\    .         I  f  n\  >    ••»•«*»»«    •«•••  ^  —  ,  . 

m  cos  p  +  m  cos  (a  —  p)  m  +  m  cos  a 

10.  A  fine  string  is  placed  in  a  smooth  cycloidal  tube  of 
same  length  with  open  ends.  The  tube  is  placed  in  a  vertical 
plane  with  base  of  cycloid  horizontal  and  vertex  upwards. 
The  string  being  slightly  disturbed,  investigate  the  motion 
completely,  finding  the  velocity  at  any  subsequent  time. 
Shew  that  when  the  string  leaves  the  tube  the  velocity  is 
that  due  to  a  fall  from  rest  through  eight-thirds  of  the 
diameter  of  the  generating  circle  and  that  this  takes  place 
after  a  time  Va/#  cos"1  \/2/3  from  commencement  of  motion. 


11.  A  rod  is  oscillating  about  one  end  in  a  vertical  plane, 
and  at  the  instant  when  it  is  vertical,  the  upper  end  is  set 
free,  arid  the  lower  end  is  at  the  same  instant  fixed,  but  so 
that  the  rod  can  move  about  it ;  investigate  the  subsequent 
motion. 

12.  The  extremities  of  a  uniform  rod,  of  length  2a,  slide 
on  a  smooth  wire  in  the  form  of  the  curve,  r  =  a  (1  —  cos  6), 
the  prime  radius  being  vertical,  and  the  vertex  of  the  curve 
downwards.     Prove  that,  if  the  beam  be  placed  in  a  vertical 
position,  and  displaced  with  a  velocity  just  sufficient  to  bring 
it  into  a  horizontal  position, 


tan  6  =  sinh  \/  ~-t. 
V  2a 

where  6  is  the  angle  through  which  the  rod  has  turned  after 
a  time  t. 
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13.  The  two  ends  of  a  homogeneous  rod  are  moveable  on 
the  arc  of  a  fixed  smooth  conic,  having  its  axis  vertical  and 
vertex  downwards ;  if  the  length  of  the  rod  be  greater  than 
the  latus-rectum,  and  if  it  be  placed  in  a  horizontal  position 
and  slightly  displaced,  find  the  greatest  kinetic  energy  which 
it  acquires. 

14.  A  particle  is  placed   in  an  uniform  straight  tube, 
which    is    moveable   in    a   horizontal    plane    about   an   axis 
through  one  end,  and  the  mass  of  which  is  equal  to  that  of 
the  particle.     The  tube  being  set  in  motion,  shew  that  the 
angle,  which  the  direction  of  motion  of  the  particle  makes 
with  the  axis  of  the  tube  on  leaving  it,  lies  between  -Tr/2  and 
cot-1 2. 

15.  A  cylinder  whose  surface  is  smooth,  stands  on  a 
smooth  horizontal  plane  on  one  of  its  circular  ends ;  find  the 
impulse  at  a  given  point  of  its  surface  which  will  cause  it  to 
fall  over. 

16.  The  nut  of  a  smooth  screw  rests  on  a  smooth  horizontal 
plane,  over  a  hole  cut  so  as  to  allow  a  free  passage  for  the 
screw,  and  the  screw  descends  through  the  nut  by  its  own 
weight;  determine  the  motion,  1st,  when  the  nut  is  fixed, 
2nd,  when  it  is  moveable. 

17.  A  ring  slides  on  a  smooth  wire  bent  into  the  form 
of  a  plane  vertical  curve  and  is  attached  by  an  elastic  string 
to  a  fixed  point  in  the  plane  of  the  curve ;  if  it  start  initially 
from  a  position  in  which  the  string  is  just  not  stretched, 
prove  that  it  will  descend  through  a  vertical  space  which  is 
a  third  proportional  to  the  natural  length  of  the  string  and 
its   extension   at   the   lowest   position,  supposing   that   the 
modulus  of  elasticity  is  twice  the  weight  of  the  ring,  and  the 
string  is  stretched  throughout  the  motion. 

18.  The  extremities  of  a  uniform  heavy  rod  of  length 
4a  slide  on  the  circumference  of  a  three-cusped  hypocycloid 
whose   plane   is   vertical,   one   of  the   cusps   being   at   the 
highest  point  of  the  circumscribing  circle  whose  radius  is  3a ; 
prove  that  the  length  of  the  isochronous  simple  pendulum 
is  4a/3. 
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19.  Four  equal  particles  connected  by  inelastic  strings 
forming  the  sides  of  a  square,  mutually  repel  each  other  with 
a  force  m/j,  (distance) ;  if  one  string  be  cut,  then  (#)  the  angle 
either  string  makes  with  its  original  position  is  given  by 

0*.(2-  sin2  0)  =  V  sin  6  (2  +  sin  0). 

20.  A  number  of  uniformly  distributed  particles  move 
with  the  same  velocity  v  in  the  same  direction.     In  this 
medium  is  placed  a  body  of  any  form  and  such  that  all  the 
particles  impinging  on  it  adhere.     Shew  that,  if  M  denote 
the   mass   of  the   body   at   any   time,  and   u  its   velocity, 
j\I(v—  u)  will  be  constant.     What  information  can  be  drawn 
from  this  fact  as  to  the  ultimate  state  of  motion,  and  the 
time  when  this  is  arrived  at  ? 

21.  Two  equal  shells  are  connected  by  a  thin  tube,  the 
whole  system  having  no  mass,  and  they  contain  matter  which 
is  transferred  uniformly  from  one  to  the  other  in  time  t. 
When  the  masses  in  each  are  equal    the   system   has   an 
angular   velocity   a>   communicated   to   it.     Shew  that   the 
curve  traced  out  by  the  middle  point  of  the  tube  is  given  by 
the  polar  equation  r  =  a  tanh  20/<at,  where  2a  is  the  distance 
between  the  centres  of  the  shells. 

22.  A  particle  of  given  weight  is  fastened  to  a  string 
which  passes  over  a  smooth  circular  arc  in  a  vertical  plane : 
the  particle  initially  at  the  extremity  of  a  horizontal  diameter 
is  drawn  up  to  the  vertex  with  constant  acceleration  g :  prove 
that  the  work  done  in  drawing  it  up  the  last  half  is  to  the 
work  done  in  drawing  it  up  the  first  half  as 

W2  +  TT  -  4  :  4  +  W2~. 

23.  Two  equal  particles  are  revolving  in  the  same  direc- 
tion in  the  same  ellipse,  under  the  action  of  a  force  tending 
to  a  focus  ;  shew  that,  if  they  become  rigidly  connected  when 
they  are  at  the  extremities  of  a  focal  chord,  they  will  after- 
wards move  about  their  centre  of  gravity  with  an  angular 
velocity  which  varies  inversely  as  the  length  of  the  chord, 
and  that,  wherever  this  takes  place,  the  initial  velocity  of  the 
centre  of  gravity  will  be  the  same. 
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24.  A  heavy  elastic  string,  in  form  of  a  ring,  is  placed, 
with  its  plane  horizontal,  over  a  smooth  cone,  the  axis  of 
which  is  vertical ;  find  the  position  of  equilibrium.     Also,  if 
the  string  be  held  in  contact  with  the  cone  at  its  natural 
length,  and  let  go,  find   how  far  it  will  descend,  and  the 
greatest  vertical  velocity  during  the  motion. 

25.  Three  equal  particles  at  rest,  tied  together  by  three 
equal  strings  of  length  a,  so  as  to  form  an  equilateral  triangle, 
repel  each  other  with  a  constant  force  mf.     If  one  string  be 
cut,  shew  that  the  equation  to  determine  the  motion  is 

afc  (3  -  2  sin20)  =  3/(2  sin  0  - 1), 
20  being  the  angle  between  the  strings. 

26.  A  uniform  rod  is  placed  with  one  extremity  at  the 
middle  point  of  the  line  joining  two  equal  centres  of  force 
attracting  inversely  as  the  square  of  the  distance,  -and  at 
right  angles  to  that  line ;  find  the  velocity  with  which  the 
Centre  of  the  rod  will  reach  the  line. 

27.  Two  equal  inelastic  rods  of  given  length,  fastened 
together  by  a  smooth  hinge,  are  placed  on  a  vertical  plane 
with  their  other  extremities  at  opposite  sides  of  a  hole  of 
given  size  in  a  smooth  horizontal  table.    If  motion  be  allowed 
to  take  place,  determine  the  condition  that  the  rods  may  just 
reach  their  position  of  unstable  equilibrium. 

28.  A  cube  is  rotating  with  angular  velocity  o>  about  a 
diagonal,  when  one  of  its  edges  which  does  not  meet  that 
diagonal  becomes  fixed ;  shew  that  the  angular  velocity  about 
this  edge  will  be  o)/4\/3. 

29.  One  end  of  a  string  (length  a)  is  attached  to  a 
smooth  circular  wire  of  radius  a,  whose  plane  is  vertical,  at 
one  extremity  of  its  horizontal  diameter,  and  the  other  end 
to  one  extremity  of  an  inelastic  rod  of  length  a,  the  other 
extremity  of  which  is  made  to  slide  along  the  wire  by  means 
of  a  small  ring.     If  the  rod  and  string  are  held  initially  in  a 
horizontal  position,  and  then  abandoned  to  the   action   of 
gravity,  the  rod  will  first  come  to  rest  when  its  middle  point 
is  at  a  distance  13\/3  a/80  below  the  horizontal  diameter. 
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30.  ABODE  is  a  pentagon,  formed  of  five  equal  uniform 
rods  freely  jointed  together.    The  pentagon  is  placed  with  its 
plane  vertical,  and  angular  point  A  uppermost ;  the  angles  B 
and  E  slide  freely  along  a  smooth  horizontal  rod.    Investigate 
a  differential  equation  of  the  first  order  for  the  determina- 
tion of  the  inclination  of  BG  or  DE  to  the  vertical. 

31.  A  ring  rests  upon  two  smooth  horizontal  bars  which 
in  the  position  of  equilibrium  subtend  an  angle  2a  at  the 
centre;   shew  that,  if  the  ring  be  disturbed  by  twisting  it 
through  a  small  angle  about  its  vertical  diameter,  the  length 

/> 

of  the  simple  isochronous  pendulum  will  be  -  cot  a.  cosec  a. 

tt 

32.  A   fine   circular   tube,  radius  c,  lies    on    a    smooth 
horizontal  plane,  and  contains  two  equal  particles  connected 
by  an  elastic  string  in  the  tube,  the  natural  length  of  which 
is  equal  to  half  the  circumference.     The  particles  are    in 
contact  and  fastened  together,  the  string  being  stretched 
round  the  tube. 

If  the  particles  become  disunited,  prove  that  the  velocity 
of  the  tube  when  the  string  has  regained  its  natural  length  is 


where  M,  m  are  the  masses  of  the  tube  and  each  particle,  and 
X  is  the  modulus  of  elasticity. 

33.  If  in  the  previous  question  one  of  the  particles  be 
fixed  in  the  tube,  and  if  the  tube  be  moveable  about  the 
point  at  which  the  particle  is  fixed,  prove  that  when  the 
string  has  regained  its  natural  length  the  angular  velocity  of 
the  tube 


-v/ 


M(M+2m)c' 

34.  When  a  square  lamina  is  revolving  freely  about  a 
diagonal,  one  of  the  angular  points  not  in  the  diagonal 
becomes  fixed ;  prove  that  the  angular  velocity  becomes 
instantaneously  one-seventh  of  what  it  was  at  first. 

B.  D.  20 
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35.  Two  equal  rods,  connected  by  a  hinge,  which  allows 
them  to  move  in  a  vertical  plane,  rotate  uniformly  about  a 
vertical  axis  through  the  hinge ;  and  a  string,  whose  length 
is  double  that  of  either  rod,  is  fastened  to  their  extremities, 
and  supports  a  weight  at  its  middle  point.     Determine  the 
angular  velocity  when,  in  the  position  of  relative  equilibrium, 
the  rods  and  the  string  form  a  square ;  and  supposing  the 
weight  slightly  displaced  in  a  vertical  direction,  find  the  time 
of  a  small  oscillation. 

36.  A  thin  uniform  circular  ring  is  set  rotating  when 
hot  about  its  centre,  and  its  radius  diminishes  in  cooling  by 
a  fraction  proportional  to  the  time.     If  no  forces  act,  shew 
that  the  angle  through  which  the  ring  has  revolved  in  time  t 
is  flat/r,  where  a,  O  are  initial  radius  and  velocity,  r  the 
final  radius. 

37.  On  the  surface  formed  by  the  revolution  of  a  para- 
bola about  its  directrix  is  placed  a  uniform  elastic  ring.     If 
the  plane  of  the  ring  be  perpendicular  to  the  directrix,  shew 
that  the  time  of  a  small  oscillation  is  2^/Mair/T,  where  M  is 
the  mass  of  the  ring,  T  the  tension  in  the  position  of  equili- 
brium, and  4a  the  latus  rectum  of  the  parabola. 

38.  A   solid   hemisphere,   mass  M,   is   moveable   on  a 
smooth  horizontal  plane,  on  which  its  flat  surface  rests,  about 
its  vertical  radius  which  is  fixed.     A  very  fine  tube,  the 
inside  of  which  is  smooth,  is  fixed  on  its  surface,  commencing 
at  the  vertex  and  cutting  all  the  meridian  lines  at  a  constant 
angle  a,  and  a  particle,  mass  ra,  runs  down  this  tube  from  the 
vertex;   prove  that  just  before  the  particle  arrives  at  the 
horizontal  plane  the  angular  velocity  <o  of  the  tube  is  such 
that 

6>2  (md?  +  Mk*)  (ma2  cos2  a  +  M&)  =  2m? go?  sin2  a. 

If  the  tube  be  closed  at  the  end  on  the  plane,  and  the 
particle  be  inelastic,  what  is  the  subsequent  motion  of  the 
system  ? 

39.  A  circular  disc  rolls  down  a  rough  curve  in  a  vertical 
plane ;  if  the  initial  and  final  positions  of  the  centre  of  the 
disc  be  given,  prove  that,  when  the  time  of  motion  is  the 
least  possible,  the  curve  is  an  involute  of  a  cycloid. 
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40.  AB  is  a  vertical  rod  and  a  weight  C  of  mass  m  is 
suspended  from  A  by  a  weightless  rod  of  length  I,  while  a 
weight  of  mass  M  is  connected  to  C  by  a  second  rod  of  length 
I,  and  can  slide  freely  on  AB.  If  the  whole  system  be  made 
to  rotate  about  AB  with  uniform  angular  velocity  &>,  and  0 
be  the  angle  which  AG  makes  with  the  vertical  when  there 
is  relative  equilibrium,  shew  that 

9   f-t  . 
cos  ^=-       H 


and  that  if  the  system  be  slightly  disturbed  the  time  of  a 
small  oscillation  is 

2-rr  (m?  (4>M+m)  o)4£3  - 


41.  An  elastic  string,  of  natural  length  I,  has  one  end 
attached  to  the  highest  point  of  a  perfectly  rough  circular 
disc,  standing  on  a  rough  horizontal  plane,  with  its  centre  at 
a  distance  I  from  a  fixed  vertical  rod  in  its  own  plane  ;  the 
other  end  of  the  string,  which  is  horizontal,  is  attached  to 
this  rod,  and  the  circular  disc  is  then  rolled  away  from  the 
rod,  find  the  relation,  for  any  position,  between  the  stretched 
and   unstretched   lengths   of    the   straight   portion   of    the 
string. 

If  an  angular  velocity  be  imparted  to  the  disc,  determine 
its  subsequent  motion. 

42.  A  tube  in  the  form  of  a  plane  curve 

(a?  +  62)  y  +  a3  =  0 

rotates  freely  about  the  axis  of  y  which  is  vertical  and 
measured  upwards  ;  the  mass  of  the  tube  is  M  and  its  radius 
of  gyration  k  ;  a  heavy  particle  of  mass  P  is  capable  of  sliding 
in  the  tube,  and  the  velocity  of  rotation  is  such  that  P  is  in 
equilibrium  with  respect  to  the  tube  :  shew  that  its  equi- 
librium will  be  stable  or  unstable  according  as  Pi2  is  greater 
or  less  than  Mk". 

20—2 
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43.  Four  equal  uniform  rods,  jointed  freely  so  as  to  form 
a  rhombus,  are  laid  upon  a  smooth  horizontal  plane  ;   the 
system  is  acted  on  by  a  repulsive  force,  tending  from  the 
centre  of  the  rhombus,  and  varying  inversely  as  the  square  of 
the  distance  :   prove  that,  if  2a  be  the  initial  value  of  an 
acute  angle  of  the  rhombus,  W  the  angle  between  the  rods 
containing  this  angle  at  the  time  t, 

dd\°        .  6,       fir      e\        « 

s  ]°S  tan  2  tan  ll  "  2J  Cot  2 

44.  A  perfectly  rough  rod  is  gently  placed  with  one  end 
upon  another  rod  of  equal  mass  and  in  the  same  vertical 
plane,  moving  with  the  velocity  V2</c  on  a  smooth  table.     If 
the  initial  inclination  of  the  first  rod  to  the  horizon  be  a,  and 
its  length  2a,  shew  that  it  will  just  rise  to  a  vertical  position 
if 

2a  (1  —  sin  a)  (5  +  3  cos2  a)  =  3c  sin2  a. 

45.  A  smooth  curve  has  its  concavity  upwards,  is  sym- 
metrical about  the  vertical,  and  the  tangent  at  its  lowest 
point  is  horizontal;   a  rod  of  length  2a  passes  through  a 
smooth  ring  situated  at  a  distance  b  measured  inwards  on 
the  normal  at  the  lowest  point,  shew  that  if  the  rod  be 
slightly  displaced  the  length  of  the  corresponding  simple 
pendulum  is 


where  r  is  the  radius  of  curvature  at  the  lowest  point. 

46.  Every  particle  of  two  equal  uniform  rods,  each  of 
length  2a,  and  mass  m,  attracts  every  other  particle  according 
to  the  law  of  gravitation  :  the  rods  are  initially  at  right 
angles,  and  are  free  to  move  in  a  plane  about  their  centres 
of  gravity  which  are  coincident  :  if  angular  velocities  &>,  w  '  , 
be  communicated  to  the  rods  respectively,  shew  that  at  the 
time  t,  the  angle  6  between  them  is  given  by  the  equation 


12m, 

-    '<* 


. 

cos    +  sm     —  1 
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47.  Four  equal  uniform  rods   connected   at   their   ex- 
tremities by  hinges  to  form  a  rhombus,  rotate  with  uniform 
angular  velocity  round  a  vertical  axis  passing  through  one 
angular  point  which  is  fixed.     Find  the  position  of  relative 
equilibrium,  and  if  the  system  be  slightly  displaced  so  that 
the  angular  point  opposite  the  fixed  point  moves  in  a  vertical 
line,  find  the  time  of  a  small  oscillation. 

If  2a  is  the  length  of  a  rod,  2a  the  angle  between  the  two 
highest  rods  when  in  relative  equilibrium,  «  the  angular 
velocity,  shew  that  the  length  of  the  isochronous  pendulum  is 

2a   1  +  3  sin2  a 
-TT  .  =-  —  .  cos  a. 

3    1  +  3  cos2  a 

48.  Six  equal  uniform  rods  are  jointed  together,  so  as  to 
form  a  hexagon  ;  every  particle  of  each  of  two  opposite  rods 
repels  every  particle  of  the  other  rod  with  a  force  varying 
inversely  as  the  square  of  the  distance  ;  prove  that,  if  the 
rods  be  arranged  in  the  form  of  a  regular  hexagon,  and  left 
to  themselves,  then  if  6  be  the  angle  between  either  of  the 
repelling  rods,  and  one  of  the  adjacent  rods,  after  a  time  t, 

(2  +  3  cos20)  0a  varies  as  (1  +  4  sin20)*  -  2  sin  6  -  2 

(l 
+  V3-log- 


49.  An  endless  string  passes  round  the  rim  of  an  elliptic 
disc  and  a  smooth  peg  in  a  horizontal  plane  in  which  the 
disc  is  revolving  with  uniform  angular  velocity  <w  about  the 
peg,  the  major  axis  produced  always  passing  through  the 
peg.     The  distance  between  the  foci  is  2c,  that  between  the 
centre  and  the  peg  is  a,  and  the  radius  of  gyration  round  a 
vertical  axis  through  the  centre  is  k.     Shew  that  when  a 
slight   disturbance   is   given,  small  oscillations  take   place, 
whose  periods  are  2?r/n,  where 

w2P  (a2  -  c2)  =  c2o>2  (a2  +  A;2). 

50.  A  ring,  mass  M,  is  placed  on  a  smooth  table,  and  is 
held  fast  while,  a  circular  disc  of  smaller  radius  and  mass  m. 
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is  made  to  run  round  the  inside  of  it,  the  coefficient  of  friction 
being  infinite.  The  ring  being  now  set  free  determine  com- 
pletely the  motion  and  the  paths  traced  out  by  the  centres  of 
the  ring  and  disc  respectively. 

51.  A  perfectly  rough  sphere  of  radius  a  is  placed  quite 
close  to  the  intersection  of  the  highest  generating  lines  of 
two  fixed  equal  horizontal  right  cylinders  of  radius  c,  the 
axes  being  inclined  at  the  angle  2a  to  each  other,  and  is 
allowed  to  roll  down  between  them.     Prove  that  the  vertical 
velocity  of  its  centre  in  any  position  will  be 

sin  a  cos  <f>  {10g  (a  4-  c)  (1  —  sin  $)}*/{?  —  5  cos2  <f>  cos2  a}*, 

where  <j>  is  the  inclination  to  the  horizontal  of  the  radius  to 
the  point  of  contact. 

52.  A  mass  M  of  fluid  is   running  round   a   circular 
channel  of  radius  a  with  velocity  u ;  another  equal  mass  of 
fluid  is  running  round  a  channel  of  radius  b  with  velocity  v ; 
the  radius  of  the  one  channel  is  made  to  increase  and  the 
other  to  diminish   till  each   has  the  original  value  of  the 
other :  shew  that  the  work  required  to  produce  the  change  is 

P-a*)M. 

Hence  shew  that  the  motion  of  a  fluid  in  a  circular 
whirlpool  will  be  stable  or  unstable  according  as  the  areas 
described  by  particles  in  equal  times  increase  or  diminish 
from  centre  to  circumference. 


CHAPTER   XIV. 


EQUATIONS   OF   MOTION. 


239.  WE  have  endeavoured  in  the  preceding  chapter  to 
illustrate  the  application  of  the  principles  of  the  conservation 
of  momenta,  and  of  the  conservation  of  energy,  leading  at 
once  to  differential  equations  of  the  first  order  for  the 
determination  of  the  motions  of  bodies. 

We  now  proceed  to  consider  the  more  general  cases  in 
which,  by  the  action  of  external  forces,  momenta,  or  energy, 
or  both,  are  imparted  to,  or  taken  from,  a  system,  and  also  to 
explain  the  method  of  determining  the  actions  and  reactions 
between  the  bodies  of  a  system. 

It  has  been  shewn  in  Chapter  IV.,  as  a  result  of  Newton's 
Laws  of  Motion,  that  the  aggregate  of  the  time-fluxes  of 
momenta  of  the  bodies  of  a  system  is  the  exact  equivalent  of 
the  aggregate  of  the  acting  forces. 

The  phrase  '  effective  forces '  is  usually  applied  to  what 
we  have  called  the  time-fluxes  of  momenta,  and,  in  this 
language,  the  system  of  effective  forces  is  the  exact  equiva- 
lent of  the  system  of  acting  forces. 

If  impulses  be  applied  to  a  system,  the  aggregate  of  the 
changes  of  momenta  of  the  particles  of  the  system  is  the 
exact  equivalent  of  the  applied  impulses. 
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240.  Recapitulating  from  Chapter  IV.,  we  observe  that, 
for  the  determination  of  the  motion  of  a  body  or  of  a  system, 
we  have,  as  a  result  of  the  laws  of  motion,  the  following 
principles : 

(1)  The  time-flux  of  the  linear  momentum  of  a  system, 
in  any  assigned  direction,  is  equal  to  the  sum  of  the  forces 
acting  in  that  direction. 

(2)  The    time-flux    of    the    angular   momentum   of   a 
system,  about  any  assigned  axis,  is  equal  to  the  sum  of  the 
moments,  about  the  axis,  of  the  acting  forces. 

(3)  The  change,  in  any  assigned  direction,  of  the  mo- 
mentum of  a  system  is  equal  to  the  sum  of  the  applied 
impulses. 

(4)  The  change  of  the  angular  momentum  of  a  system, 
about  any  assigned  axis,  is  equal  to  the  sum  of  the  moments, 
about  that  axis,  of  the  applied  impulses. 

241.  The   linear   momenta,  parallel  to  the  coordinate 
axes,  of  a  system  are 

2  (mx),     2  (my),     2  (mz), 
and  the  angular  momenta,  about  these  axes,  are 

2m  (yz  —  zy),     2m  (zx  —  xz),     2m  (xy  —  yx). 

Hence  it  follows  that  the  mathematical  forms  of  the 
statements  (1)  and  (2)  are  as  follows, 

(1)  2(m£)=X,    2(mi/)=F,    Z(mz)  =  Z, 

(2)  2m  (yz — zy) = L,  2m (zx  —  xz)  =  M,  2m  (xy  —  yx)  =  N. 

Or  these  equations  can  be  obtained,  as  in  Art.  58,  from 
the  principle,  Art.  50,  that  the  system  of  the  time-fluxes  of 
momenta  of  the  several  particles  of  a  system  is  the  exact 
equivalent  of  the  system  of  acting  forces,  and  therefore  that 
the  sums  of  the  components  of  the  one  system  and  their 
moments  about  the  axes  are  the  same  as  those  of  the  other 
system. 
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In  the  case  in  which  impulses  are  applied  to  a  system, 
the  mathematical  forms  of  the  statements  (3)  and  (4)  are 


(3)     tm(u'-u)=P, 

(4)  2w  [y  (wr  -w)-z(v'-  v)}  =  G, 
2m  [z  (uf  —  u)  —  x  (wr  —  w)}  =  H, 
2m  [x  (v'  —  v)  —  y  (u'  —  u)}  =  K, 

where  P,  Q,  R  are  the  sums  of  the  applied  impulses  in 
directions  of  the  axes,  and  G,  H,  K  the  moments  about  the 
axes  of  those  impulses. 

242.     Independence  of  the  motions  of  the  centre  of  gravity 
and  of  the  system  relative  to  the  centre  of  gravity. 

If  £  "n>  £  be  the  coordinates  of  G,  the  centre  of  gravity, 
the  equations  (1)  become 


shewing  that  the  motion  of  G  is  the  same  as  if  the  whole 
mass  were  concentrated  into  a  particle  at  that  point,  with 
all  the  extraneous  forces  acting  upon  it. 

Again,  if  we  take  x,  y,  z  as  the  coordinates,  relative  to  the 
centre  of  gravity,  of  a  particle  m  of  the  system,  its  accelera- 
tions are  x  +  %,  y  +  ij,  z+  £,  and,  if  L,  M,  N  be  the  moments 
about  the  axes  through  G,  of  the  acting  forces,  the  equations 
(2)  are  replaced  by 

2m  {y  (z  +  0  -  z  (y  +  v)}  =  L,  &c., 
or,  since  2  (my)  —  0,  and  2  (mz)  —  0, 

2wi  (y'z  —  zy)  =  L,  &c., 

shewing  that  the  motion  relative  to  the  centre  of  gravity  is 
independent  of  the  motion  of  the  centre  of  gravity  itself. 

243.  In  the  case  of  impulses  being  applied  to  the 
system,  if  the  velocities  of  the  centre  of  gravity  change  from 
a,  b,  c  to  a',  b',  c',  the  equations  (3)  become 

M(a'-a)  =  P,    M(b'-b)  =  Q, 
M  being  the  mass  of  the  whole  system. 
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Again,  taking  the  instantaneous  position  of  the  centre  of 
gravity  as  the  origin,  and  taking  u,  v,  w  as  the  velocities  of 
m  relative  to  the  centre  of  gravity,  so  that  the  actual 
velocities  of  m  are  u+a,  v+  b,  w+  c,  the  first  of  the  equations 
(4)  becomes 

2m  {y  (w'  +  c'  -  w  -  c)  -  z  (v'  +  b'  -  v  -  b)}  =  G, 
or  2m  {y  (w'  —  w)  —  z(v'  —  v}}  =  G. 

These  results  shew  that  the  changes  of  motion  of  the 
centre  of  gravity,  and  the  changes  of  angular  momentum 
about  axes  through  the  centre  of  gravity,  due  to  impulsive 
actions,  are  independent  of  each  other. 

244.  In  order  to  illustrate  the  use  of  these  principles  we 
proceed  to  the  consideration  of  various  special  cases,  and 
first,  take  the  case  of  the  motion  of  a  heavy  inelastic  rod 
placed  with  its  lower  end  in  contact  with  a  smooth  horizontal 
plane  and  let  go. 

With  the  notation  of  Art.  228,  the  time-fluxes  of  the 
vertical  linear  momentum  and  of  the  angular  momentum  are 
my  and  mkzd. 

Taking  moments  about  the  lower  end  of  the  rod, 

my  .  a  sin  0  —  mk*d  =  —  mga  sin  B, 

or  0  (a2  sin2  #  +  &*)  +  a?fc  sin  0cos0  =  ga  sin  0,  .  .  .(A), 

and  .-.          0-Ja2sin20  +  &2) 


To  find  the  pressure  on  the  plane,  we  have 
My=R-Mg, 

72 

—  =  g  +  y  =  g  —  aft  sin  0  —  ad'2  cos  0. 


Hence        -^r  =  --  :  —  ^  from  equation  (A). 
M        a  sin  0 

+  eos»  0-2  cos  a  oos 


-^r  =  --  : 
Mg     ga  sin 

t.     A  =    —  JL 

Mg     (1  +  3  sin2  0)2  (3 
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The  fact  that  this  expression  is  always  positive  shews 
that  the  contact  with  the  plane  is  unbroken  during  the 
motion. 

Since  y  =  —  a0  sin  9,  it  follows  that,  when  the  rod  falls 
flat,  y  =  —  ad. 

The  linear  momentum  maO  downwards  and  the  angular 
momentum  m&O  are  destroyed  by  the  resultant  impulsive 
reaction  of  the  plane. 

Let  x  be  the  distance  from  the  centre  of  the  rod  of  the 
point  of  action  of  this  resultant  impulse. 

Then,  since  the  impulsive  reaction  has  no  moment  about 
this  point, 

Mk?d-  Ma0x  =  Q,  and  .-.  x  =  $a. 

If  the  rod  be  held  above  the  plane  and  be  let  fall,  let  u 
be  the  velocity  of  the  centre  of  gravity  when  the  lower  end 
strikes  the  plane,  and  take  u'  and  to'  to  represent  the 
velocity  of  the  centre  of  gravity  and  the  angular  velocity 
just  after  the  impact. 

The  changes  of  linear  and  angular  momenta  are  M(u'  —  u) 
and  Ml&w. 

Since  there  is  no  change  of  angular  momentum  about 
the  point  of  impact, 

M  (u  —  u)  a  sin  a  +  Mk~ca'  =  0, 
and,  assuming  that  the  contact  is  unbroken, 

u'  —  aw'  sin  a  =  0, 

so  that  aw'  (1  +  3  sin2  a)  =  Bu  sin  a. 

To  find  the  pressure  we  have,  as  before, 


Mg     ga  sin  6  ' 
and,  if  we  take  9  =  a,  and  6  =  CD',  in  equation  (A), 

R  _ga  sin  a  —  aW2  sin  a  cos  a 
Mg~  a?  sin2  a  +  &a        ~' 
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so  that  the  contact  is  broken  at  once  if  aw'2  cos  a  >  g,  or  if 
9w2  sin2  a  cos  a  >  ga  (1  +  3  sin2  a)2. 

245.  A  rough  sphere  rolls  on  a  rough  horizontal  plane 
in  the  direction  perpendicular  to  its  edge,  and  rolls  over. 

Let  v  be  the  velocity  with  which  it  arrives  at  the  edge, 
and  6  the  inclination  to  the  vertical  of  the  radius  vector 
through  the  edge  at  some  time  after. 

The  equation  of  energy  is 

\M .  %a262  +  Mga  cos  6  =  |  M .  I  v2  +  Mga, 
.so  that  a202  =  v2  +  if-ga  (I  -  cos  6). 

If  R  is  the  normal  pressure  of  the  edge  on  the  surface, 

MaO*  =  Mg  cos  6  -  R. 
At   the  instant  of  arriving   at  the  edge,  this  equation  is 

MV-  =  Mg-R- 

hence  if  if  >  ga,  the  sphere  will  leave  the  edge  at  once, 
but  if  v2  <  ga,  the  sphere  will  turn  round  the  edge,  and  will 
leave  it,  when  6  is  such  that 

v2     10 

— h  -=-  g  (1  —  cos  6}  =  g  cos  0. 

CL          t 

A  sphere  of  radius  b  rolls  down  the  outside  of  a  fixed 
sphere  of  radius  a,  starting  from  the  highest  point. 

When  6  is  the  inclination  to  the  vertical  of  the  line 
joining  the  centres,  the  angular  velocity  &>  of  the  rolling 
sphere  is  (a  +  b)  0/b,  (page  26),  and  the  equation  of  energy  is 

|  M .  i&W  +  Mg  (a  +  b)  cos  6  =  Mg(a  +  b), 


so  that  02  =  ^        -.-r  (1  -  cos  (9). 


The  equation,  M  (a  +  b)  02  =  Mg  cos  6  —  R,  shews  that 
R  vanishes,  and  therefore  that  the  sphere  rolls  off,  when 
cos  6  =  10/17. 
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Motion  of  a  heavy  sphere,  the  centre  of  gravity  of  which 
is  eccentric,  on  a  smooth  horizontal  plane. 

If  the  sphere  have  no  initial  kinetic  energy,  the  centre  of 
gravity  G  moves  in  a  vertical  line  GO,  and  if  OG  =  y,  the 
equation  of  moments  about  C  or  about  any  point  in  the 
vertical  line  CP  through  the  point  of  contact  P  is,  with  the 
notation  of  Art.  228, 

myc  sin  6  +  m&d  =  —  mgc  sin  6, 
where  y  =  a  —  c  cos  0. 

Substituting,  multiplying  by  20  and  integrating  we  obtain 

6-  (k2  +  c2  sin2  6)  =  G  +  2gc  cos  0, 
which  is  the  equation  of  energy. 

The  reaction,  R,  at  P  is  given  by  the  equation 
R  —  mg  =  my. 

If  the  plane  be  rough  so  that  the  sphere  rolls,  the  equation 
of  moments  about  P  is 

mk*6  +  mxy  +  myc  sin  0  =  —  mg .  c  sin  6, 
where  x  =  ad  —  c  sin  6,  and  y  =  a  —  c  cos  6, 

making  the  substitutions  and  integrating  we  obtain  the  result 
given  in  Art.  228. 

The  horizontal  and  vertical  reactions  at  P  are  given  by 
the  equations  mx  =  —  F,  my  =  R  —  mg. 

246.  A  man  walks  on  a  large  rough  sphere,  so  as  to 
make  the  sphere  roll  in  a  straight  line  on  a  horizontal  plane, 
the  man  keeping  himself  at  a  constant  angular  distance  (a) 
from  the  highest  point  of  the  sphere. 

Take  M,  m  as  the  masses  of  the  sphere  and  the  man,  and 
let  <u  be  the  angular  velocity  of  the  sphere  at  any  instant. 

The  velocity  of  the  man  is  aw  parallel  to  the  plane,  and 
the  time-flux  of  his  momentum  is  therefore  mad). 
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For  the  sphere  the  time-fluxes  of  the  linear  momentum, 
and  of  the  angular  momentum  about  the  centre  of  gravity 
are 

Mad)  and  M%a?a>. 

Hence  taking  moments  about  the  horizontal  axis,  perpen- 
dicular to  the  motion,  through  the  point  of  contact,  we 
obtain 

Ma?d)  +  M%a*a)  4-  ma&h  =  mga  sin  a, 

or  a>  (7  Ma  +  5mk)  =  5mg  sin  a, 

where  h  is  the  constant  height,  above  the  plane,  of  the  centre 
of  gravity  of  the  man. 

We  may  also  solve  this  problem  by  finding  the  rate  of 
change  of  the  angular  momentum,  at  any  time,  about  the 
axis  fixed  in  space  which  passes  through  the  point  of  contact 
at  that  time. 

To  do  this  we  observe  that,  at  any  time,  the  angular 
momentum  of  the  system  about  the  point  of  contact  is  equal 
to 

+  mahw. 


After  the  lapse  of  an  interval  St  of  time,  the  angular 
velocity  is  o>  +  &»,  and  the  linear  velocity  of  the  centre  of  the 
sphere  and  of  the  man  is  a  (&>  +  Sto). 

Observing  that  the  distances  from  the  assigned  axis  of 
the  lines  of  acceleration  of  the  centres  are  the  same  as  at  the 
time  t,  the  angular  momentum  at  the  time  t  +  Bt  is 

Ma2  (m  +  8&>)  +  f  Ma?  (w  +  &»)  +  ma  (w  +  Bw)  h, 
and  the  rate  of  change  is  therefore 

I  Ma*d)  +  mahw, 
which  is  equal  to  the  moment  mga  sin  a  of  the  acting  forces. 

If  the  reactions  and  frictions  be  required,  we  observe  that 
the  time-fluxes  of  the  linear  momenta  of  the  sphere  and  the 
man  are 

Maw  and  mad), 
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so  that,  if  F'  be  the  friction  between  the  sphere  and  plane, 
and  R,  F  the  reaction  and  friction  between  the  man  and  the 
sphere, 

Maw  +  maw  =  F' 


maw 


a  =  R  sin  a  —  Fcos  a 


0  =  R  cos  a  4-  .Fsin  a  —  mg, 
and  these  equations  determine  F,  F'  and  R. 

This  system  is  not,  from  a  purely  mechanical  point  of 
view,  a  conservative  system. 

The  work  done  upon  the  sphere  by  the  tangential  action 
of  the  man  on  the  sphere  is  not  equal  and  opposite  to  the 
work  done  upon  the  man  by  the  tangential  action  of  the 
sphere  upon  the  man,  and  the  kinetic  energy  of  the  system 
at  any  time  is  due  to  the  difference  between  the  amounts  of 
work  done  upon  the  two  bodies. 


Thus  if  the  figure  represent  two  consecutive  positions,  P 
being  the  point  of  contact,  the  horizontal  distance  PP'  =  a&0, 
and  if  P'C'Q  —  80,  the  point  P  of  the  sphere  is  carried  to  Q. 

Hence,  if  P'L,  QNloe  perpendiculars  on  the  tangent  at  P, 
the  work  done  by  friction  upon  the  sphere  is  F ,  PN,  and  the 
work  done  upon  the  man  is  F .  (  —  PL).  The  sum  of  these 
=  jP .LN  =  F<iW,  and  the  work  done  upon  the  system 

=  fFad0. 
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But,  the  acceleration  of  the  man  in  the  direction  of  the 
tangent  at  P  being  aw  cos  a,  it  follows  that 

mad>  cos  a  =  nig  sin  o.  —  Fy 
and  therefore  the  work  done 

=  f(mga  sin  a  —  raa2a>  cos  a)  dO. 

This  is  transformed  into  energy  of  motion,  or  kinetic 
energy,  the  measure  of  which  is 

\M.\  a2&>2  +  £  ma2*)2. 

Equating  these  two  expressions,  we  find  that 
\  «2&>2  (^M  +  m  +  m  cos  a)  =  mga  sin  a .  0, 

and,  taking  the  time-fluxes  of  each  side  of  this  equation,  we 
obtain  the  same  equation  for  d>  as  before. 

The  fact  that  kinetic  energy  is  produced  and  increased  is 
a  proof  that  potential  energy  is  being  lost  somewhere.  The 
explanation  is  that  the  man's  power  of  exerting  himself  is 
diminishing ;  he  is  getting  tired,  or,  in  other  words,  the  man 
is  a  machine  which  has  acquired  potential  energy  by  being 
wound  up,  and  is  running  down. 

247.  Motion  of  a  heavy  rod  sliding  between  a  smooth 
vertical  plane  and  a  smooth  horizontal  plane  in  a  vertical 
plane  perpendicular  to  both. 

The  angular  velocity  in  any  position  is  at  once  deter- 
mined by  the  principle  of  energy,  but  the  question  is  intro- 
duced for  the  sake  of  further  illustrating  the  meaning  of  the 
phrase  angular  momentum. 
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If  AB  be  the  rod,  and  E  the  instantaneous  centre  of  the 
motion,  the  velocity  of  G  is  aw,  and  the  angular  momentum 
about  E  is  ma2a>  +  mk?o>,  or  f  ma2o>. 

After  a  time  St,  the  rod  having  turned  through  an  angle 
80,  the  perpendicular  distance  from  E  of  the  line  of  motion 
of  G'  is  2a  cos  80  —  a,  which  to  the  first  order  of  infinitesimals 
is  equal  to  a. 

Hence  the  new  angular  momentum  about  E  is 
ma?  (<a  +  &o)  +  ink*  (co  +  80)}, 

and  therefore  the  rate  of  change  of  the  angular  momentum 
about  E  is  fwa2<o.  Equating  this  to  the  moment  of  the 
acting  forces  which  is  mga  sin  9,  we  obtain 

0  =  |^  sin  0,  and  6*  =  f^  (cos  a  -  cos  <9). 
4a  2a v 

This  is  one  view  of  the  case,  and  another  is  to  observe 
that  a&>2  and  ad)  are  the  accelerations  of  G  in  the  direction 
GO  and  perpendicular  to  it,  so  that  the  time-fluxes  of 
momenta  are  raaeo2,  maw,  and  mk2d),  and  the  moments  of 
these  about  E  are  equal  to  mga  sin  6. 

The  reactions  R,  R  in  the  directions  AE,  BE  are  given 
by  the  equations, 

R  =  —  (mae  cos  6)  =  ma  (0  cos  0  -  02  sin  0), 

•j 
R  —  mg  =  -=-(  —  mad  sin  0)  =  —  ma  (6  sin  0  +  6*  cos  6\ 

It  will  be  seen  from  these  equations  that  R  vanishes  and 
changes  sign  when 

3  cos  0  =  2  cos  a, 

shewing  that  the  rod  will  then  leave  the  vertical  plane. 

If  it  should  be  required  to  take  moments  about  0,  it  will 
be  seen  that  the  angular  momentum  is  ma-oj  —  m&a)  and 
therefore  that  the  equation  of  motion  is 

f  raa2&>  =  mga  sin  0  +  R' .  2a  cos  0  —  R .  2a  sin  6, 
B.  D.  21 
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but  then  the  preceding  equations  must  be  employed  for  the 
elimination  of  R  and  R'. 

248.     Motion  of  a  rigid  body  about  a  faced  axis. 

If  to  be  the  angular  velocity  of  the  body  at  any  instant, 
its  angular  momentum  is  M(k2  +  h2)co,  h  being  the  distance, 
OG,  of  the  centre  of  gravity  from  the  axis  and  Mk"  the 
moment  of  inertia  about  the  line  through  G  parallel  to  the 
axis. 

Hence  if  N  be  the  moment  of  the  acting  forces, 


or,  if  6  be  the  inclination  of  the  plane  through  G  and  the 
axis  to  a  fixed  plane  through  the  axis, 


If  r  be  the  distance  of  a  particle  in  from  the  axis,  its 
accelerations  in  the  directions  of  r  and  perpendicular  to  it 
are  respectively  —  o)2r  and  rw. 

Taking  the  fixed  axis  as  the  axis  of  z  and  OG  as  the  axis 
of  x,  the  components  of  these  parallel  to  a;  and  y  are 

—  uPx  —  wy  and  —  a?y  +  wx. 

Hence  the  time-fluxes  of  the  momenta  and  their  moments 
about  the  axes  are  respectively 

2m  (—  uPx  —  coy),  2m  (—  azy+  wx),  o, 
and  ^m((^yz-wxz),  2w  (-  tfxz  -  wyz),  2  [ma>  (#2  +  y-)}, 
or,  —Mwzh,  Mwh,  o, 

and  Dtf-Ew,  -Ew^-Dw,  M(k*  +  h?)o), 

where  D  and  E  represent  the  quantities,  ^myz,  and 


The  first  three  of  these  expressions  are  equal  to  the  sums 
of  the  acting  forces  and  of  the  reactionary  stresses  of  the  axis, 
and  the  next  three  are  equal  to  the  sums  of  the  moments 
about  the  axes,  of  the  same  quantities*. 

*  It  will  be  seen  in  the  next  chapter  that  these  expressions  can  be 
also  obtained  by  first  writing  the  expressions  for  the  angular  momenta  and 
then  employing  the  general  expressions  given  in  that  chapter  for  the  rates  of 
change  of  the  angular  momenta. 
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Suppose  that  the  body  is  connected  with  the  axis  at  two 
points  at  .distances  c  and  c'  from  0,  and  that  U,  V,  W,  and 
U\  V,  W  are  the  stresses  upon  the  axis  at  these  points. 

Then,  if  X,  Y,  Z,  L,  M,  N  be  the  sums  and  moments  of 
the  acting  forces,  we  shall  have  the  equations 


=  F_  F-F', 

0  =  Z-W  -W, 

-Erf -Do>  =  M-Uc-  U'c'. 
249.     Impulses  applied  to  a  body  in  motion  about  a  fixed 


axis. 


If  to'  —  a)  be  the  change  of  angular  velocity  due  to  the 
application  of  impulses,  and  K  the  moment  of  the  impulses, 
the  change  of  angular  momentum  is  given  by  the  equation 

M  (tf  +  h?)  («'  -  o>)  =  K. 

Taking  the  axes  as  in  the  last  article,  and  observing  that 
m  (&>'  —  co)  r  is  the  change  of  momentum  of  the  particle  m  in 
the  direction  perpendicular  to  r,  of  which  the  components 
are  —  m  (&>'  —  &>)  y,  and  m  (CD'  —  a>)  x,  we  find  that  the  sums 
and  moments  of  the  changes  of  momenta  are  respectively 

o,  M  (w  —  G>)  h,  o, 
and      -E(<o'-  o>),  -  D  (a>f  -  <w),  M  (fc  +  h2)  (&>'  -  <o). 

Equating  these  expressions  to  the  sums  and  moments  of 
the  applied  impulses,  and  of  the  reactionary  stresses,  we  can 
calculate  the  latter  quantities. 

The  right-hand  members  of  the  equations  in  the  preceding 
article  will  be  the  expressions  for  the  sums  and  moments,  if 
the  symbols  employed  be  supposed  to  represent  the  applied 
impulses  and  the  impulsive  stresses  on  the  axis  at  two 
points. 

250.  We  have  defined,  in  Art.  219,  the  centre  of  oscilla- 
tion of  a  compound  pendulum. 

21—2 
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We  can  shew  that  the  centres  of  oscillation  and  suspension 
E  and  0  are  convertible. 


For  OE.OG 

whence  OG.EG  =  k\ 

shewing  that  0  and  E  are  convertible. 

Centre  of  percussion. 

If  a  single  impulse  can  be  applied  to  a  rigid  body  which 
is  capable  of  motion  about  a  fixed  axis,  so  as  to  produce  no 
impulsive  stress  on  the  axis,  the  line  of  the  impulse  is  called 
the  line  of  percussion,  and  the  point  in  which  it  meets  the 
plane  through  G  perpendicular  to  the  axis  is  called  the 
centre  of  percussion. 

If  ft>  be  the  angular  velocity  produced  by  the  impulse 
the  sums  and  moments  of  the  changes  of  momenta  will  be 

o,  Mwh,  o,  -Ew,  -Da>,  M  (k*  +  h?)  a)  ; 
OG  being  the  axis  of  x,  and  Oz  the  fixed  axis  as  in  Art.  248. 

The  single  impulse  P  must  therefore  be  in  the  direction 
of  the  axis  of  y,  and,  if  £,  £  be  the  coordinates  of  the  point  in 
which  its  line  of  action  meets  the  plane  zx,  we  must  have 

-Ea>  =  -P£,    -Dco=o,    M(k*  +  h*)(a  =  P£, 
so  that  since         P  =  Mwh,     %=(kz  +  h*)fh. 

Hence  it  follows,  as  a  necessary  condition  for  the  existence 
of  a  centre  of  percussion,  that  D,  or  2  (myz),  must  vanish, 
and  that,  if  there  is  a  centre  of  percussion,  its  distance  from 
the  axis  is  the  same  as  that  of  the  centre  of  oscillation. 

When  E,  or  2  (mzx),  vanishes,  the  centres  of  oscillation 
and  percussion  are  coincident. 

251.  Motion  of  two  heavy  rods  AB,  BG  jointed  at  B,  and 
swinging  in  a  vertical  plane  about  the  end  A  which  is  jointed 
to  a  fixed  horizontal  axis. 

If  d  and  <f>  be  the  inclinations  of  AB  and  BG  to  the 
vertical,  the  angular  momentum  of  the  system  about  At  2a 
and  26  being  the  lengths  of  the  rods,  is 


ILLUSTRATIONS.  325 


'b<j>  {b  +  2a  cos  (</>  -  <9)} 

+  w'2a0  {2a  +  b  cos  (<£  -  0)}, 
and  the  time-flux  of  this  expression 

=  —  mga  sin  0  —  mg  (2a  sin  6  +  b  sin  $). 

Next,  the  accelerations  of  G  being  compounded  of  b<j>  and 
&4>2  perpendicular  and  parallel  to  GB,  and  of  2a0  and  2a02 
perpendicular  and  parallel  to  BA,  we  obtain  by  taking 
moments  about  B  for  the  rod  BG,  and  dividing  by  ra' 

7,2 

&2<i>  +  3  #  +  2a#  &  cos  (<£  -  0)  +  2a#*  sin  (<t>-Q}  =  -gb  sin  0. 

or       £6$  +  2a  (0  cos  (0  -  ^)  +  02  sin  (<£  -  ^)}  =  -#  sin  </>. 

Or  for  a  second  equation  we  might  have  expressed  the 
constancy  of  the  energy  which  is 


cos  <>  - 
—  mga  cos  0  —  m'g  (2a  cos  0  +  b  cos  <£). 

In  either  case  we  obtain  two  equations  for  the  determina- 
tion of  0  and  <f). 

The  horizontal  and  vertical  components  of  the  momentum 
of  the  system  are  respectively 

ma0  cos  0  +  m'&<j>  cos  <f>  +  m'2a0  cos  6, 
and  ma0  sin  0  +  m'bfy  sin  <f>  +  m'2a0  sin  0. 

The  time-flux  of  the  first  of  these  is  the  horizontal  com- 
ponent of  the  stress  at  A,  and  the  time-flux  of  the  second 
increased  by  the  weight  of  the  rods  is  the  vertical  com- 
ponent. 

In  the  same  manner  the  stress  at  B  is  determined  by 
writing  down  the  horizontal  and  vertical  components  of  the 
momentum  of  the  rod  EG. 
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252.  Motion  of  a  plane  lamina,  of  any  given  shape,  on  a 
smooth  plane,  when  a  given  point  of  the  lamina  is  made  to 
move  in  a  given  manner,  and  the  lamina  is  besides  acted  upon 
by  known  forces. 

If  A  be  the  given  point,  and  G  the  centre  of  inertia  of 
the  lamina,  take  6  .as  the  inclination  of  A  G  to  a  fixed  line  in 
the  plane,  so  that  0  is  the  angular  velocity  of  the  lamina. 

If  /  and  f  be  the  accelerations  of  the  point  A  in  the 
direction  AG  and  perpendicular  to  it,  which  are  known 
functions  of  the  position  of  A,  or  of  the  time,  the  accelera- 
tions of  G  in  the  same  directions  are/—  a^2,  and  f'  +  a0, 
and  the  time-flux  of  the  angular  momentum  about  G  is 


Hence,  if  N  be  the  moment  about  A  of  the  acting  forces, 


the  equation  which  determines  the  angular  motion  of  A  G. 

If  P,  Q  be  the  requisite  constraining  stresses  at  A,  and 
X,  Y  the  resultant  forces,  in  the  direction  A  G  and  perpen- 
dicular to  it, 

and 

253.  Motion  of  a  plane  lamina,  bounded  by  a  curve, 
rolling  on  a  fixed  curve  under  the  action  of  given  forces. 

We  have  first  to  solve  the  kinematical  question  of  the 
time-flux  of  the  angular  momentum  about  the  point  of 
contact. 

The  angular  momentum  being  the  sum  of  the  angular 
momenta  due  to  the  rotation  and  the  motion  of  the  centre  of 
gravity,  the  first  part  is  M&a. 

For  the  second,  taking  co  as  the  angular  velocity  when  the 
point  P  of  the  rolling  curve  is  in  contact  with  the  point  A 
of  the  fixed  curve,  and  Q  as  the  consecutive  point  of  contact, 
the  angular  momentum  at  A  =  Mr*co,  if 
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In  the  consecutive  position,  when  the  motion  of  G'  is 
perpendicular  to  QG'}  the  angular  momentum  about  A 


=  M(r+  8r)  (CD  +  8(0)  r, 

remembering  that  AP  is  an  infinitesimal   of  the   second 
order,  and  the  difference 

=  Mr  (r8w  +  to8r). 

Hence  the  time-flux  of  the  angular  momentum  due  to 
the  motion  of  G 

=  M  r2d)  +  Mcorr, 

and  consequently  the  equation  of  motion  is 
M  (k*  +  r2)  w  +  Mwrr  =  L, 
L  being  the  moment  about  A  of  the  acting  forces. 

If  we  put  (j>  for  to,  the  equation  may  be  written  in  the 
form 


If  p,  p  be  the  radii  of  curvature  at  P  of  the  rolling  curve 
and  the  fixed  curve,  and  if  the  arc  AQ  =  8s, 

Kt     Ss  ,  8s 

(OOt    =    --  h  —  T  . 

P      P 
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and,  if  0  be  the  angle  between  the  line  A  G  and  the  normal 
at  A, 


wrr 


=  —  wr  sin  6s  =  —  &>V  sin  6 


p+p" 

so  that  the  equation  of  motion  takes  the  form 

/ 

M  (A?  +  r3)  a>  -  MaPr  sin  0  -^—,  =  L. 

p  +  p 

If  the  fixed  curve  be  a  straight  line 

8s 
caot  =  — , 

P 
and  the  equation  is  then 

M  (A;2  +  r2)  &>  -  M tfpr  sin  0  =  L. 

254.     The  result  of  the  preceding  article  may  be  other- 
wise obtained. 

In  Art.  22,  it  is  shewn  that  the  acceleration  of  the  point 
P,  when  at  A,  in  direction  of  the  normal  at  A  is 


The  acceleration  of  G  relative  to  A,  in  the  direction 
perpendicular  to  A  G  is  r&>,  and  therefore  the  actual  accelera- 
tion of  G  perpendicular  to  A  G  is 

rd>  —  oy'pp  sin  6j(p  +  p'). 
Hence,  equating  momenta  about  A, 

Mk*o>  +  Mr  (ro>  -  tfpp  sin  0/(p  +  p')}  =  L. 

255.  The  investigation  of  the  two  preceding  articles  is 
the  infinitesimal  case  of  the  following  general  statement. 

If  Q  be  the  linear  momentum  of  a  body,  in  motion  in  one 
plane,  when  P  is  the  instantaneous  centre,  and  Q'  at  a 
subsequent  time  when  P'  is  the  instantaneous  centre,  G 
being  the  centre  of  inertia,  the  change  of  the  angular 
momentum  about  P  is 

o>'  -  <y)  +  Q'  (r'  +  PP'  cos  6)  -  Qr. 
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256.  Since  the  motion  of  an  area  in  its  own  plane  can 
always  be  represented  by  the  rolling  of  a  moving  centrode  on 
a  fixed  centrode*,  it  follows  that  the  case  of  the  three  pre- 
ceding articles  is  really  the  case  of  any  motion  of  a  rigid 
body  in  one  plane. 

It  may  be  presented  analytically  as  follows. 

Let  a,  /3  be  the  coordinates  of  the  instantaneous  centre 
at  any  instant,  and  x,  y  the  coordinates  of  the  centre  of 
gravity. 

The  time-fluxes  of  linear  and  angular  momenta  of  the 
body  consist  of  MX,  My,  and  Mk2<i>. 

Hence,  taking  L  to  be  the  moment  about  the  instant- 
aneous centre  of  the  acting  forces, 


But 


—  y)  =  Q,    and    y  +  a>  (a  —  x)  =  0  ; 
Leo  =  M  (xx  -f  yy  +  &2&>a>) 

=  -r  (Kinetic  Energy} 


*  See  Roulettes  and  Glissettes,  art.  60. 


330  MOTION   OF   LAMIXA. 

where  /  is  the  moment  of  inertia  of  the  body  about  the 
straight  line  through  the  instantaneous  centre  perpendicular 
to  the  plane  of  motion. 

Putting  (j)  for  o>,  the  equation  becomes 
£<&*)-  L 

257.  As  a  particular  case  consider  the  motion  of  a  heavy 
uniform  circular  disc  of  radius  c  rolling  on  the  curve, 
s  =  cf(ft,  starting  from  the  highest  point,  from  which  s  and 
<j>  are  measured. 

In  this  case,  6  =  0, 
and  *>  =   i  +   -5^   cf  (ft  <j>  =  (1  +fft  <j>, 


and  the  equation  of  motion  becomes 
q., 


Suppose  the  curve  to  be  a  cycloid,  s  =  c  sin  <£ ; 
then  cos  |j-  <f>  —  sin  ™-  <£>2  =  ^ .  —  sin  — , 

the  integral  of  which  is 

cos4 1-  =  2g  1 1  —  cos4  ^ 

and  therefore  o>2  =  -/-  ( I  -  cos4  f ) . 

oC   \  .£/ 

To  find  the  pressure  we  have  the  equation, 

C26>2 

M =  Mg  cos  6  —  R, 

c  +  p 

shewing  that  R  vanishes,  and  therefore  that  the  disc  flies  off, 
when  5  cos  <j>  —  3. 

At  the  instant  of  flying  off,  a)2  =  240/25c,  and  the  velocity 
of  the  centre  of  the  disc  is  2\/6#c/5. 
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258.  Change  of  motion  produced  in  a  lamina,  moving  in 
any  manner  in  its  plane,  produced  by  its  impact  on  a  rough 
curve. 

We  suppose  the  roughness  to  be  so  great  that  there  is  no 
sliding,  and  we  have  simply  to  express  the  fact  that  the 
angular  momentum  round  the  point  of  contact  is  unchanged. 

P  being  the  point,  let  v  be  the  component  perpendicular 
to  GP  of  the  velocity  of  G,  o>  and  CD'  the  angular  velocities 
just  before  and  after  the  impact  ;  then 

M  (k*  +  r2)  &>'  =  Mk2co  +  Mvr. 

Suppose  for  example  that  the  disc  of  the  preceding 
article,  just  after  flying  off  the  cycloidal  arc  impinges  on  a 
fixed  rough  peg  just  beneath  its  lowest  point. 

In  this  case 

3c2    ,     c3 

--  6)   =  —  0>  +  C2ft>  COS  <£, 


from  which  we  obtain  low'  =  llco. 

The  disc  will  then  turn  round  the  peg  as  a  fixed  point, 
and  the  equations  of  motion  will  determine  the  angle 
through  which  it  turns  before  leaving  the  peg. 

259.  In  general  if  a  rigid  body,  or  system  of  any  kind, 
be  in  motion,  and  if  a  straight  line  of  the  system  suddenly 
become  fixed,  the  angular  momentum  of  the  system  about 
the  axis  is  unchanged. 

In  the  case  of  a  single  rigid  body  this  at  once  determines 
the  angular  velocity  about  the  axis. 

Thus,  if  Q  be  the  linear  momentum  of  a  rigid  body 
perpendicular  to  the  axis  which  becomes  fixed,  p  the  distance 
from  the  axis  of  its  centre  of  inertia  G,  and  H  the  angular 
momentum  about  the  line  through  G  parallel  to  the  axis, 
the  angular  velocity  is  given  by  the  equation 


Mkz  being   the   moment   of  inertia   about   the  axis  which 
becomes  fixed. 


332  BREAKING   OF   RODS. 

260.  Tendency  of  a  rod  in  motion  to  break  at  any  assigned 
point 

Imagine  a  rod  of  small  section  and  of  any  shape,  its  axis 
however  being  a  plane  curve,  to  be  in  motion  in  that  plane 
under  the  action  of  forces  in  the  plane. 

Taking  any  cross  section,  through  any  point  P  of  the  axis, 
the  stress  at  this  section,  that  is,  the  action  and  reaction 
between  the  two  parts  of  the  rod  separated  by  the  cross 
section,  may  be  represented  by  two  forces  T  and  N  at  P  in 
directions  of  the  tangent  and  normal  to  the  axis,  and  a  couple 
G  in  the  plane  of  the  axis. 

The  velocities  and  accelerations  of  the  various  points  of 
the  axis  having  been  previously  determined,  the  quantities 
T,  N,  and  G  can  be  found  by  writing  down  the  equations  of 
motion  of  either  of  the  two  parts  of  the  rod,  including  T,  N, 
and  G  amongst  the  acting  forces. 

Now  a  rod  may  break  in  three  ways ;  the  internal 
molecular  forces  may  not  be  sufficient  to  withstand  the  force 
T  in  direction  of  the  tangent,  or  they  may  give  way  in 
direction  of  the  normal,  or  the  moment  about  P  of  the  mole- 
cular forces  may  be  overpowered  by  the  couple  G. 

In  other  words  the  rod  may  break  by  tearing,  by  shearing, 
or  by  snapping,  and  the  quantities  T,  N,  and  G  are,  respec- 
tively, the  measures  of  the  tendencies  to  break  in  these  three 
ways. 

To  illustrate,  take  the  case  of  a  heavy  straight  rod  swing- 
ing in  a  vertical  plane  about  one  end,  and  examine  the 
tendency  to  break  at  the  middle  point. 

Writing  down  the  equations  of  motion  of  the  lower  half 
of  the  rod,  and  taking  r  as  the  distance  from  the  axis  of  a 
point  in  the  rod,  we  obtain 

r2d      fH  r    ••  r  2ct      dr     • 

J  a       2a  Ja       -a 

2a        fa 

i       2a 
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where  6  and  9  are  known  functions  of  6,  and  these  equations 
determine  the  values  of  T,  N,  and  G  at  the  middle  point  of 
the  rod. 

If  a  rod  have  its  state  of  motion  suddenly  changed 
by  impulsive  action,  impulsive  stresses  are  created  at  all 
points  of  the  rod,  and  the  method  of  determining  them  is  the 
same  as  in  the  previous  case. 

If  for  instance  the  free  end  of  the  swinging  rod,  supposed 
inelastic,  be  suddenly  stopped  by  impinging  against  a  fixed 
surface,  and  if  T,  N,  and  G  then  represent  impulsive  actions 
at  the  middle  point  of  the  rod,  the  equations  are 


/la  fJr 

,  -«£•*-*- 

/-'-*  rl  I- 

%   -™^r(r-a)6  =  G-1t 


where  P,  the  impulse  at  the  free  end,  is  given  by  the  equation, 
2ma6  =  3P. 

261.  Determination  of  initial  stresses,  and  initial  accele- 
rations, when  some  of  the  constraints  of  a  system,  previously  in 
equilibrium,  are  removed. 

In  such  cases  the  equations  of  motion  should  be  written 
down  for  the  configuration  of  the  system  at  the  instant  of 
release  from  constraint. 

These  equations,  in  combination  with  the  kinematical 
relations  of  the  system,  will  be  sufficient  for  the  determination 
of  the  required  stresses. 

The  equations  are  simplified  by  the  fact  that  the  linear 
and  angular  velocities  are  zero,  so  that  radial  and  transversal 
accelerations  take  the  forms  r  and  rQ,  and  normal  accelerations 
are  evanescent*. 

*  Some  illustrations  of  the  method  of  finding  initial  stresses  are  given  in 
an  article  in  the  Mathematical  Messenger  for  1866. 
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EXAMPLES.  (1)  Two  rods  AB,  CD,  of  lengths  2a  and 
26,  are  connected  by  equal  strings  AC,  BD,  of  length  c,  and 
the  system  is  supported,  with  the  rods  horizontal,  by  a  fired 
horizontal  axis  through  the  middle  point  of  AB ;  if  one  string 
AC  be  cut,  it  is  required  to  find  the  initial  tension  of  the  other. 

Let  CD,  CD',  and  G>"  be  the  initial  angular  accelerations,  in 
the  directions  figured,  of  the  two  rods  and  the  string. 


0 


k  , 

The  vertical  acceleration  of  G,  the  centre  of  gravity  of  CD, 

=  bco'  +  ceo"  cos  a  +  aa>, 
and  its  horizontal  acceleration  =  ceo"  sin  a. 

Hence  the  equations  of  motion  are 

a2         „     . 
m  -„  (o  =  1  a  sm  a, 
o 

m'  (bco'  +  ca>"  cos  a  +  aa>)  =  m'g  —  T  sin  a, 
:  =  T  cos  a, 


m  ^  w'=T.bsm  a, 
o 

which  determine  the  tension  and  the  angular  accelerations. 

(2)  A  heavy  rod,  of  length  2a,  is  supported  against  a 
smooth  fixed  sphere  by  a  horizontal  string  fastened  to  its  upper 
end  A,  and  also  to  the  highest  point  of  the  sphere;  if  the 
string  be  cut  it  is  required  to  find  the  initial  pressure  on  the 
sphere. 
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If  a  be  the  angular  distance  of  the  vertex  from  P  the 
point  of  contact,  it  will  be  found  that  PG  =  a  sin2  a.  Observ- 
ing that  the  acceleration  of  P  is  wholly  tangential,  and  taking 
G>  as  the  initial  angular  acceleration  of  the  rod,  it  follows 
that  wPG  is  the  acceleration  of  G  perpendicular  to  the  rod, 
and  therefore  taking  moments  about  P 

o? 
m-^w  +  mPG2a)  =  mgPG  cos  a. 

o 

We  have  also         mwPG  =  mg  cos  a  —  R, 
and  we  obtain       R  (1  +  3  sin4  a)  =  mg  cos  a. 

262.  Determination  of  the  initial  radii  of  curvature  of 
the  paths  of  assigned  points  of  a  system,  when  the  system  is  set 
in  motion  in  any  given  manner,  or,  being  in  a  state  of  equi- 
librium, has  some  of  its  constraints  removed. 

If  the  velocity  and  direction  of  motion  of  an  assigned 
point  of  the  system  be  known,  the  expression  for  the  normal 
acceleration,  v*/p,  determines  the  curvature,  l/p,  for  the 
acceleration  of  the  point  in  the  direction  of  the  normal  to  its 
path  is  obtainable  from  the  equations  of  motion  of  the 
system. 

EXAMPLES.  (1)  Two  particles,  m  and  p,  are  connected 
by  a  string  passing  over  a  smooth  fixed  horizontal  rail,  and, 
the  portions  of  string,  of  lengths  a  and  b,  being  vertical, 
the  particles  are  projected  horizontally,  in  opposite  directions 
perpendicular  to  the  rail. 

The  initial  equations  of  motion  are 

m  (r  -  rfc)  =  mg-T,  m  (rG  +  2f0)  =  0, 


If  u  and  v  be  the  velocities  of  projection,  then,  initially, 

r  =  a,  p  =  b,  r  =  0,  p  =  0,  ad  =  u,  b<j>  =  v, 
and  therefore  $  =  0,  $  =  0, 
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and  these  equations,  with  the  equation  r  +  p  =  0,  determine 
r,  p,  and  T. 

The  initial  radii  of  curvature  R,  R'  of  the  paths  of  m  and 
p  are  given  by  the  equations 


assuming  the  concavities  to  be  upwards. 

If  T  is  less  than  either  mg,  or  fig,  the  concavity  in  that 
case  will  be  downwards. 

(2)  A  rod  AB  is  moveable  in  a  vertical  plane  about  the 
end  A,  and  a  string  SO  carries  a  heavy  particle  at  C  ;  the 
particle  is  held  in  a  given  position  in  the  vertical  plane  through 
the  rod,  and  is  projected  in  the  direction  perpendicular  to  BG 
in  the  vertical  plane, 

If  6  and  <£  be  the  inclinations  of  AB  and  BC  to  the 
vertical  at  the  moment  of  projection,  the  initial  equations  of 
motion  are 

4<72   •• 

M  ~  6  +  mbj>  {b  +  2a  cos  (<f>  -  6)}  -  mbfr  2a  sin  (<£  -  0) 

o 

+  m2a'6  (2a  +  b  cos  (<f>  -  0)}  +  m2a02  6  sin  (0  -  0) 

=  —  Mga  sin  0  —  mg  (2a  sin  0  +  6  sin  </>), 
and    6$  +  2a0  cos  (<£  -  0)  +  2a02  sin  ((f>-0)  =  -g  sin  $, 
where  2a  and  6  are  the  lengths  of  AB  and  BO. 
Initially,  if  u  be  the  velocity  of  projection, 

0  =  0,  and  u  =  b$, 
and  the  preceding  equations  determine  0  and  $. 

The  acceleration  of  the  particle  in  the  direction  CB  is 
initially  b<jj*  —  2a6  sin  (</>  —  0),  and  this  is  equal  to  u*/p  if  p  be 
the  initial  radius  of  curvature  of  the  path  of  C. 

263.  If  a  system  have  initially  no  motion,  and  we  wish 
to  find  the  initial  curvature  of  the  path  of  any  assigned 
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point  of  the  system,  we  must  first  find  the  initial  direction 
of  motion,  and  then,  observing  the  small  displacements  which 
take  place  in  a  very  short  time,  we  can  sometimes  obtain  the 
curvature  by  an  immediate  application  of  the  Newtonian 
expression  for  the  diameter  of  curvature,  viz.  (arc)2  -T-  perpen- 
dicular subtense.  Sometimes  however  it  is  necessary  to  take 
the  analytical  expression,  in  Cartesian  or  polar  co-ordinates, 
or  in  some  other  system,  and  to  expand,  in  ascending  powers 
of  the  time,  the  various  terms  contained  in  these  expressions. 
An  illustration  of  each  case  will  be  sufficient  to  explain  the 
methods. 

(1)  Two  rods,  AB,  EG,  freely  jointed  together  at  B,  and 
moveable  about  the  end  A,  are  held  in  a  horizontal  position  so 
as  to  form  a  straight  line  ABC,  and  are  then  let  go  ;  it  is 
required  to  find  the  initial  curvature  of  the  path  of  C. 

Let  //.,  m  be  the  masses  and  2a,  26  the  lengths  of  AB 
and  BG,  then,  if  «o  and  o>'  be  the  initial  angular  accelerations 
of  AB  and  BG,  it  can  be  shewn,  by  taking  moments  about  A 
for  the  system  and  about  B  for  the  rod  BG,  and  combining 
the  equations,  that 

w  _      b  m  +  2  ft 


Now  supposing  that,  after  a  short  time  t,  9  and  <£  are 
the  inclinations  of  AB  and  BC  to  the  horizontal,  it  follows 
that  the  horizontal  and  vertical  displacements  of  G  are 

2a  +  '2b  —  2a  cos  Q  —  26  cos  <f>,  and  2a  sin  6  +  26  sin  </>, 
or,  approximately, 

and  2a6  +  260. 


The  initial  tangent  to  the  path  of  C  is  vertical,  and 
consequently 

0       T.     ..     , 
2p  =  Limit  of 

The  first  approximations  to  6  and  <£  are 

0  =  ±a>t*,  <j>  =  $a)'P, 
B.  D.  22 
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and  we  hence  obtain 

P_.  O  +  A*)2 

'lob 


(2)  A  plane  lamina,  which  is  moveable  about  a  horizontal 
axis  in  its  plane,  passing  through  its  centre  of  gravity,  is  inclined 
to  the  horizontal  at  an  angle  a,  and  a  heavy  particle  m  is  placed 
upon  it  at  a  distance  c  from  the  axis  and  below  the  axis  ;  it  is 
required  to  determine  the  initial  curvature  of  the  path  of  the 
particle. 

If  6  be  the  inclination  at  any  time,  and  r  the  distance 
of  the  particle  from  the  axis,  the  equations  of  motion  are 

Mk?0  +  mr  (rd  +  2r0)  =  mgr  cos  6, 

r  —  rfc  =  g  sin  6. 
The  expression  for  the  radius  of  curvature  is 

_  (rffi  +  f*)f 

r203  +  2f20  -  r  (6r  -  f  0)  ' 

and  we  have  to  expand,  in  powers  of  t,  the  various  terms  of 
this  expression,  which  can  be  effected  by  Maclaurin's 
Theorem. 

Taking  ml*  to  represent  Mk2  +  me2,  we  obtain,  from  the 
equations  of  motion, 

v;       qccosa  A    ^       A 

00=  —  —  ,  »»  =  0,  00  =  0, 


iv     g*c  cos2  a.  /       2c2\     ,iv     ff2  sin  a  cos  a  /        7c 

^o=    -J—(l+-j)>K=      -p  ---     " 

Now  6  =  60t  -!-...,  r  =  r0t  +  ..., 


and  6f  -  rd  = 

and  therefore 


i   9~  2/j  _   c 

T  ^'0  "O         q 
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and,  making  the  requisite  substitutions,  we  obtain  p0  in  terms 
of  a,  I,  and  c. 

If  a  =  0,  it  will  be  found  that 

3c*  3rac8 


the  negative  sign  shewing  that  the  concavity  of  the  initial 
path  is  outwards  from  the  axis. 

264.     Application  of  the  principle  of  virtual  ivork. 

If  at  any  instant  the  geometrical  configuration  of  a 
system  be  contemplated,  and  if  a  geometrical  displacement 
be  imagined,  the  virtual  work  of  the  time-fluxes  of  momenta, 
or  of  the  effective  forces,  and  of  the  acting  forces  will  be  the 
same. 

We  must  however  include  in  the  phrase  acting  forces 
any  internal  forces  such  as  the  tensions  of  elastic  strings, 
or  sliding  frictions,  by  means  of  which  work  is  done  on  the 

system. 

Considering  a  single  rigid  body,  i.e.  a  material  system  of 
invariable  form,  if  F  be  the  time-flux  of  the  linear  momentum 
in  any  direction,  and  8s  the  displacement  of  the  centre  of 
gravity  in  that  direction ;  and  if  K  be  the  time-flux  of  the 
angular  momentum  about  an  assigned  axis  through  the 
centre  of  gravity,  and  8(f>  the  angular  displacement  about  the 
axis,  then  the  corresponding  portions  of  the  virtual  work 
are  F8s  and  Kdfy. 

(1)  Consider  for  example  the  case  of  the  two  rods  in 
Art.  251. 

Taking  oc  and  y  as  the  horizontal  and  vertical  co-ordinates 
of  G,  we  obtain 

4ci2  62  •• 

m  -«j-  686  +  m'  ^  <b8d>  +  m'x8<K  +  m'y8y  =  m'goy  —  me/a  sin 

O  O 

22—2 
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Now  as  =  2a  sin  0  +  b  sin  <f>,  and  y  =  2a  cos  6  +  b  cos  <£, 
from  which  8x  and  %  are  obtained  in  terms  of  86  and  8$, 
and  observing  that  80  and  8$  are  arbitrary  quantities  and 
independent  of  each  other,  their  coefficients  must  each 
vanish,  and  we  thus  obtain  the  equations  for  the  determina- 
tion of  6  and  </>. 

EXAMPLE.  (2)  Motion  of  an  extensible  circular  ring, 
placed  horizontally  over  a  smooth  surface  of  revolution  the  axis 
of  which  is  vertical. 

Let  s  represent  the  distance  along  a  meridian  arc  from  a 
fixed  level  to  the  ring,  r  its  radius  and  z  the  depth  of  its 
plane.  The  accelerations  of  any  point  of  the  ring  down  the 
meridian  arc  and  perpendicular  to  it  are  s  and  8?/p,  and  there- 
fore, if  we  imagine  a  displacement  by  slightly  shifting  the 
ring  downwards  on  the  surface  the  equation  of  virtual  work 
is,  m  being  the  mass  of  the  ring, 

=  mg$z  —  T8  (27rr), 


dz     ~    mdr 

or  •  ms  =  mq  -j  —  ZTT!  -y-  , 

as  as 

an  equation  which  can  also  be  obtained  by  considering  the 
meridional  motion  of  an  element  of  the  ring. 

Observing  that  T  =  \(r  —  a)/a,  and  that  r  =  f  (z),  this 
equation  determines  the  acceleration  along  any  meridian. 

(3)  Four  equal  rods,  of  length  2a,  are  jointed  together  in 
the  form  of  a  square  OADB,  and  suspended  from  the  joint 
0,  the  square  form  being  maintained  by  a  string  OD  ; 
if  the  string  be  cut  it  is  required  to  find  the  change  of  stress 
atO. 

Take  to  as  the  expression  for  the  initial  angular  accelera- 
tion of  each  rod  ;  then  if  G  and  H  be  the  centres  of  gravity 
of  OA  and  AD,  the  initial  vertical  accelerations  of  G  and  H 

are  a&>/V2  and  Sato/*/  2, 

the  initial  horizontal  accelerations  are  each  ato/t/2,  and  the 
time-flux  of  the  angular  momentum  of  each  rod  is 
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If  we  imagine  D  pulled  through  a  small  space,  so  as  to 
displace  each  rod  angularly  through  the  small  angle  6,  the 
linear  displacements  of  G  and  H  are,  vertically,  a#/\/2, 
3a0/V2,  and  horizontally  each  is  a#/\/2  ;  also  the  vertical  dis- 
.  placement  of  the  centre  of  gravity  K  of  the  system  is  a#/V2. 

Hence  we  obtain 

a*wd  9a*w9  a*wd  azwO 

2m—^-+2m—=  --  h  4>m  —  r—  +  4m  —  —  =  4m#atV2, 

Z  L  A  O 

from  which  10a<o  =  3g/\/'2,  and  therefore  the  acceleration  of 
K  is  3#/5,  shewing  that  the  pressure  on  the  point  of  support 
is  instantaneously  diminished  by  three-fifths  of  the  weight  of 
the  system. 

If  P  be  the  horizontal  stress  at  D,  it  can  be  determined 
by  giving  the  rod  AD  a  small  arbitrary  twist,  6,  about  A, 
breaking  the  connection  at  D. 

The  equation  of  virtual  work  will  be 

a2  3maw     ad      maw     ad  ad 


from  which  P  =  —  ^  . 

If  Q  and  R  be  the  actions  at  A  upon  OA  in  the  directions 
DA  and  OA,  these  quantities  may  be  found  by  giving  DA  a 
twist  about  D,  and  OA  a  twist  about  0,  breaking  in  each 
case  the  connection  at  A. 

The  equations  obtained  are 
ma?a)  „     3wao>     aO      maw     ad      „  ad 


a?u)  n     maw    ad      maw     ad 

-MT*"-^--^-  V2--V2 

and  from  these  we  find  that 

and      = 
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In  solving  this  question  our  object  has  been  to  illustrate 
the  use  of  the  principle  of  work,  but  the  same  result  may  be 
obtained  from  the  initial  equations  of  motion  of  the  rods, 
which  are 

_  mga 
-- 


3maa>  _  Q  —  R     maw  _  Q  +  R 

"W  ~72~'    ~V2~  =  ~W 

ma?co      -.       Pa 


265.  Impact  of  smooth  and  rough  inelastic  bodies  on  each 
other. 

If  smooth  inelastic  bodies  impinge  on  each  other,  it  must 
be  carefully  borne  in  mind,  that  the  velocities,  immediately 
after  impact,  of  the  points  of  the  bodies  in  contact  with  each 
other,  are  the  same  in  the  direction  of  the  common  normal 
to  their  surfaces. 

If  however  two  perfectly  rough  inelastic  bodies  impinge 
on  each  other,  the  geometrical  condition  is  that  the  velocities 
of  the  points  of  contact  are  the  same  in  any  direction. 

Impact  of  smooth  elastic  bodies. 

When  two  such  bodies  impinge  on  each  other  the  action 
which  takes  place  consists  of  a  force  of  compression,  R, 
followed  by  a  force  of  restitution,  eR,  where  e  is  a  constant 
quantity,  less  than  unity,  depending  upon  the  nature  of  the 
bodies. 

If  we  imagine  that  e  can  be  equal  to  unity,  the  ideal 
bodies  thus  thought  of  are  called  perfectly  elastic. 

In  solving  questions  relating  to  smooth  elastic  bodies,  the 
equations  of  motion  must  be  written  down  on  the  hypothesis 
that  the  bodies  are  inelastic,  and  the  geometrical  conditions 
introduced  that  the  velocities  of  points  of  two  surfaces  in 
contact  with  each  other  are  the  same,  immediately  after  the 
impact,  in  the  direction  of  the  common  normal  to  the  two 
surfaces. 
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The  forces  of  compression  are  thus  found,  and  if  in  the 
equations  of  motion  any  mutual  impulse  R  is  replaced  by 
R  (1  +  e)  the  changes  of  velocities  due  to  the  whole  action 
will  be  determined. 

Example  (1).  Three  equal  spherical  balls  are  moving  with 
equal  velocities  on  a  smooth  horizontal  plane  towards  the  same 
point,  in  directions  equally  inclined  to  each  other  \  and  the  balls 
impinge  on  each  other  at  the  same  instant. 

If  u  is  the  velocity  of  each  before  impact,  and  if  R  is  the 
impulsive  action  between  each  two,  on  the  hypothesis  that 
the  balls  are  inelastic, 


since  the  velocity  of  each  is  destroyed  by  the  impact. 

If  the  balls  are  elastic,  let  v  be  the  velocity  with  which 
each  recoils; 

then  m  (v  +  u)  =  R  (1  +  e)  V3, 

so  that  v  =  eu. 

Example  (2).  A  heavy  particle  of  mass  m  is  suspended 
from  a  faced  point  by  a  fine  string  of  length  c,  and  a  heavy 
rod  of  mass  M,  and  of  length  greater  than  c,  is  suspended  by 
one  end  from  the  same  point.  The  rod  is  then  elevated  and  let 
go  so  as  to  impinge  on  the  particle. 

Taking  the  bodies  to  be  inelastic,  let  R  be  the  horizontal 
impulse  between  them.  Then  if  o>,  o>  are  the  angular  veloci- 
ties of  the  rod  just  before  and  just  after  the  impact,  and  if  v 
is  the  velocity  imparted  to  the  particle, 

Mk"1  (a)'  —  &>)  =  —  Re,  and  mv  =  R. 

We  also  have  the  geometrical  condition,  v  =  ceo',  so  that 
jR  (  lf&2  +  me2)  = 


Taking  account  of  elasticity,  let  £1  and  u  be  the  angular 
and  linear  velocities  after  impact. 
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Then 

Mk2(£l-a))  =  -(l+e)Rc  and  mu  =  (I 
.-.  (Mtf  +  me2)  H  =  (Mk*  -  erne11)  w, 
and  (Mk*  +  me2)  u  =  ( 1  +  e)  M&ca. 

If  M1&  =  emc2,  the  motion  of  the  rod  will  be  stopped,  and 
the  particle  will  start  off  with  the  velocity  eca>. 

EXAMPLES. 

1.  A  smooth  sphere  is  at  rest  on  a  smooth  horizontal 
plane,  and  an  equal  sphere  is  placed  gently  upon  it,  so  as  to  be 
in  contact  very  nearly  at  the  highest  point ;  prove  that  the 
centre  of  the  upper  sphere  will  describe  a  portion  of  the  arc 
of  an  ellipse,  and  that  when  6  is  the  inclination  to  the 
vertical  of  the  line  of  centres, 

afr  (1  +  sin2  0)  =  2g  (1  -  cos  6). 
Shew  that  the  spheres  will  part  company  when 

cos  e = Va  - 1. 

2.  If  two  weights  be  suspended  by  a  weightless  string, 
passing  over  a  rough  circular  cylinder  moveable  about  its 
axis,  which  is  horizontal,  the  space  described  by  either  in  any 
time  is  independent  of  the  radius  of  the  cylinder. 

3.  Two  equal  smooth  spheres  are  placed  one  upon  the 
other   and   both   in   contact    with   a   smooth  vertical  wall. 
If  the  lower  one  just  leave  the  wall,  prove  that  they  will 
separate  when  the  line  joining  their  centres  is  inclined  to  the 
vertical  at  an  angle  cos"1  (f ),  the  motion  being  supposed  to 
take  place  in  a  vertical  plane. 

4.  Four  equal  rods  are  jointed  together  so  as  to  form  a 
square  ABCD,  and  the  system  is  suspended  from  the  point 
A,  the  square  form  being  maintained  by  a  string  connecting 
A  and  (7.     Find  the  tension  of  the  string. 
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If  the  string  be  cut,  prove  that  during  the  subsequent 
motion, 

afr  (1  +  3  sin2  <9)  =  3g  (cos  6  -  l/\/2), 


2ft  being  the  length  of  each  rod,  and  0  the  inclination  to  the 
vertical. 

5.  Three  equal  smooth  balls  are  kept  in  contact  with 
each  other  on  a  smooth  horizontal  plane  by  a  string  passing 
round  them,  and  a  fourth  equal  ball  rests  upon  the  three  ;  if 
the  string  be  cut,  what  is  the  initial  change  of  pressure 
between  the  upper  ball  and  each  of  the  lower  ones  ? 

6.  A  solid  sphere  resting  on  a  smooth  horizontal  plane, 
is  suddenly  divided  into  two  equal  parts  by  a  vertical  plane 
through  its  centre.     It  is  required  to  determine  the  initial 
horizontal  pressure  between  the  two  parts  and  the  initial 
vertical  re-action  of  the  plane. 

7.  A  rod  of  mass  M  lying  on  a  horizontal  plane  has  one 
end  fixed  and  an  inelastic  particle  of  mass  ra  lies  in  contact 
with  it.     Find  its  position  so  that  when  the  rod  receives  a 
blow  at  its  free  end  the  particle  may  move  with  a  maximum 
velocity. 

8.  The  lower  extremities  of  two  equal  heavy  rods  are 
connected  by  a  string,  and  rest  on  a  smooth  horizontal  plane, 
while  the  upper  extremities  rest  against  one  another.     Shew 
that  if  the  string  be  cut,  the  pressure  between  the  rods  is 
immediately  changed  in  the  ratio  3  cos2  a  :  2  ;  2a  being  the 
initial  angle  between  the  rods. 

Determine  whether,  in  the  course  of  the  motion,  the  rods 
will  separate  from  one  another. 

9.  A  rough  circular  homogeneous  cylinder  of  radius  a 
rolls  inside  a  fixed  horizontal  cylinder  of  radius  3a.     Prove 
that  the  plane  through  the  axes  of  the  cylinders  will  move 
like  a  simple  circular  pendulum  of  length  3a. 

10.  A  weight  P  is  fastened  to  the  ends  of  a  horizontal 
rod,  (weight  W),  which  is  moveable  about  its  middle  point, 
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by  two  strings,  each  of  which  is  equal  in  length  to  the  rod  : 
supposing  one  of  them  to  be  cut,  prove  that  there  will  be  no 
instantaneous  chane  in  the  tension  of  the  other  if 


11.  Two  equal  rods  AS,  BC  are  jointed  at  one  extremity 
B  of  each,  and  the  other  end  A  of  one  is  fixed  ;  if  C  be  held  in 
such  a  position  that  ABC  is  a  right  angle  and  AC  horizontal, 
prove  that  when  G  is  suddenly  let  go  the  initial  pressure  at 
B  will  be  £  of  the  weight  of  either  rod,  and  horizontal. 

12.  A  heavy  uniform  rod  is  supported  against  a  smooth 
fixed  sphere  by  a  horizontal  string  fastened  to  its  upper  end, 
and  also  to  the  highest  point  of  the  sphere  ;  if  the  string  be 
cut,  prove  that  the  pressure  on  the  sphere  is  changed  in  the 
ratio  of  cos2  a  :  1  +  3  sin4  a,  where  a  is  the  angular  distance 
from  the  vertex  of  the  point  of  contact. 

13.  Two  equal  rods  AB,  BO,  jointed  at  B,  are  placed  on 
a  smooth  horizontal  plane  at  right  angles  to  each  other  ; 
prove  that,  if  a  blow  is  applied  to  AB  at  the  end  A  in  the 
direction  perpendicular  to  its  length,  the  initial  velocities  of 
the  ends  A  and  C  are  in  the  ratio  8:1. 

14.  A  uniform  circular  ring  moves  on  a  rough  curve 
under  the  action  of  no  forces,  the  curvature  of  the  curve 
being  everywhere  less  than  that  of  the  ring.     If  the  ring  be 
projected  without  rotation  from  a  point  A  of  the  curve  and 
begin  to  roll  at  a  point  B,  the  angle  between  the  normals  at 
A  and  B  is  log  2  -r-  /u,,  where  p  is  the  coefficient  of  friction. 

15.  Two  equal  rods  AG,  CB,  hinged  at  G  and  having  their 
extremities  A,  B,  connected  by  a  fine  thread  so  that  ACS  is 
a  right  angle,  are  revolving  in  their  own  plane  about  A, 
which  is  fixed,  with  uniform  angular  velocity.     Prove  that  if 
the  string  be  cut  the  stress  at  the  hinge  is  instantaneously 
changed  in  the  ratio  V5  :  4. 

16.  A  uniform  beam  is  revolving  uniformly  in  a  vertical 
plane  about  a  horizontal  axis  through  its  middle  point  ;  and, 
at  the  instant  it  is  passing  through  its  horizontal  position,  a 
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perfectly  elastic  ball,  the  mass  of  which  is  one-third  that  of 
the  beam,  is  projected  horizontally  from  a  point  vertically 
above  the  axis,  so  as  to  hit  the  beam  at  one  extremity,  then 
to  rebound  to  the  other,  and  so  on  for  ever,  bounding  and 
rebounding  along  the  same  path ;  shew  that  if  6  be  the 
angle,  on  each  side  of  its  horizontal  position,  through  which 
the  beam  revolves,  6  will  be  given  by  the  equation 

6  tan  B  =  1. 

17.  A  circular  disc  (radius  c)  is  placed  within  a  vertical 
circle  (radius  a)  so  as  to  be  in  contact  with  it  at  the  ex- 
tremity  of  a   horizontal   diameter,   and   is   then   projected 
vertically.     The   interior   being   perfectly   rough,   find    the 
initial  angular  velocity,  and  the  point  at  which  the  disc  will 
leave  the  curve,  when  its  angular  velocity  on  leaving  it 

=  \'g  (a  -  c)/c. 

18.  A  sphere  on  a  smooth  horizontal  plane  is  placed  in 
contact  with  a  rough  vertical  plane,  which  is  made  to  revolve 
with  an  uniform  angular  velocity  <o  about  a  vertical  axis  in 
itself:  if  a  be  the  initial  distance  of  the  point  of  contact  from 
the  axis,  r  the  distance  after  a  time  t,  and  c  the  radius  of  the 
sphere,  prove  that 


Also  shew  that  the  ratio  of  the   friction   to  the  pressure 
approximates,  as  t  increases  indefinitely  to  1  :  V35. 

19.  Three  equal  and  similar  rods  moveable  about  one 
common  extremity,  are  held  at  right  angles  to  each  other  so 
that  the  three  other  extremities  are  in  a  horizontal  plane. 
Shew   that   if  they   be   dropped   upon   a   smooth   inelastic 
horizontal  plane  their  vertical  velocity  will  be  diminished 
one  half. 

20.  The  middle  point  of  a  uniform  rod  is  fixed  midway 
between   two  centres  of  force,  which  attract  with  a  force 
varying  inversely  as  the  square  of  the  distance.     Prove  that 
the  time  of  a  small  oscillation  is 


(a- - 
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where  M  is  the  mass  of  the  rod,  2c  its  length,  2a  the  distance 
between  the  centres  of  force,  and  /j,8x/r2  the  attraction  on  an 
element  8x  of  the  rod  at  a  distance  r. 

21.  A  rod  of  given  length  is  formed  into  the  quadrantal 
arc  of  a  circle,  and  is  made  to  rotate  about  an  axis  through 
one  end  perpendicular  to  its  plane. 

Supposing  the  arc  to  become  suddenly  fixed  to  its  axis, 
find  the  measure  of  the  tendency  to  break  off;  and  shew 
that,  if  the  rod  were  formed  into  a  semi-circular  arc,  the 
tendencies  to  break  off  in  the  two  cases  would  be  compared 
by  the  ratio  4nr  —  8  :  TT. 

22.  A  rough  cylinder  rests  on  a  horizontal  plane.     Find 
the  least  velocity  of  a  second  cylinder  of  given  larger  radius, 
which  will,  after  impinging  upon  it,  pass  over  it. 

23.  If  a  bullet  of  mass  m  be  fired  with  velocity  u  per- 
pendicular to  the  face  of  a  block  of  wood  of  mass  M,  placed 
on  a  smooth  horizontal  plane,  and  remains  just  imbedded, 
prove  that  the  angular  velocity  acquired  by  the  block  is 

mbu/{(M  +  m)  k2  +  m  (a2  +  6% 

where  a  is  the  distance  of  the  centre  of  gravity  of  the  block 
from  the  face  struck,  and  b  is  the  distance  of  the  point  struck 
from  the  foot  of  the  perpendicular  drawn  from  the  centre  of 
gravity  of  the  block  to  the  face. 

24.  A  uniform  rod  of  length  2a  is  rotating,  in  a  vertical 
plane,  about  its  middle  point,  which  is  fixed,  with  an  angular 
velocity  VCvr^r/a.     At  the  instant  the  rod  is  horizontal,  the 
ascending  end  is  struck  by  a  ball  of  equal  mass,  which  was 
dropped  from  a  height  3?ra ;  and  when  it  is  next  horizontal, 
the  same  extremity  is  struck  by  a  second  equal  ball  similarly 
dropped.     The  elasticity  being  perfect,  determine  the  subse- 
quent motion  of  the  rod  and  balls. 

25.  A  wire  in   the  form  of  the  portion  of  the  curve 
r  =  a(l+cos#)  cut  off  by  the  initial  line  rotates  about  the 
origin  with  angular  velocity  to;  shew  that  the  tendency  to 
break  at  the  point  0  =  7r/2  is   measured  by  12\/2wa>2a3/5, 
where  m  is  the  mass  of  a  unit  of  length  of  the  wire. 
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26.  A  rod  rests  horizontally  upon  two  supports  ;  if  one 
support  be  suddenly  withdrawn,  find  an  equation  to  deter- 
mine where  the  initial  strain  on  the  rod  is  greatest. 

27.  A  rough  cylinder  of  radius  a  loaded  so  that  its 
centre  of  gravity  is  at  a  distance  h  from  its  axis  is  placed  on 
a  board  of  n  times  its  mass,  which  can  move  on  a  smooth 
horizontal  plane.     Find  the  time  of  an  oscillation  when  the 
system   is   slightly   disturbed   from   its    position   of    stable 
equilibrium,  and  prove  that  if  I  be  the  length  of  the  simple 
equivalent  pendulum 


28.  A  circular  ring,  mass  M  and  radius  a,  lies  on  a 
smooth  horizontal  plane,  and  a  fly,  mass  ra,  alighting  upon  it 
starts  off  and  crawls  round  the  ring,  with  a  velocity  v,  which 
is  uniform    relative  to  the  ring.     Prove  that  the   angular 
velocity  of  the  ring  =  mv/(M+  2w)  a. 

29.  If  the  ring  in  the  previous  question  be  vertical  and 
moveable  about  its  centre  of  gravity,  and  if  the  fly  start  off 
and  as  before  move  uniformly  relative  to  the  ring,  find  its 
angular  velocity  in  any  position,  supposing  the  fly  to  start 
from  the  lowest   point.     Also  find   the   least   ratio   of  the 
masses  in  order  that  the  fly  may  ever  be  at  the  highest  point 
of  the  ring. 

30.  A  straight  rod  on  a  smooth  horizontal  plane  has  its 
ends  moveable  on  two  fixed  straight  lines  at  right  angles  to 
each  other,  and  an  insect  walks  uniformly  along  the  rod  ; 
determine  the  motion. 

Also  determine  the  motion  when  the  two  ends  of  the  rod 
are  moveable  on  the  arc  of  a  smooth  circular  wire,  which  is 
lying  upon  the  horizontal  plane. 

31.  A  smooth  spherical  shell  of  mass  M  rests  on  an 
inclined  plane,  being  fastened  to  a  point  of  the  plane  by  a 
string  ;  a  particle  ra  rests  inside  the  sphere  ;  prove  that  if 
the  string  be  cut,  the  ratio  of  the  initial  pressure  between 
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the  sphere  and  the  particle  to  that  between  the  sphere  and 
the  plane  is 

m  cos  a  :  M+m, 

where  a  is  the  inclination  of  the  plane  to  the  horizontal. 

32.  The  ends  of  a  straight  rod  are  moveable  on  two 
smooth  fixed  rods,  intersecting  each  other  at  right  angles  ;  if 
the  rod  be  set  in  motion,  prove  that  when  6  is  its  inclination 
to  either  fixed  rod,  the  measure  of  the  tendency  to  break 
at  any  point  is  proportional  to  sin  26. 

33.  Two  equal  rods  AB,  AC  are  jointed  together  and 
rest  symmetrically  over  a  smooth  sphere  ;   the  junction  of 
the  rods  at  A  being  severed,  what  is  the  initial  pressure  of 
each  rod  on  the  sphere  ? 

Suppose  the  sphere  divided  by  a  vertical  plane  through 
A,  perpendicular  to  the  plane  of  the  rods,  and  imagine  the 
left-hand  hemisphere  to  be  suddenly  annihilated;  it  is 
required  to.  determine  the  initial  action  at  A. 

34.  P  and  Q  are  two  points  in  a  uniform  rod  equidistant 
from  its  centre.    The  rod  can  move  freely  about  a  hinge  at  P. 
The  hinge  is  constrained  to  move  up  and  down  in  a  vertical 
line.     If  the  motion  be  such  that  Q  moves  in  a  horizontal 
line,  determine  the  velocity  when  the  rod  has  any  given 
inclination,  the  rod  being  supposed  to  start  from  rest  in  a 
horizontal  position. 

In  the  case  in  which  the  whole  length  of  the  rod  =  V3  .  PQ, 
shew  that  the  time  of  a  complete  oscillation 


In  this  case  also  find  the  equation  to  the  hodograph  of 
the  middle  point  of  the  rod. 

35.  A  number  (n)  of  equal  uniform  rods,  AA1}  AiA.2> 
A2AS,  &c.,  are  jointed  together  at  their  ends  Alt  A*,,...  and 
the  end  A  of  the  first  rod  is  attached  to  a  fixed  point.  The 
rods  are  held  so  as  to  form  a  straight  line  AA^  .  .An,  the  end 
An  being  free,  and  the  supports  are  simultaneously  removed. 
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Prove  that  if  w  be  the  weight  of  a  rod,  and  a  =  15°,  the 
initial  action  at  Ar  is  equal  to 

w  ( —  4>)r     sin2*"  o  cos2n  q  —  cos2*"  a .  sin2"  a 
~2V(3)    '  "          sin2"  a  +  cos2"  a         ~* 

36.  AB,  BC,  CD  are  three  equal  uniform  rods  freely 
jointed    together  and   moveable   about   the   extremity  A ; 
the  rods  fall  from  a  horizontal  position  of  rest:  prove  that 
the  radius  of  curvature  of  the  initial  path  of  the  extremity 
D  of  the  further  rod  is  81a/131,  where  a  is  the  length  of  each 
rod.     Prove  also  that  the  initial  stresses  at  G,  B  and  A  are 
in  the  ratio  of  1,  4  and  15. 

37.  An  arc  of  a  circle  is  placed  in  its  position  of  equi- 
librium in  a  vertical  plane  resting   on   a   perfectly  rough 
horizontal  plane  and  slightly  disturbed  in  the  former  plane ; 
shew  that  the  square  of  the  time  of  oscillation  varies  as 
act  sin  a,  a  being  the  radius  of  the  circle,  and  2a  the  angle 
subtended  at  its  centre  by  the  arc. 

38.  A  ball  is  projected  fi-om  a  point  in  a  perfectly  rough 
horizontal  plane,  without  any  rotation ;  if  the  coefficient  of 
frictional  elasticity  be  2/5,  prove  that  the  horizontal  velocity 

Xrt  i  O  i  j 

of  the  ball,  after  the  wth  rebound,  will  be  -^-  +  (  —  £)"  -=- ,  where 
u  is  the  horizontal  velocity  of  projection. 

39.  Two  equal  rods,  connected  by  a  hinge,  which  allows 
them  to  move  in  a  vertical  plane,  rotate  uniformly  about  a 
vertical  axis  through  the  hinge ;  and  a  string,  whose  length 
is  double  that  of  either  rod,  is  fastened  to  their  extremities, 
and  supports  a  weight  at  its  middle  point.     Determine  the 
angular  velocity  when  in  the  position  of  relative  equilibrium 
the  rods  and  the  string  form  a  square;  and  supposing  the 
weight  slightly  displaced   in   a  vertical  direction,  find  the 
time  of  a  small  oscillation. 

40.  A  smooth  hemisphere  of  mass  M  is  at  rest  with  its 
face  downwards  on  a  smooth  horizontal  plane,  and  a  particle 
of  mass  m  is  placed  on  it  at  the  angular  distance  a  from  the 
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highest  point.  Prove  that  the  initial  radius  of  curvature  of 
the  path  of  the  particle  is  to  the  radius  of  the  hemisphere  in 
the  ratio 

{M2  +  (ZMm  +  m?)  sin2a}f  :  M  (M  +  ra)2. 

41.  A  smooth  plane  of  mass  M  is  freely  moveable  about 
a  horizontal  axis  lying  within  it  and  passing  through  its 
centre  of  gravity,  the  radius  of  gyration  of  the  plane  about 
the  axis  being  k.  The  plane  being  inclined  at  an  angle  a  to 
the  vertical,  a  sphere  of  mass  m  is  placed  gently  upon  it.  If 
initially  the  centre  of  the  sphere  be  in  a  vertical  through 
the  axis  of  the  plane,  and  if  h  be  its  initial  height  above 
that  axis,  shew  that  the  angle  <f>,  which  the  initial  direction 
of  motion  of  the  centre  makes  with  the  vertical,  is  given  by 

(Mk2  +  m/i2)  tan  <£  =  M.  kz  tan  a. 


42.  A  uniform  beam  of  mass  M  and  length  2a  can  turn 
round  a  fixed  horizontal  axis  at  one  end  ;  to  the  other  end  of 
the  beam  a  string  of  length  I  is  attached,  and  at  the  end  of 
the  string  is  a  particle  of  mass  m.     Determine  the  relation 
that  must  hold  in  order  that,  during  a  small  oscillation  of 
the  system,  the  inclination  of  the  string  to  the  vertical  may 
be  twice  that  of  the  beam. 

43.  A  uniform  heavy  beam  of  length  2c  is  supported  in 
a  horizontal  position  by  means  of  two  strings,  without  weight, 
each  of  length  b,  which  are  fastened  to  its  ends,  the  other 
ends  of  the  strings  being  fixed  ;  in  equilibrium  each  of  the 
strings  makes  an  angle  a  with  the  horizon  :  find  the  time  of 
a  small  oscillation  when  the  system  is  slightly  displaced  in 
the   vertical  plane  in  which  it  is  situated,  the  strings  not 
being  slackened. 

44.  A   thin   spherical   shell   of  uniform  thickness  and 
weight    W  is   built  up  of  a  very  great  number  of  equal 
portions   bounded   by  meridians   and   hinged  at  the  south 
pole  ;  if  it  be  kept  spherical  by  a  clasp  at  the  north  pole, 
that   suddenly  becomes   loose  when   the  whole  rests   on   a 
smooth  table  with  the  south  pole  lowest,  then  the  pressure 
on  the  table  is  immediately  reduced  by  7r2/32  of  the  weight 
of  the  shell, 
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45.  A  rough  right  circular  cylinder  of  mass  m  has  its 
centre  of  inertia  at  a  distance  c  from  its  axis,  and  rests  on  a 
uniform  flat  board  of  mass  M  whose  upper  surface  is  rough 
and  lower  smooth,  and  in  contact  with  a  smooth  table.  A 
blow  of  magnitude  M  V  is  applied  to  the  board  so  that  the 
whole  motion  is  in  one  plane  ;  shew  that  the  cylinder  will 
make  a  complete  revolution  provided 


46.  A  circular  ring  hangs  in  a  vertical  plane  on  two 
pegs.  If  one  be  removed,  prove  that,  Px,  P2  being  the 
instantaneous  pressures  on  the  other  peg,  calculated  on  the 
supposition  that  the  ring  is  (1)  smooth,  (2)  rough, 


where  a  is  the  angle  which  the  line  drawn  from  the  centre  of 
the  ring  to  the  peg  makes  with  the  vertical. 

47.  A  heavy  bar  is  suspended  in  a  horizontal  position  by 
two  equal  and  parallel  vertical  strings  attached  to  its  ends,  it 
is  then  set  swinging  so  that  the  strings  move  in  vertical 
planes  perpendicular  to  the  bar,  if  one  string  breaks  when 
the  rod  is  in  its  lowest  position,  prove  that  the  tension  of  the 
other  string  is  instantaneously  diminished  by  one  half  its 
value. 

If  the  second  string  be  cut  when  the  bar  is  vertical,  prove 
that  the  subsequent  rotation  will  be  uniform  and  round  a 
horizontal  axis  fixed  in  direction;  but  if  the  second  string 
be  cut  at  any  other  time,  the  vertical  plane  containing  the 
bar  will  rotate  with  an  angular  velocity  varying  as  sec'-#,  and 
6  will  increase  at  a  rate  varying  as  *Ja  +  bsecy0,  where  0  is 
the  inclination  to  the  horizontal  and  a,  b  are  constant. 

48.  A  chain  of  mass  m  and  length  I  hangs  in  equilibrium 
over  a  smooth  pulley,  an  insect  of  mass  M  alights  gently  at 
one  end  and  begins  crawling  up  with  uniform  relative  velocity 
F;  shew  that  the  velocity  with  which  the  chain  leaves  the 
pulley  will  be 

{M*V2  +  (M  +  m)  (M  +  ±m)  gl}*/(M  +  m). 

B.  D.  23 
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49.  A  man  walks  on  a  large  rough  ball  so  as  to  make 
the  ball  roll  straight  up  an  inclined  plane  of  inclination  a, 
keeping  himself  at  an  angular  distance  /3  from  the  highest 
point  of  the  ball  ;  if  the  weights  of  the  man  and  the  ball  are 
equal,  prove  that  the  acceleration  of  each  is 

5g  (sin  /3  -  2  sin  a)/  {12  +  5  cos  (a  +  £)}. 

50.  A  light  uniform  lamina  in  the  form  of  a  regular 
trapezoid  is  suspended  by  one  of  the  parallel  edges,  and  a 
weight  mg  is  uniformly  distributed  over  the  opposite  edge  ; 
supposing  the  lamina  to  be  elastic  only  in  the  direction  of 
the  breadth,  find  the  position  of  equilibrium. 

Shew  that  the  time  of  a  small  oscillation  is 


2-n-  VW  (log  a  —  log  6)/2X  (a  —  b), 

when  2a  and  26  are  the  lengths  of  the  parallel  edges,  I  is  the 
breadth  of  the  lamina  when  unstretched,  and  X  the  modulus 
of  elasticity. 

51.  The  extremities  of  a  uniform  heavy  rod  of  length  2c 
slide  on  a  smooth  wire  in  the  form  of  the  parabola  x^  —  4<ay—0, 
the  axis  of  the  parabola  being  vertical,  and  c  >  2a.  If  the 
rod  be  slightly  displaced  from  its  position  of  stable  equili- 
brium, prove  that  the  time  of  a  small  oscillation  is 


52.  Four  equal  uniform  rods  are  jointed  together  so  as 
to  form  a  square  A  BCD,  and  the  system  is  suspended  from 
the  joint  A,  the  square  form  being  maintained  by  an  elastic 
string  joining  A  and  C. 

Find  the  tension  of  the  string,  and,  the  modulus  of 
elasticity  being  twice  the  weight  of  one  of  the  rods,  prove 
that,  if  G  be  slightly  depressed,  the  length  of  the  simple 
isochronous  pendulum  will  be  5  J.  (7/12.  If,  when  there  is 
equilibrium,  the  string  be  cut,  prove  that  the  initial  pressure 
at  C  is  equal  to  one-tenth  of  the  weight  of  one  of  the  rods, 
and  that  the  initial  acceleration  of  C  is  equal  to  Qg/5. 

53.  Three  particles  A,  B,  C  are  connected  by  two  strings 
AB,  AC  and   placed   in   a   line   on  a  smooth  table.     The 
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extreme  particles  B  and  C  are  then  projected  at  right  angles 
to  the  strings  with  velocities  u,  v.  Prove  that  the  initial 
curvatures  of  the  paths  of  the  extreme  particles  are  respec- 
tively 

(q  +  TO)  u?b  +  qv*a       ,  (p  +  in)  v2a  +  pu 
TO)  u?ab   '         (p  +  q  +  TO) 


m,  p,  q  being  the   masses   of  the   particles,  and   a,  b,  the 
lengths  of  the  strings. 

54.  Two  particles  of  masses  TO,  m   are  tied  to  the  ends 
of  a  string  which  passes  through  a  bead  of  mass  /z,  and  the 
whole  system  is  placed  on  a  smooth  table  with  TO,  TO'  at  the 
acute  angles   and  n  at  the  right  angle  of  a  right-angled 
triangle.     If  the  particles  are  projected  with  velocities  u,  v 
and  at  right  angles  to  the  respective  portions  of  string,  the 
lengths  of  which  are  a  and  6,  prove  that,  if  p,  p'  are  the 
initial  radii  of  curvature  of  their  paths, 

TOW2        TOV        (U2        V*\         (I          2          IN 
—  —  -  7  --  I  --  r  T"  |  "J"   I  --  1  ---  1  --  /  )  • 

p         p         \  a     b  I      \m     /*     m  J 

55.  A  circular  disc  of  mass  m,  radius  a,  and  moment  of 
inertia  about  the  centre  mkz,  is  spinning  with  angular  velocity 
(o  on  a  smooth  horizontal  plane  and  impinges  normal  on  the 
middle  point  of  a  rough  rod  lying  on  the  plane.     Prove  that 
the  angular  velocity  immediately  after  impact  is 

(m  +  TO')  k*a)/{m'a?  +  (m  +  m')  k2}. 

56.  Two  uniform  rods  AB,  BC  of  masses  TO,  m'  freely 
jointed  at  B  lie  upon  a  smooth  horizontal  table  and  AB  is 
struck  perpendicular  to  its  length  at  a  point  between  A  and 
B;  shew  that  the  point  B  will  begin  to  move  in  a  direction 
making  with  BC  an  angle  tan"1  {4  cot  a  (TO  +  m')/(4im  +  m')}  ; 
«  being  the  angle  between  the  rods. 

57.  A  cube  of  mass  4m,  with  a  spherical  cavity  of  radius 
a  cut  out  of  it  contains  a  particle  of  mass  TO  ;  if  it  be  placed 
on  a  smooth  inclined  plane  of  inclination  a  to  the  horizon 
and  allowed  to  slide  down  the  plane  under  gravity,  shew 

23—2 
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that  the  angular  motion  of  the  particle  relatively  to  the 
normal  to  the  plane  is  the  same  as  the  rate  of  change  of 
the  eccentric  angle  of  a  ring  constrained  to  move  on  a  fixed 
elliptic  wire  of  eccentricity  1/2,  whose  major  axis  is  vertical 
and  of  length  2a  sec  a. 

58.  A  spherical  shell  of  mass  m,  whose  outer  surface  is 
rough  and  of  radius  a,  has  its  inner  surface  smooth  and  of 
radius  6 ;  a  particle  of  mass  m  moves  inside  while  the  shell 
rolls  on  a  rough  table,  shew  that  if  the  excursions  of  the 
particle  be  a  on  either  side  of  the  vertical,  then 

[M  (a2  +  &2)  4  ma-  sin2  0]  bfc 

=  2g  [M  (a-  +  A?)  +  ma2]  [cos  0  -  cos  a]. 

59.  A  smooth  massless  rod  HM  of  length  I  +  2a  turns 
freely  about  a  hinge  at  one  end  H.     A  string  of  length  I  is 
fastened  at  the  end  M  and  also  at  a  point  8  in  a  horizontal 
line  with  H  and  at  a  distance  2a/\/2  from  H.     A  smooth  ring 
of  mass  m  is  slipped  over  the  rod  and  string  at  M  and  moved 
up  the  rod  until  the  string  is  tight  and  the  rod  horizontal ; 
it  is  then  allowed  to  fall,  find  the  velocity  of  the  ring  at  any 
instant  before  it  slips  off  the  rod.     Shew  that  the  tension  of 
the  string  when  the  ring  has  fallen  through  a  vertical  height 

y  i8 

mg 

2a  ' 

mg  being  the  weight  of  the  ring. 

60.  A  smooth  thin  spherical  shell  of  mass.  M  and  radius 
a  rests  011  a  smooth  inclined  plane  by  means  of  an  elastic 
string  which  is  attached  to  the  sphere  and  to  a  peg  at  the 
same  distance  from  the  plane  as  the  centre  of  the  sphere  and 
a  particle  of  mass  m  rests  on  the  inner  surface  of  the  shell. 
In  the  position  of  equilibrium  the  string  is  parallel  to  the 
plane,  find  the  times  of  oscillation  of  the  system  when  it  is 
slightly  displaced  in  a  vertical  plane  and  prove  that  the  arc 
traversed  by  the  particle  and  the  distance  traversed  by  the 
centre  of  the  shell  from  their  positions  of  equilibrium  can 
always  be  equal  if 

Mg  4  mg  (1  4  cos  a)  =  \a  (1  +  cos  a)/c, 
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where  \  is  the  coefficient  of  elasticity  of  the  string,  and  c  its 
natural  length. 

61.  A  uniform  circular  disc  moving  in  any  way  is  placed 
gently  upon  a  rough  horizontal  plane.  Assuming  that  the 
friction  between  any  element  of  the  disc  and  the  plane  varies 
as  the  relative  velocity  and  is  in  a  direction  opposite  to  it, 
find  the  motion  of  the  disc,  and  shew  that  if  u  and  w  be  the 
velocity  of  the  centre  and  the  angular  velocity  about  it  at  any 
instant,  w«0  =  UOQ),  where  u0  and  &>0  are  the  initial  values  of  u 
and  a). 

02.  A  homogeneous  straight  rod  AB  is  constrained  to 
move  in  a  vertical  plane  with  its  middle  point  in  a  horizontal 
groove,  and  its  upper  extremity  against  a  smooth  curve;  find 
the  nature  of  the  curve  when  the  rod  descends  from  one 
given  position  to  another  in  the  least  time  possible,  the 
initial  angular  velocity  being  given. 

63.  A  number  (n)  of  equal  uniform  rods  A1C1B1,A.£!»B», 
...are  placed  on  a  smooth  horizontal  plane  so  that  the  end 
A»  of  the  2nd  is  in  contact  with  the  middle  point  Gl  of 
the  first,  the  end  A3  in  contact  with  02...  and  the  angles 
C2A.2B1}  CaA3B.2...  are  each  equal  to  d,  so  that  the  figure 
AlClCzC^...Cn  is  a  portion  of  a  regular  polygon.  At  the  end 
Al  an  impulse  P  is  applied  inwards  in  the  direction  making 
an  angle  Tr/2  —  9  with  A^.  Prove  that  the  impulse  between 


the  rth  arid  r  +  1  th,  supposing  them  smooth  and  rigid, 

=  P  (I3nar  -  an£0/08»  -  a"), 
where  a  and  /3  are  the  roots  of  the  equation 

*a  -  (2  sec  6  +  3  cos  6)  z  +  I  =  0. 

64.  A  homogeneous  inelastic  hemisphere  of  radius  a 
and  mass  m  is  let  fall  with  its  base  vertical  on  a  smooth 
inelastic  horizontal  plane.  Prove  that  its  pressure  on  the 
plane  when  the  base  is  horizontal  is  equal  to 


173  675 


mv 


83 
where  v  is  the  velocity  with  which  it  strikes  the  plane. 
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Shew  that  the  hemisphere  will  leave  the  plane  immedi- 
ately upon  its  base  becoming  vertical  if  15w  >  16  Jag,  and 
that,  if  675u2/10247ra<7  is  an  integer,  the  hemisphere  will 
again  strike  the  plane  with  its  base  vertical. 

65.  A  solid  body  of  mass  M  rests  with  its  Hat  base  on  a 
smooth  horizontal  plane,  on  which  it  is  free  to  slide.  Two 
points  inside  the  solid,  both  lying  in  a  vertical  plane  through 
its  centre  of  gravity,  are  connected  by  a  fine  smooth  hollow 
tube,  down  which  a  particle  of  mass  m  slides  from  the 
highest  point  to  the  lowest.  If  the  tube  is  the  brachisto- 
chrone,  prove  that  its  intrinsic  equation  is 

s      n  tan  <f>  sec  <f>  1         .     .  \/l  —  n2  tan  <j) 

_  __  __  ]r  _  r_  I  _  _  sin  —   __  -— 

a~    w2  +  tan2<£       Vl  -  n*  Vwa  +  tan2  </>  ' 


where  n2  =  Mf(M+  m). 

66.  A  solid  hemisphere  of  mass  M  rests  on  a  perfectly 
rough  horizontal  plane,  its  upper  surface,  which  is  a  perfectly 
smooth  plane,  being  horizontal.  Prove  that  if  a  particle  of 
mass  m  is  gently  placed  on  it  at  a  distance  c  from  the  centre, 
the  initial  radius  of  curvature  of  the  path  described  by  it 
will  be  equal  to  3m&/MkP,  where  k  is  the  radius  of  gyration 
of  the  hemisphere  about  a  tangent  at  its  lowest  point  in  the 
undisturbed  position. 


CHAPTER   XV. 


MOTION    IN   THREE    DIMENSIONS. 

266.  WE  now  proceed  to  consider  the  motion  of  a 
system  referred  to  three  rectangular  axes,  either  fixed,  or 
moving  in  a  given  manner. 

As  in  Art.  (34)  we  employ  6ly  0.2,  and  0S  to  represent  the 
angular  velocities  of  the  system  of  axes. 

Taking  col,  o>2,  and  w3  as  the  angular  velocities,  at  any 
instant,  of  a  rigid  body  about  the  axes,  it  follows  as  in 
Art.  (34)  that  the  angular  accelerations  are  respectively 


From  the  definition  of  the  linear  momenta  and  the 
angular  momenta  of  a  system  it  follows  that  these  quantities 
are  vectors  and  are  subject  to  the  parallelogrammic  law. 

Let  pi,  p.,,  p.j,  represent  the  linear  momenta  of  a  system 
in  the  directions  of  the  axes,  and  h^,  h2,  h3  the  angular 
momenta  of  the  system  about  those  axes. 

Then  it  follows,  as  in  Art.  34,  that,  if  we  take  OL,  OM. 
and  ON  to  represent  either  the  quantities  plf  p3,  pa  or  the 
quantities  hlt  /ta,  hz,  the  rates  of  change  of  these  quantities 
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are,  on  the  same  scale,  the  velocities  of  the  point  of  which 
OL,  OH,  ON  are  co-ordinates,  and  are  therefore  respectively 

pi 


pa  — 


The  equations  of  motion  of  the  system  are  obtained  by 
equating  these  expressions  to  the  components  of  the  acting 
forces  and  of  the  acting  couples. 

The  equations  of  motion,  in  the  forms  thus  obtained, 
were  first  given  by  Mr  R.  B.  Hayward,  F.R.S.,  of  St  John's 
College,  Cambridge. 

They  are  contained  in  a  paper,  published  in  1856,  in 
Part  I.,  Vol.  X.,  of  the  Cambridge  Philosophical  Transactions. 

267.  If  oc,  ?/,  z  be  the  co-ordinates  of  a  particle  m  of 
the  system,  and  if  u,  v,  w  be  the  component  velocities  of  the 
particle, 

pl  =  ^mu,  p.2  =  2my,  ps  =  2mw  ; 

J^  =  2m  (wy  —  vz),  hz  —  2m  (uz  —  was),  h3  =  2??i  (vx  —  uy). 

The  total  motion  of  the  system  at  the  instant  in 
question  is  thus  represented  by  three  linear  momenta  in 
the  directions  of  the  axes  and  three  angular  momenta  about 
those  axes. 

These  are  equivalent  to  a  single  linear  momentum  and  a 
single  angular  momentum. 

268.  If  the  origin  is  not  a  fixed  point,  the  expressions 
for  the  rates  of  change  of  the  linear  momenta  are  unaffected, 
but   the   expressions   for   the   rates   of  change   of  angular 
momenta  will  require  modification. 

Let  a,  /3,  7  be  the  component  velocities  of  the  origin,  and 
suppose  the  axes  to  have  no  rotation. 

Since  h^  =  2m  (wy  —  vz), 
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the  angular  momentum,  at  the  time  t  +  8t,  about  the  axis  Ox, 
fixed  in  space 

=  2w  {(w  +  Sw)  (y  +  By  +  &Bf)  -(v  +  Bv)  (z 


and,  subtracting  /^  and  dividing  by  &t,  we  obtain  the  ad- 
ditional term 

ps/3-p2y, 

so  that  the  complete  expression  for  the  time-flux,  about  the 
instantaneous  position  of  the  axis,  of  the  angular  momentum 
is 

h1  —  hz63  +  h3 


If  the  origin  be  the  centre  of  gravity  of  the  system,  the 
expressions  for  angular  momenta  and  their  rates  of  change 
are  those  of  Art.  (266). 

It  will  be  seen  that  the  terms  p3/3  —  p2y  of  the  previous 
article  disappear  in  this  case,  for 

p.2  =  Hfi,  and  pa  =  My. 

269.     Motion  of  a  rigid  body  about  a  fixed  point. 
In  this  case 

u  =  Z(oa  —  yo)3i  v  =  xci)3  —  z(0i  ,  w  =    a>i  — 
and  therefore 

hv  =  2m  (ya  +  22)  cDj  —  ^  (may)  <u2  — 

and,  if  we  represent  the  three  moments  of  inertia  by  A,  B,  C 
and  the  three  products  of  inertia  by  D,  E,  F  we  have 


h3  =  Ca)3  —  E&I  —  D«o2. 

If  the  expressions  D,  E,  F  all  vanish  the  axes  are  said  to 
be  principal  axes  ;  if  two  vanish,  the  corresponding  axis  is  a 
principal  axis. 

In  the  case  of  a  sphere,  or  a  solid  bounded  by  any 
regular  polyhedron,  when  the  centre  is  the  origin,  D,  E,  F  all 
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vanish,  and  A,  B,  C  are  all  the  same,  so  that  the  angular 
momenta  take  the  forms 

Awl,  Aa>2,  Aa>3. 

In  the  case  of  a  solid  of  revolution,  or  of  a  regular 
pyramid,  the  axis  of  which  is  one  of  the  axes,  D,  E,  F  all 
vanish,  and  the  angular  momenta  are 

Aa)2,  Ca>3. 


In  the  case  of  a  plane  lamina,  when  one  axis  is  perpen- 
dicular to  its  plane,  D  and  E  vanish,  and  the  angular 
momenta  are 

A(O!  —  Fw2,   Bwz  -  FG*!,  (A  +  B)  W3. 

270.  If  the  axis  of  z  be  fixed  in  space,  the  time- 
fluxes  of  angular  momenta  about  the  instantaneous  positions 
of  the  axes  are 

Aj  —  h203,  h%  +  h\03,  h3. 

It  may  be  instructive  to  obtain  these  expressions  directly. 
Thus,  at  the  time  t  +  St,  the  angular  momenta  about  Ox',  Oy', 
the  consecutive  positions  of  Ox,  Oy,  being  h  +  Sh^,  h2+  8li2, 
it  follows  that  the  angulafr  momenta  about  Ox  and  Oy  are 
respectively 

cos  838t  —  A2  +  &h2  sin  038t, 


(h2  +  8/<a)  cos  03S*  +  (h,  +  8^)  sin  0,&, 

and,  subtracting  h^  and  h2  and  dividing  by  St,  we  obtain,  in 
the  limit,  the  expressions  given  above. 

The  general  expressions  of  Art.  266  may  be  obtained  in  a 
similar  manner. 

271.  We  are  now  in  a  position  to  solve  some  problems, 
and  we  commence  with  the  motion  of  a  sphere  on  a  rough 
plane,  under  the  action  of  forces  the  resultant  of  which  passes 
through  the  centre  of  the  sphere. 

Referring  to  fixed  axes  the  linear  momenta  are  mx,  my, 
and  the  time-fluxes  of  the  angular  momenta  are 

Ad)2>  Aws  where  A  =2wc2/5. 
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Assuming  X  ,  Y  as  the  forces,  and  taking  moments  about 
the  lines  in  the  plane  through  the  point  of  contact  parallel  to 
x  and  y,  we  obtain 

—  myc  +  A  wl  =  —  Yc,  mxc  +  A  &>2  =  Xc. 
We  have  also  the  geometrical  conditions, 

x  —  ctoo  =  0,  y  +  ca)l  =  0, 
and  we  hence  obtain 


If  the  frictional  reactions  be  required,  they  are  given  by 
the  equations 

mx  =  F  +  X,  m  y  =  G  +  Y, 

so  that  F  =  -2X  and  G=-tY. 

If  the  plane  be  made  to  revolve  uniformly,  with  the 
angular  velocity  fl,  about  the  axis  of  z,  the  equations  of 
motion  are  the  same,  but  the  geometrical  conditions  are 

x  —  c&)2  =  —  fly,  y  +  ca>!  =  fix. 

If  in  this  case  there  be  no  forces  in  action,  the  elimination 
of  <»!  and  <w2  leads  to  the  equations 


or,  writing  n  for  211/7, 

x  +  n2  (x  -  a)  =  0,  y  +  n-  (y-b)  =  0, 
where  a  and  b  are  constants. 

Integrating  these  equations  and  eliminating  the  time,  we 
shall  find  that  the  path  of  the  centre  of  the  sphere  is  an 
ellipse,  of  which  the  point  (a,  b)  is  the  centre. 

272.  To  illustrate  the  use  of  two  moving  axes,  consider 
the  motion  of  a  rigid  body  about  a  fixed  axis. 

Taking,  as  in  Art.  248,  the  line  OG  as  the  axis  of  x  and 
the  fixed  axis  as  the  axis  of  z, 

u  =  —  yo),  v  =  xo),  w  =  0, 
and  therefore, 
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Hence  /^  -  h2tis  =  —  Ew  +  Deo2, 

h,+  h^3  =  -Dw-Ew\ 

and  equating  these  expressions  to  the  moments  of  the 
acting  forces,  we  obtain,  as  in  Art.  248,  the  stresses  on 
the  axis. 

273.  A  circular  disc,  the  plane  of  which  is  vertical,  and 
centre  fixed,  is  rotating  about  a  horizontal  axis  through  its 
centre  perpendicular  to  its  plane,  which  axis  is  itself  rotating 
freely  in  the  horizontal  plane  through  the  centre,  and  an 
insect  crawls  in  a  given  manner  on  the  disc. 

Taking  the  figure  of  Art.  (302),  let  ZC  be  the  plane  of  the 
disc,  00  being  a  given  radius  of  the  disc. 

The  equations  of  motion  are  obtained  by  observing  that 
the  angular  momentum  about  Oz  is  constant,  and  that  the 
time-flux  of  the  angular  momentum  about  OF  is  equal  to  the 
moment  about  OF  of  the  weight  of  the  insect. 

Let  p  be  the  distance  of  the  insect  from  0,  and  </>  the 
angular  distance  of  p  from  OC  measured  in  the  direction  GE, 
so  that  p  and  <£  are  known  functions  of  the  time. 

Putting  ZG  =  0,  and  XZC  =  ty,  we  obtain 
Mk-^r  +  mp"  sin2  (6  +  ^)^  =  0. 

If  h1}  A2  be  the  angular  momenta  about  OK  and  OF, 
ht  =  —  mp-^r  sin  (0  +  <j>)  cos  (6  +  <f>), 


Hence  we  obtain,  since  n.2  +  h^  is  the  time-flux  of  the 
angular  momentum  about  OF, 

2Mte&+  mp*(8+<j>)+2mpp(0+  <J>)-wp2^2sin(0  +  </>)  cos  (0+0) 

=  mgp  sin  (6  +  </>), 
and  6  and  ty  are  determined  by  these  equations. 

274.  Motion  of  a  heavy  sphere  on  the  interior  rough 
surface  of  a  vertical  cylinder. 

The  figure  being  a  section  by  the  horizontal  plane  through 
the  centre  of  the  sphere,  take  the  axis  (3)  through  G  vertically 
upwards  and  measure  z  upwards. 
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The  accelerations  of  C  in  the  directions  (1)  (2)  and  (3)  are 
-  (a  -  c)  <j>2,  (a  -  c)  <)>,  z. 

In  this  case,  since  hi  =  Aca1,  h.,  =  Aw.2>  and  6-.  =  <j>,  the  time- 
fluxes  of  the  angular  momenta  about  the  instantaneous 
positions  of  the  lines  (1),  (2),  and  (3)  are 

A('OI  —  .Aeon  <j>,  Ad)»  +  Aa*!  <£>,  Ad)3. 


T 

Taking  moments  about  CP,  PT,  and  the  vertical  through 
P,  we  obtain 

o>i  -  &>2<j>  =  0,  Aw.,  +  A &>! <j>  +  mcz  =  —  mgc, 
Atas  —  m  (a  —  c)  c$  =  0. 

Expressing  the  fact  that  the  point  P  has  no  velocity,  the 
geometrical  conditions  are 

(a  —  c)  </>  +  c&)3  =  0,  2  —  c&>3  =  0. 

From  the  third  and  fourth  of  these  equations  we  see  that 
o>3  and  4>  are  each  constant. 

If  we  take  &>  and  £1  to  represent  these  constant  values, 
we  obtain,  from  the  first  and  fifth  equations, 

co>x  =  flz,  so  that  cwj  =  flz  +  G. 
Hence,  from  the  second  equation,  it  follows  that 
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shewing   that   the   ball   rolls   up   and   down,   between   two 
fixed  levels,  in  the  time 


Suppose  that,  initially, 

2  =  0,  z  =  Q,  <|>  =  n,  Wj^w; 
then  z  +  1  1  Vz  =  -  f  g  -  f  cnfl, 

and  .•.  z*  +    &z2= 


From  this  result  it  appears  that  the  ball  will  begin  by 
rising  if  n  is  negative  and  numerically  greater  than  5<//2cfl. 

If  the  cylinder,  instead  of  being  fixed,  be  made  to  revolve 
with  a  constant  angular  velocity  &>  about  a  vertical  generating 
line  through  the  point  0  in  the  figure,  the  angular  velocity 
of  the  line  CE  is  &>  +  <|>,  and  the  accelerations  of  C  in  the 
directions  (1),  (2),  (3)  are,  putting  b  for  a  —  c, 

aw2  c<>$  <f>  —  b(a>  +  </>)2,     b<j>  —  aw2  sin  <£,  z. 

Hence,  taking  moments  about  the  same  axes  as  before, 
we  obtain, 

&>!  —  ft>2  (co  +  </>)  =  0,  f  c&>2  -f  f  co>!  (a>  +  <p)+2  =  —y, 
f  c&>3  —  &<$  +  a&>2  sin  </>  =  0. 

The  geometrical  conditions  are  that  the  velocities  of  the 
point  P  of  the  sphere  and  of  the  point  P  of  the  cylinder  are 
the  same  ; 

.  '.    co>3  +  &(&>  +  ^>)  —  aco  cos  <f)  =  aw  —  aw  cos  0 
or  c&>a  +  1)  (to  +  (j>)  =  aco, 

and  2  —  c&>2  =  0. 

Eliminating  eos  we  find  that 

=  5a<a2  sin  <f>, 


an  equation  which  determines  the  angular  motion  of  the 
centre  of  the  sphere  relative  to  the  cylinder. 
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275.  Motion  of  a  heavy  sphere  on  the  interior  rough 
surface  of  a  cone  having  its  axis  vertical  and  vertex 
downwards. 

The  figure  being  a  section  of  the  system  by  the  vertical 
plane  through  the  axis  of  the  cone  and  the  centre  of  the 
sphere,  the  accelerations  of  C  are 


r  —  r,  r<>  +    ?<>,  z, 

and  the  time-fluxes  of  angular  momenta  are  the  same  as  in 
the  preceding  case. 

The  geometrical  conditions  are 

r  —  c&>2  since  =  0  .......................  (1) 

(2) 
(3). 

Taking  moments  about  PE,  PC,  and  the  line  through  P 
perpendicular  to  the  plane  of  the  figure  we  obtain 

(Aa>i  —  Aw.2<j))  sin  a  +  Aa)3  cos  a  —  m  (r$  +  2r<j>)  c  =  0  .  .  .(4) 
04&>!  —  Aa>$)  cos  a  —  Aa>3  sin  a  =  0  .............  (5) 

+  Aw^  +  m  (r  —  r<j>*)c  sin  a+mzc  cos  a  =  —  mgc  cosa.  .  .(6) 


z  — 
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From  (4)  and  (2)  we  find  that  r$  +  2f<j>  =  0,  or  that  r2(j>=//. 
From  (4)  and  (5)  it  follows  that  o>3  =  0,  or  that  &>3  =  n. 

Lastly  from  (6),  with  the  aid  of  (1),  (2),  (3),  and  the 
preceding  results,  we  find,  if  we  write  u  for  1/r,  the  equation, 

d?u      2  +  osin2a     _  5  #  sin  a  cos  a        cwcosa      ^. 
dfi+       T~  ~^W~    ~T~1T~ 

Since  rz<f>  =  h,  it  follows  that  there  is  no  friction  in  the 
direction  perpendicular  to  the  plane  CPE. 

If  F  and  R  represent  the  friction  in  the  direction  PE  and 
the  normal  reaction  at  P, 

m(r  —  r<j>2)  =  Fsm  a.—  R  cos  a 
mz  =  Fcoa  a  +  R  sin  at. 
Observing  that  z  =  c  cosec  a  +  r  cot  a,  and  that 

7o      s&U 

~hudp' 
we  obtain 

/  d2u  \ 

F=-  mh-ii?  cosec  a  ( -j-r,  —  u  sin2  a ) ,     R  =  mh2u?  cos  a, 
\«9"  / 

so  that,  taking  account  of  (7),  F  and  R  are  determined  in 
terms  of  r,  the  distance  of  the  centre  of  the  sphere  from  the 
axis  of  the  cone. 

276.  The  general  problem  of  the  motion  of  a  sphere  on 
any  surface  of  revolution  may  be  treated  in  the  same  manner, 
or  we  may  employ  three  moving  axes. 

Taking  the  axes  as  in  the  figure,  and  taking  u,  v,  w  as  the 
velocities  of  G  in  the  directions  (1),  (2),  and  (3),  the  geo- 
metrical conditions  are 

u  —  co)2  =  0,  v  +  ca>!  =  0,  w  =  0. 
Since  6^  =  <|>  cos  0,  02  =  0,  03  =  <£  sin  0, 

u  —  v0s  +  w0.2  =  ctu2  +  co)^  sin  0, 
v  —  w0l  +  u03  =  —  ca>!  +  ca>.2(j)  sin  0, 

W  —  M#2  +  V&!  =  —  CW.fi  —  00)$  COS  0, 

which  are  the  accelerations  of  G. 
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Hence,  if  L,  M,  N  be  the  moments  of  the  acting  forces 
about  PT,  about  the  line  through  P  perpendicular  to  the 
plane  A  GP,  and  about  PC,  the  equations  of  motion  are 

A  (t»i  —  (0.2$  sin  6  +  o)36)  —  me  (—  co^  +  c&)2<j>  sin  6}  =  L,. .  .i, 

A  (w2  —  &>3<j>  cos  6  +  «!</>  sin  0)  +  me  (cm.,  +  cw^  sin  0)  =  M,..  .ii, 

A  (&>3  —  &>!#  +  &>2<j>  cos  0)  =  N..  .in. 


It  will  be  seen  that  (7  moves  on  a  parallel  surface  of 
which  A  is  the  vertex,  and  if  AN  =  z  and  CN  =  r,  the 
relation  between  r  and  z  is  known,  so  that  z  ^/(r). 

Hence  if  s  be  the  arc  A  C 

c«2  =  u  =  s  =  —  p6, 

if  p  be  the  radius  of  curvature  of  A  C  at  (7. 
We  also  have  CG>J  =  —  v  =  —  r<£>. 

If  gravity  is  the  only  force  in  action,  and  if  the  axis  of  the 
surface  of  revolution  is  vertical, 


L  =  0,  N  =  0,  and  M=  —  mgc  cos  6. 


B.  D. 
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When  the  motion  is  steady,  that  is,  when  the  centre  of  the 
sphere  moves  uniformly  in  a  horizontal  plane,  we  have  &  =  0 
and  4>  =  £1,  so  that 

co2  =  0,  and  c&>!  =  —  rfl. 

From   equation  iii,  &>3  =  0,  or  &>3  =  n,  and,  from  equation 
(ii),  we  obtain  the  condition  necessary  for  steady  motion, 

7rft2  +  2cnO  cot  a  =  5g  cot  a, 
a  being  the  constant  value  of  6. 

The  sphere  may  be  so  started  that  n  =  0,  in  which  case  we 
have  the  condition 

7rfl2  =  5y  cot  a. 

277.     If  the  surface  of  revolution  is  a  sphere,  of  which  Gr 
is  the  centre,  and  if  GG=  a, 

c&>2  =  —  ad  and  cco^  =  —  a<p  cos  0, 
and  therefore,  from  equation  (iii), 

o>3  =  0,  or  ft>3  =  n. 

These  values  of  eo1}  &>2,  &>3  being  substituted  in  equation. 
(i),  we  obtain 

a  cos  #<jb  —  2a  sin 
and  therefore 

cos«0i  =  0+*  —  sin^. 
'  a 

Substituting  in  equation  (ii)  and  integrating  we  obtain  a 
differential  equation  of  the  first  order  for  6. 

This    last   however   is   more   easily   obtained   from   the 
equation  of  energy  which  is 


A  (a2  6*  +  a2  cos2  0<£2)  +  ^c2  (e^2  +  a>22  +  w32)  =  D  +  ga  sin  0, 
and  leads  to  the  relation 

£  +  sec20  (C  +  I-  sin  0V  =  E  +  -~ff  sin  0, 
\  a          /  7a 

(7  and  E  being  constants  determined  by  initial  conditions.. 
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If  the  surface  of  revolution  is  made  to  revolve  about  its 
axis  with  the  uniform  angular  velocity  &>,  the  dynamical 
equations  for  the  motion  of  the  sphere  are  unchanged,  but  the 
geometrical  equations  are 

co>2  +  pB  =  0,  CG>!  +  r<j>  =  <u  (?*  +  c  cos  6}. 

278.  Motion  of  a  rough  sphere  on  the  surface  of  a  flat 
disc,  which  is  moveable  on  a  smooth  horizontal  plane,  the 
upper  surface  of  the  disc  being  perfectly  rough. 


We  shall  suppose  that  the  centre  of  gravity  of  the  system 
has  no  motion  ;  this  will  be  the  case  if  the  disc  be  initially  at 
rest,  and  if  the  sphere,  in  a  state  of  rotation  about  a  diameter, 
be  placed  gently  upon  the  disc. 

In  the  figure  0  is  the  projection  on  a  horizontal  plane  of 
the  centre  of  gravity  of  the  system,  E  of  the  centre  of  gravity 
of  the  disc,  and  C  of  the  centre  of  the  sphere ;  Ox,  Oy  are 
fixed  directions. 

Taking  £,  77,  and  ac,  y,  as  the  co-ordinates  of  E  and  C, 
measured  in  opposite  directions,  and  ft  as  the  angular  velocity 
of  the  disc,  the  geometrical  conditions  are » 


x  —  co>2  =  —  f  —  ft  (y  +  77) . 
y  +  c&)!  =  -  T)  +  ft  (x  +  f) . 


(1), 

(2). 
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Taking  moments,  for  the  motion  of  the  sphere,  about  the 
horizontal  tangent  lines  parallel  to  the  axes, 

mxc  +  ra&2(i>2  =  0,     my'c  —  mk2^  =  0, 
and  therefore      x  +  %ca)2  =  A,     y-%ca>l  =  B  .........  (3),  (4). 

The  angular  momentum  of  the  system  about  any 
assigned  vertical  line  is  constant,  and  if  the  sphere  have 
initially  no  rotation  about  the  vertical  diameter  this  constant 
is  zero. 

Taking  moments  about  the  vertical  line,  fixed  in  space, 
through  which  E  is  passing, 

MK2£l  —  mx  (y  +  17)  +  my  (x  +  £)  =  0, 
or  M2Ks£l  =  m  (m  +  M)  (xy  -  yx)  ............  (5). 

We  have  besides  mx  =  MJ;,  and  my  =  Mv),  and  we  thus 
have  seven  equations  to  determine  the  seven  unknown 
quantities. 

If  the  original  axis  of  rotation  of  the  sphere  be  above  the 
line  Ox  and  parallel  to  it,  so  that  initially 

coj  =  n,    and    w2  =  0, 

we  obtain  x  +  |cco2  =  0,  if  —  f  c&>!  =  B. 

The  elimination  of  col  and  o>2  leads  to 

2x  (M+  m)  +  5Mx  =  -  2y£l  (M+  m\ 
2y  (M  +  m)  +  5My  -  5MB  =  2xfl  (M  +  m), 

and,  substituting  for  fl  its  value  from  (5),  these  equations 
take  the  forms 

(a  +  by2)  x  =  bxy  y,  (a  +  ba?)  y  =  bxy  x  +  c, 
where  a,  b  and  c  are  constants. 

The  integration  of  the  first  of  these  equations  gives 


shewing  that  the  path  in  space  of  the  centre  of  the  sphere  is 
a  hyperbola,  (a  result  given  in  the  Tripos  Examination, 
Jan.  1882). 
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It  should  be  mentioned  that  n  is  the  initial  angular 
velocity  of  the  sphere  just  after  having  been  placed  in  contact 
with  the  disc. 

If  &>  be  the  angular  velocity  of  the  sphere  about  the 
diameter  parallel  to  the  axis  of  x  before  the  contact,  and  if  X 
be  the  angular  velocity  of  the  disc  immediately  after  the 
impact,  n  and  \  are  determined  by  the  equation 

tiliC  TV  ™°~ ™  //ti/oC  -~~  itl/K  &Jj 

combined  with  the  preceding  equations  (1),  (2),  and  (5)  in 
their  initial  forms. 

279.  Motion  of  a  heavy  rod  AB,  the  ends  of  which  slide 
on  a  fixed  vertical  rod  OB,  and  a  horizontal  rod  OA,  which  is 
made  to  revolve  uniformly. 

If  r  be  the  distance  from  G,  in  the  direction  GA,  of  a 
point  P  of  the  rod,  the  accelerations  /,  f  of  the  point  in  the 

directions  LP   and  NP,   are  £  PL  -  a>*PL,  and  ^-  PN, 

where  PL,  PN  are  the  perpendiculars  upon  OB  and  OA,  so 
that         PL  =  (a  +  r)  cos  0,   and   PN  =  (a  -  r)  sin  0. 

Taking  moments  about  the  line  through  E  perpendicular 
to  the  plane  OAB,  we  obtain 

ra        fa 

m  ~-  {(a  +  r)/sin  0  —  (a  —  r)f  cos  0}  =  mga  cos  0. 
J  -a     ^a 

Substituting  for  f  and  f  their  values,  and  integrating, 
this  reduces  to 

6  +  <w2  sin  0  cos  0  =  —  •£-  cos  0. 

We  have  solved  this  question  by  an  appeal  to  first  princi- 
ples, but  it  may  be  instructive  to  indicate  the  method  of 
dealing  with  it  by  the  aid  of  the  expressions  for  angular 
momenta. 

Taking  for  axes  the  line  GA,  and  the  lines  through  G 
perpendicular  to  and  in  the  plane  OAB, 

01  =  —  to  sin  0,     #2  =  0,     03  =  to  cos  0, 
and  h\  =  0.    h* 
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The  acceleration  of  G  in  the  plane  OAB,  perpendicular 
to  OG  in  the  upward  direction 

=  ad  +  a  sin  6  cos  6 .  o>2,     Art.  28, 

and  the  rate  of  change  of  the  angular  momentum  about  the 
second  axis  =  m&2&>2  +  m&2&>3  CD  sin  0. 


Hence  the  equation  of  moments  about  the  line  through  E 
perpendicular  to  the  plane  is 

a2  a2 

ma?  (6  +  sin  0  cos  #«2)  +  m  —  a>2  +  m  -^  w3co  sin  0  =  —  mga  cos  0 ; 

o  o 

and,  observing  that  a)2  =  0  and  that  <»3  =  &>  cos  0,  this  reduces 
to  the  equation  previously  obtained. 

If  the  system  instead  of  being  made  to  revolve  uniformly 
be  set  in  motion  and  left  to  itself,  we  shall  have,  taking  <£  for 
the  azimuthal  motion,  and  neglecting  the  inertia  of  the  rods 
OA,  OB, 

with  the  additional  equation,  derived  from  the  fact  that  the 
angular  momentum  about  OB  is  constant, 
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280.  A  heavy  rod  can  turn  freely  about  one  end  which  is 
fixed,  while  the  other  end  moves  on  a  smooth  plane  inclined  at 
the  angle  a  to  the  horizontal.  It  is  required  to  determine  the 
motion  when  the  rod  is  just  disturbed  from  its  position  of 
unstable  equilibrium,  and  to  find  whether  the  contact  of  the 
rod  with  the  plane  remains  unbroken. 

In  order  to  illustrate  different  methods  of  treatment  we 
shall  give  three  solutions  of  this  question,  from  three  different 
points  of  view. 

C 


Let  C  be  the  fixed  end  of  the  rod,  CO  the  perpendicular 
from  C  on  the  plane,  CA'  the  position  of  unstable  equili- 
brium, and  <f>  the  angle  through  which  the  plane  AGO  has 
turned  at  some  time  during  the  motion. 

Taking  an  element  m&r/2a  at  the  distance  r  (CP)  from 
•C,  the  time-fluxes  of  momenta,  or  the  effective  forces,  of  the 
element  are,  if  ft  represents  the  angle  AGO, 


of*  • 

m  y-  (—  r<jr  sin  /3)  in  the  direction  parallel  to  OA, 


.-and 


— 

Aw 


•• 

(r<j>  sinyS)  perpendicular  to  the  plane  AGO. 


Taking  moments  about  OC, 

Sr      - 
2»i  ^-  r2<j>  sin2  /3  =  mrj  sin  a  .  a  sin  ft  sin 

wCt 

injS  =  3</sina(l  —  cos  </>) 


(i)  ; 
(ii), 
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an  equation  which  might  have  been  obtained  at  once  from 
the  principle  of  energy. 

In  order  to  find  the  reaction,  R,  of  the  plane,  take 
moments  about  the  straight  line  through  C  perpendicular  to 
the  plane  AGO  ;  we  then  obtain  the  equation 

r)T" 

2?ft  ^-  r*<£2  sin  /3  cos  /3 

aXt 

=  mg  sin  a  cos  <£  .  a  cos/3  +  mg  cos  a  .  a  sin/3  —  R  .  2a  sin/3.  .  .(iii), 

If  the  lower  end  of  the  rod  leaves  the  plane,  R  vanishes, 
and  the  condition  that  this  should  be  the  case  is 


sin  /3  cos  /3=3g  sin  a  cos  /3  cos  <f>  +  3$r  cos  a  sin  /3, 
whence,  by  help  of  (ii), 

3  tan  a  cos  <f>  —  2  tan  a  —  tan  /3, 
and  a<£2  sin  2/8  =  g  sin  (a  4  /3). 

Hence  it  follows  that  the  contact  of  the  rod  with  the 
plane  will  remain  unbroken  if  5  tan  a  <  tan  ft. 

We  shall  now  solve  the  question  by  calculating  the  ex- 
pressions for  the  angular  momenta  about  OG,  about  the  line 
through  C  parallel  to  OA,  and  about  the  line  through  G 
perpendicular  to  the  plane  AGO,  and  then  making  use  of 
the  expressions  given,  in  article  270,  for  the  time-fluxes  of 
the  angular  momenta. 

The  angular  momentum,  h3,  about  OG 

O1/* 

=  2m  g-  r2  sin2  £  .  0  =  f  ?m2<£  sin2  £. 

The  angular  momentum  h1}  about  the  line  through  C 
parallel  to  OA 

=  2ra  „—  r  sin  /3</>  .  r  cos  $  =  |ma20  sin  /3  cos  $, 

and  the  angular  momentum,  A2,  about  the  line  through  G 
perpendicular  to  the  plane  OG  A  =  0. 

By  article  270,  the  time-fluxes  of  the  angular  momenta 
about  these  lines  are 

hi  —  h2<f>,     h.z  —  h^,     h3. 
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Equating  these  to  the  moments  of  the  acting  forces,  we 
obtain  the  equations  (i)  and  (iii). 

Again,  we  may  give  a  different  form  to  the  solution  by 
reducing  the  system  to  the  time-fluxes  of  linear  momenta 
due  to  the  motion  of  G,  and  of  angular  momenta  due  to  the 
components  of  rotation  about  axes  through  G.  These  are, 
for  the  linear  momenta, 

—  ma  sin  /3  .  <£2  parallel  to  OA  , 
ma  sin  (3  .  <$>,  perpendicular  to  the  plane  AGO, 

and,  for  the  angular  momenta  about  the  lines  through  G 
parallel  to  OA,  perpendicular  to  the  plane  AGO,  and  parallel 
to  OC, 

l/na'jb  sin  ft  cos  /3,     f  ?na2<£2  sin  y3  cos  /3,     f  wa2<jb  sin2  /3. 


Taking  the  moments  of  this  system  of  time-fluxes  of 
momenta  about  the  lines  through  C,  parallel  to  the  lines 
through  G  above  mentioned,  and  equating  them  to  the 
moments  of  the  acting  forces,  we  shall  again  obtain  the 
equations  (i)  and  (iii). 

281.  We  have  already  given,  in  the  first  four  articles  of 
Chapter  XIV.,  the  principles  which  determine  the  effects  of 
impulses,  and  the  general  equations  for  the  calculation  of 
those  effects.  We  now  proceed  to  employ  the  notation  of 
the  present  chapter  and  to  present  these  equations  in  a  more 
useful  form. 

Case  of  a  rigid  body  of  which  one  point  is  fixed. 

Let  hi,  hy,  h3  be  the  angular  momenta  about  three  axes 
through  the  fixed  points  just  before,  and  V>  h3',  h*  just  after 
impulsive  forces  have  been  applied  to  the  body. 

Then  if  G,  H,  K  are  the  moments  about  the  axes  of  the 
impulses, 

K-h^G,  h.J-h,  =  H,  h3'-h3  =  K, 

these  equations  being  the  mathematical  expression  of  the 
statement  in  paragraph  (4)  of  art.  240. 
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As  in  art.  269,  the  values  of  7^,  hz,  hs  are  given  by  the 
•equations, 

If  the  axes  are  principal  axes  of  the  body,  the  equations 
take  the  forms, 

A  («/  -  wO  =  G,  B  «  -  6>2)  =  H,  C  (to/  -  o>3)  =  K. 
Case  of  a  free  body  or  of  any  system  of  bodies. 

Let  u,  v,  w  be  the  velocities  of  the  centre  of  gravity  of  the 
system  in  three  directions  at  right  angles  to  each  other  just 
before,  and  u',  v',  w',  just  after  the  impulses  are  applied. 
Then  taking  hlt  7z2,  h3  to  represent  the  angular  momenta  about 
the  axes  through  the  centre  of  gravity  parallel  to  the  three 
directions,  the  mathematical  expression  of  paragraphs  (3) 
and  (4)  of  article  240  gives  the  system, 

M  (u'  -u)  =  P,  M  (v'  -v)  =  Q,  M  (w'  -w)  =  R, 


282.  If,  when  a  system  is  in  motion,  a  straight  line  in 
the  system  is  suddenly  fixed,  the  impulses  called  into  action 
have  no  moment  about  the  line,  and  consequently  the 
.angular  momentum  about  it  remains  unchanged. 

In  the  case  of  a  single  rigid  body  of  mass  M,  if  Mu  is  the 
•component,  perpendicular  to  the  line  which  is  suddenly  fixed, 
of  the  linear  momentum,  p  the  shortest  distance  between 
these  two  directions,  h  the  component  of  the  angular  mo- 
mentum about  the  line  through  G  parallel  to  the  line  which 
becomes  fixed,  and  /  the  moment  of  inertia  a,bout  this  line, 
the  angular  velocity  after  the  fixture  is  given  by  the  equation 

Ico  =  Mup  +  h. 

Again,  if  a  point  of  the  system  is  suddenly  fixed,  the 
•change  of  motion  is  determined  by  the  fact  that  the  angular 
momentum  about  any  straight  line  whatever,  through  the 
fixed  point,  remains  unchanged. 
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In  the  case  of  a  single  rigid  body  take  the  principal  axes 
at  the  centre  of  gravity  as  coordinate  axes,  and  let  x,  y,  z  be 
the  coordinates  of  the  point  P  which  is  suddenly  fixed.  Let 
u,  v,  w,  o)l>  <w2,  &>3  represent  the  motion  just  before,  and 
u',  v',  w',  coi,  a)2' ,  a)3'  just  after  the  fixture. 

We  then  obtain  the  equations, 

Aa)i  +  Mv'z  —  Mw'y  =  Aa>l  +  Mvz  —  Mwy 

Bw.2'  +  Mw'x  —  Muz  =  Bw.i  +  Mwx  —  Muy 

Cw3'  +  Mu'y  —  Mv'x  =  (7&>3  +  Muy  —  Mvx, 

with  the  conditions,  given  by  the  fact  that  P  has  no  velocity, 

u'  —  yws  +  za>2'  =  0, 

v'  —  za>i  +  #&>3'  =  0, 

W'  —  X03»  +  7/ro/  =  0. 

It  will  be  seen  that  wj ' ,  o>/,  &>3'  are  the  angular  velocities, 
after  the  fixture,  about  the  axes  through  P  parallel  to  the 
principal  axes. 

283.  Virtual  Work.  The  solution  of  problems  involving 
Impulses  may  sometimes  be  facilitated  by  the  use  of  the 
principle  of  virtual  work. 

Since  the  system  of  changes  of  linear  and  angular  mo- 
menta, or  effective  impulses  and  effective  impulsive  couples, 
is  the  exact  equivalent  of  the  system  of  applied  impulses,  it 
follows  that,  for  any  imagined  geometrical  displacement  the 
virtual  moment  of  the  changes  of  linear  and  angular 
momenta  is  equal  to  the  virtual  moment  of  the  applied 
impulses. 

It  may  be  well  to  notice  that  if  a  couple  be  displaced 
-about  a  line  parallel  to  its  plane,  the  virtual  work  is  zero ;  so 
that  if  a  couple  be  displaced  about  a  line  not  perpendicular 
to  its  plane,  all  that  is  necessary  is  to  find  the  component  of 
the  couple  about  the  axis  of  displacement. 
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Initial  stresses.  In  a  similar  manner  the  principle  of 
virtual  work  may  be  sometimes  usefully  employed  in  the 
determination  of  initial  accelerations  and  initial  stresses, 
when  some  of  the  constraints  of  a  system  in  equilibrium  are 
suddenly  removed. 

In  such  cases  the  virtual  moment  of  the  system  of  time- 
fluxes  of  momenta,  for  any  imagined  geometrical  displace- 
ment, is  equal  to  the  virtual  moment  of  the  acting  forces. 

The  following  solutions  of  two  problems  will  serve  as 
illustrations  of  these  statements. 

A  system  consisting  of  four  equal  rods  forming  a  square 
ABCD,  having  universal  joints  at  A,  B,  C,  D,  is  rotating 
freely  with  an  angular  velocity  n  about  the  line  EF  joining  the 
middle  points  of  BC  and  DA  ;  it  is  required  to  determine  the 
changes  of  motion  when  the  point  A  is  suddenly  fixed. 

In  order  to  mark  directions  take  the  axis  of  z  perpen- 
dicular to  the  plane  of  the  square,  and  let  wl,  <w2,  &>3,  <w4  be 
the  angular  velocities  of  AB,  BC,  CD,  DA  immediately  after 
A  is  fixed. 

Also  let  the  angular  velocity  n  be  measured  from  x  to  z. 
Expressing  the  fact  that  the  angular  momentum  of  the 

1) F ^A. 


E 
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rods  AB,  EC  about  the  straight  line  AC  is  unchanged,  we 
obtain 

a-a)l  a       a-o).,  _       a?n      a?n 

4    ^-H         (o>2  +    W  —  -_    »     „__, 

or  5w!  +  o>2  =  —  2n. 

Further  the  angular  momenta  of  ADC  about  -4(7,  and 
of  BCD  about  £D  are  unchanged,  and  therefore 

a26>4  a       a2a>8       a2™      a^n 

+' 


322 
a    ,  a2&>2  ,  ,  o    \  a    , 


or  5&)4  -f  w3  =  2?i, 

3a)!  +  2&>8  +  2a>3  +  3«o4  =  2n. 

Further  we  have  the  geometrical  condition  obtained  by 
equating  the  two  expressions  for  the  velocity  of  C  which  is 


>!  =  2aa>3  +  2aa)4 
or  «!  +  &>2  =  &)3  +  w4. 

From  these  equations  we  find  that 

oh  _  ft>»  _  o)3  _  &)4      n 
~  9"  ~  17  =  3"  =  "5"  =  14  ' 

If  P,  Q,  R  be  the  impulses  at  B,  C,  D,  we  obtain,  by 
taking  moments  about  A,  B,  C,  for  the  rods  AB,  BC,  CD, 

m  (Ic2o)i  +  a-wj  +  a->i)  =  2aP, 
m  {a2  (<w2  +  2&)j)  +  Ar"  («D8  -  n)}  =  2aQ, 
m  [a-  (o)3  +  2ty4)  —  arn  —  k-M3}  =  2aR, 
and  therefore  Q  =  0,  14P  =  mna,  14?R  =  —  mna. 

Finally  the  impulse  at  A  which  is  the  change  of  linear 
momentum  of  the  system 

=  «&>!  +  (aw2  +  2aw1)  +  (a&>3  +  2aa>4)  +  a&>4  =  f  na. 
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284.  A  cube,  the  edges  of  which  are  twelve  equal  uniform 
rods  hinged  together,  is  hung  up  by  one  corner,  the  cube  form 
being  maintained  by  a  string  joining  this  corner  with  the 
lowest  corner.  It  is  required  to  find  the  initial  change  of  stress 
at  the  point  of  support  when  the  string  is  cut. 


The  corner  0  being  the  point  of  support  and  the  diagonal 
OD  vertical,  it  is  clear  that  the  initial  angular  accelerations 
of  OA,  OB,  OC  will  be  respectively  in  the  planes  AOD, 
BOD,  COD  and  will  be  equal  to  each  other;  and  further 
that  the  angular  accelerations  of  all  the  other  rods  will 
be  the  same  and  will  be,  respectively,  in  parallel  planes. 

If  co  represent  this  initial  angular  acceleration,  2ao>,  which 
we  shall  call  2f,  will  be  the  linear  acceleration  of  A  in  the 
direction  AD,  of  B  in  direction  BD,  and  of  C  in  direction  CD. 

Taking  accelerations  parallel  to  OA,  OB,  and  OC,  we 
obtain  the  following  forms,  where  K  and  L  are  the  centres  of 
the  rods  CE,  ED. 

The  accelerations  of  C  are 


,  0, 
the  accelerations  of  K  relative  to  C  are 

0,//V2,//V2, 


ILLUSTRATIONS   OF   WORK.  383 

of  E  relative  to  0, 

0,/V2,/V2, 
and  of  L  relative  to  E, 

/A/2,0,//v/2. 

Therefore  the  actual  accelerations  of  K  are 

/V2,  3//V2,//V2, 
and  of  L 

3//V2,  2/V2,  3//V2. 

Now  suppose  a  displacement  made  by  slightly  increasing 
the  length  of  OD,  so  as  to  turn  every  rod  through  a  small 
angle  6. 

The  displacements  of  the  various  points  follow  the  law  of 
the  accelerations  and  are  of  the  same  forms,  replacing  a> 
by0. 

Observing  that  there  are  six  rods  under  the  same  con- 
ditions as  CE,  three  under  the  same  conditions  as  ED,  and 
three  other  rods  OA,  OB,  00,  the  equation  of  virtual 
work  is 

6mfa0  (2  + 1  +  i)  +  Bmfa6  Q  +  8  +  f ) 

4a2  a* 

+  3m  -    o)0  +  9m  -=  o>0  =  1 2mga$J6, 

o  o 

for  the  displacement  of  D  is  the  resultant  of  the  displace- 
ments of  A,  B,  and  C. 

From  this  equation  we  obtain 

25aa>  =  3g\/6, 

and  since  the  acceleration  of  D  is  2a&>\/6,  it  follows  that  the 
acceleration  of  G  is  aco^/G  and  is  therefore  18^/25. 

Hence  it  follows  that  the  diminution  of  stress  at  0  is 
18/25  of  the  total  weight  of  the  system. 

The  initial  stresses  at  the  several  joints  can  be  obtained 
by  giving  independent  displacements  to  the  several  rods, 
breaking  the  connections  at  the  different  joints. 
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EXAMPLES. 

1.  A  number  of  concentric  rough  spherical  shells,  fitting 
•each  other,  so  as  to  have  sliding  contact,  are  set  rotating 
.about  different  axes;  find  the  ultimate  angular  velocity  of 
the  system  when  their  relative  motions  are  destroyed  by 
friction. 

2.  A  sphere  is  projected  horizontally  on   an   inclined 
plane,  the  surface  of  which  is  perfectly  rough ;  shew  that  its 
centre  will  describe  a  parabola. 

3.  Two  particles  of  masses  ra,  2m  are  fixed  to  the  ends 
of  a  weightless  rod  of  length  2a  which  is  freely  moveable 
about  its  middle  point.     Prove  that  if  0  be  the  inclination  of 
the  rod  to  the  vertical  when  the  particles  are  moving  with 
uniform  angular  velocity  o>,   3o>2a  cos  6  =  fj. 

4.  A    solid   rectangular   parallelepiped   with   edges    of 
length  a,  b,  c,  is  acted  on  by  instantaneous  couples  with  axes 
parallel   to   these   edges   and   of  moments   proportional   to 
p  :  q  :  r ;  shew  that  the  direction  cosines  of  the  instantaneous 
axis  of  rotation  are  in  the  ratio 

p  q  r 


5.  A  rod,  of  mass  3m  and  length  2«,  is  moveable  in  a 
vertical  plane  about  its  middle  point,  and  carries  at  one  end 
a  particle  of  mass  m;  if  the  vertical  plane  be  made  to  revolve, 
with  uniform  angular  velocity  <u,  about  the  vertical  through 
the  middle  point,  prove  that  the  equation  of  motion  of  the 
rod  is 

2a0  -  2a«2  sin  0  cos  6  +  g  sin  6  =  0. 

6.  A  rigid  body  moveable  about  a  fixed  point  is  struck 
by  a   blow  of  given  magnitude  at  a  given  point :   if  the 
angular   velocity   thus   impressed   upon   the    body   be    the 
greatest  possible,  prove  that,  a,  b,  c,  being  the  coordinates 
of  the  given  point  in  relation  to  the  principal  axes  through 
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the  fixed  point,  and  I,  m,  n,  being  the  direction-cosines  of 
the  blow, 


A,  B,  G,  being  the  moments  of  inertia  of  the  body  about  the 
principal  axes  at  the  fixed  point. 

7.  If  an  octant  of  an  ellipsoid  bounded  by  three  principal 
planes  be  rotating  about  the  axis  a  with  angular  velocity  w, 
and  if  this  axis  suddenly  become  free,  and  the  axis  6  fixed, 
shew  that  the  new  angular  velocity  is  2a&e»/7r  (a2  +  c2). 

8.  A   rectangular   parallelepiped   is   dropped   on   to   a 
smooth  floor  so  that  one  angular  point  first  comes  in  contact  ; 
if  the  edges  be  2a,  26,  2c  and  equally  inclined  to  the  vertical 
at  the  instant  of  striking,  find  the  impulse  sustained  by  the 
floor. 

9.  A  ring  rests  upon  two  smooth  horizontal  bars  which 
in  the  position  of  equilibrium  subtend  an  angle  2a  at  the 
centre  ;  shew  that,  if  the  ring  be  disturbed  by  twisting  it 
through  a  small  angle  about  its  vertical  diameter,  the  length 
of  the  simple  isochronous  pendulum  will  be  ^c  cot  a  cosec  a. 

10.  A  heavy,   uniform,   and   inextensible   string   is   in 
equilibrium  in  the  form  of  a  horizontal  ring  on  a  smooth 
sphere;  prove  that,  if  it  be  cut  at  a  point  A,  the  initial 
change  of  tension  at  a  point  P  will  be  to  the  weight  of  the 
string  in  the  ratio 

cos  h  (0  cos  o)  :  2?r  cot  a  cos  h  (TT  cos  a), 

a  being  the  angular  distance  of  the  string  from  the  vertex  of 
the  sphere,  and  TT  —  <f>  the  angle  subtended  at  the  centre  of 
the  ring  by  the  arc  PA. 

11.  A  frame  consists  of  four  equal  uniform  rods  loosely- 
jointed  at  their  ends  so  as  to  form  a  square,  and  one  of  the 
rods  carries  a  light  ring  fastened  to  it  at  its  middle  point. 
The  frame  moves  with  uniform  velocity  on  a  table.     All 
kinds  of  friction  being  neglected,  prove  that  when  a  vertical 
bolt  is  shot  through  the  ring  the  frame  will  be  brought 
absolutely  to  rest. 

B.  D.  25 
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12.  A    square    lamina   is   revolving   about    a    vertical 
diagonal,   the   highest   point  of  which   is   fixed,   with   the 
angular  velocity  &>.     If  suddenly  one  of  the  angular  points  in 
motion  becomes  fixed,  prove  that  the  square  will  just  revolve 
round  the  fixed  side,  if  ao>2  =  96<7\/2,  where  a  is  the  length 
of  a  side  of  the  square.     Prove  also  that  the  impulses  at  the 
fixed  points  are  in  the  ratio  of  3  to  5. 

13.  One  end  of  a  heavy  rod  rests  on  a  horizontal  plane 
and  against  the  foot  of  a  vertical  wall,  the  other  end  rests 
against  a  parallel  vertical  wall,  all  the  surfaces  being  smooth. 
Shew  that  if  it  slips  down,  the  angle  <£  through  which  it 
turns  round  the  common  normal   to  the   vertical  walls  is 
given  by  the  equation 


$2  (1+  3  cos2<£)  =C 

where  2a  is  the  length  of  the   rod,  and   26  the   distance 
between  the  walls. 

14.  A  smooth  plate  inclined  at  an  angle  <f>  to  the  horizon 
is  made  to  rotate  about  a  vertical  axis  AB  with  uniform 
angular  velocity  w.     A  rod  of  mass  m  is  compelled  by  guides 
to  be  always  vertical,  and  at  a  distance  r  from  AB,  while  it 
rests  with  one  end  in  contact  with  the  plate,  sliding  up  and 
down  as  the  latter  rotates.    Shew  that,  if  the  rod  be  initially 
in  its  lowest  position,  the  pressure  on  the  plate  at  the  end  of 
the  time  t  will  be 

m  (g  cos  </>  +  ro)2  cos  (at  sin  <£)  sec2</>. 

15.  A  rhombus  of  mass  M,  formed  of  four  equal  rods 
jointed  together,  is  moving  in  the  direction  of  a  diagonal 
with  velocity  u,  and  suddenly  a  particle  of  mass  m  becomes 
affixed  to  one  end  of  the  diagonal ;  prove  that,  if  2a  be  the 
length  of  each  rod,  the  angular  velocity  o>  suddenly  acquired 
by  each  rod  is  such  that 

2aeo  {M  +  m  (1  +  3  sin2  a)}  =  Smu  sin  a, 
and  that  the  kinetic  energy  lost  is 

£  Mmu*/{M  +  m  (1  +  3  sin2a)}. 
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16.  A  sphere  rolls  inside  a  rough  right  circular  cylinder. 
A  force  P  through  the  centre  of  the  sphere  parallel  to  the 
axis  constrains  the  centre  of  the  sphere  to  describe  a  helix 
uniformly.  Prove  that  if  O  is  the  angular  velocity  of  the 
centre  round  the  axis,  and  z  the  space  described  parallel 
to  the  axis, 

5P  = 


17.  A  heavy  sphere  is  held  in  contact  with  a  rough 
circular  wire,  which  is  fixed  in  a  horizontal  plane,  and  a 
horizontal  impulse  is  then  applied  to  the  sphere,  causing  it 
to  roll  round  steadily.  If  c  is  the  radius  of  the  ring  and  b 
that  of  the  sphere,  and  if  a  is  the  constant  inclination  to  the 
vertical  of  the  radius  through  the  point  of  contact,  prove 
that  the  angular  velocity  Ii  of  the  point  of  contact  is  given 
by  the  equation 

7H2  (c  —  b  sin  a)  =  5g  tan  a, 

and  that  the  impulse  required  to  produce  this  motion  is 
such  as  would  impart  to  the  sphere,  if  it  were  free,  the 
velocity 

(c-  b  sin  a). 


18.  A  heavy  sphere  moves  on  a  rough  horizontal  plane 
which  can  revolve  about  a  fixed  vertical  axis.  The  system 
being  set  in  motion  in  any  manner,  prove  that  the  curve 
described  in  space  by  the  centre  of  the  sphere  is  given  by 
equations  which  can  be  put  in  the  form 


cos  f  (<£  —  <£')  -~  +  b  cos  f-  (<£  —  a), 


x  =  c  I 
J 

y  =  cjsin  ?(£  -  f)  ^  +  b  sin  f  (0  -  a), 

where  </>  is  the  angle  turned  through  by  the  plane,  and  </>'  is 
put  equal  to  </>  after  integration. 

19.  A  perfectly  rough  vertical  plane  revolves  with  a 
uniform  angular  velocity  //,  about  an  axis  perpendicular  to 
itself,  and  also  with  a  uniform  angular  velocity  fl  about 

25—2 
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a  vertical  axis  in  its  own  plane,  which  meets  the  former  axis. 
A  heavy  uniform  sphere,  of  radius  c,  is  placed  in  contact 
with  the  plane  ;  prove  that  the  position  of  its  centre,  at  any 
time  t,  will  be  determined  by  the  equations 

7|  -  5fl2f  =  2/**,     Tz  +  2Wz  +  2/i  (£  +  O2£)  =  0, 

z  denoting  the  distance  of  the  centre  from  the  horizontal 
plane  through  the  horizontal  axis  of  revolution,  and  f  that 
from  the  plane  through  the  two  axes. 

Prove  also  that  if  a  and  b  be  the  initial  values  of  £  and  z\ 
u  and  v  those  of  £  and  z  ; 

7v  +  2j,a  =  0. 


20.  A  rough  plane  is  made  to  revolve  uniformly,  with 
angular  velocity  o>,  about  a  horizontal  line  in  itself,  and  a 
sphere  is  projected  so  as  to  move  upon  it,  determine  the 
motion;  and  if,  when  the  plane  is  horizontal,  the  centre  of 
the  sphere  be  vertically  above  the  axis  of  revolution,  and  be 
moving  parallel  to  it,  prove  that  the  contact  will  cease  when 
the  plane  has  revolved  through  an  angle  &  given  by  the 
equation 

llg  cos  6  =  6ao>2  +  5g  cosh  (0  VH/7). 

21.  A  vertical  hollow  infinitely  rough  cylinder  is  move- 
able  about  its  axis.     A  sphere  is  projected  horizontally  in 
contact  with  the  cylinder.    Shew  that  the  cylinder  will  move 
during    the    subsequent    motion   with   a   constant   angular 
velocity,  and  find  its  magnitude,  having  given  V  the  velocity 
of  projection  of  the  sphere  before  it  touched  the  surface,  a,  in 
the  radius  and  mass  of  the  sphere,  and  b,  M  those  of  the 
cylinder. 

22.  A  perfectly  rough  plane,  inclined  at  a  fixed  angle  to 
the   vertical,  rotates   about   a   vertical   line   with    uniform 
angular  velocity  ;  shew  that  the  path  of  a  sphere  which  is 
placed  upon  it  is  given  by  two  equations  of  the  forms 

y  +  ax  +  by  =  0,  x  —  ay  +  Vx  =  c, 

the  origin  being  the  point  where  the  vertical  line  meets  the 
plane,  and  the  axis  of  y  being  the  straight  line  in  the  plane 
which  is  always  horizontal. 
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23.  A  body  in  the  form  of  a  hollow  circular  cone  of 
semi-  vertical  angle  a  spins  about  its  axis  which  is  fixed  and 
vertical,  the  vertex  being  the  lowest  point.  Shew  that,  if  a 
sphere  of  uniform  density  and  of  unit  mass  be  placed  on  the 
interior  of  the  cone  which  is  rough, 


where  O0  is  the  initial  angular  velocity  of  the  cone,  o>  its 
angular  velocity  immediately  after  the  sphere  has  been  put 
on,  /  the  moment  of  inertia  of  the  cone  about  its  axis  and  a 
the  distance  of  the  point  of  contact  from  the  vertex. 

Prove  that,  if  Ii  be  the  angular  velocity  at  any  subsequent 
period  of  the  motion  and  r  the  distance  of  the  point  of 
contact, 

(/  +  f  r2  sin2  a)  (7  +  £a2  sin2a)  H2  =  72fV. 

24.  A  sphere  is  rolling  on  the  rough  surface  of  a  cylinder, 
the  cross  section  of  which  is  the  curve,  3r  =  a\/2  .  exp.  0\/2/7; 
prove  that,  if  there  be  no  forces,  the  path  of  the  point  of 
contact  becomes,  when  the  cylinder  is  developed  into  a  plane, 
a  curve  of  the  form, 

y  =  (a.  +  fix)  cos  (log  xjc)  +  (7  +  &»)  sin  (log  xfc). 

25.  A  sphere  moves  under  the  action  of  gravity  on  the 
inside  of  a  rough  cylindrical  surface,  of  which  the  generating 
lines  are  inclined  at  an  angle  a  to  the  horizon,  and  the 
transverse  section  perpendicular  to  the  generating  lines  is  a 
cycloid  with  its  vertex  at  the  lowest  generating  line. 

The  sphere  is  projected  initially  with  a  velocity  V  along 
the  generating  line  at  which  the  curvatures  of  the  sphere 
and  cycloid  are  equal. 

Prove  that  the  motion  will  be  comprised  within  a  length 
14  y  V2a/5<jrcos  a  of  the  cylinder,  and  that  the  time  between 
successive  instants  of  the  sphere  reaching  the  original 
generating  line  is  47r\/7a/5#  cos  a,  where  a  is  the  radius  of 
the  generating  circle  of  the  cycloid. 

26.  A  rough  heavy  sphere,  radius  c,  rolls  on  a  fixed 
rough  surface,  of  the  form  generated  by  the  revolution  of  a 
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circle,  radius  6,  about  a  vertical  axis  in  its  own  plane,  distant 
a  from  the  centre,  a  being  greater  than  b  +  c.  Prove  that  if, 
at  the  time  t,  <f>  be  the  angle  through  which  the  plane 
through  the  vertical  axis  and  centre  of  the  sphere  has 
turned,  0  the  inclination  to  the  vertical  of  the  common 
normal,  &>8  the  angular  velocity  about  that  common  normal,  a 
and  \  the  initial  values  of  6  and  <j>,  and  if  9  and  <ws  be  initially 
zero,  and  I  =  b  +  c, 

c&>8  =  a@<p, 

Ffr  +  (a-l  sin  0)2  <j>2  -  X2  (a  -  1  sin  a)2  +  f  cH2 
(cos  a  —  cos  0}, 


^  |(a  -  I  sin  0)2  ^j  +  f  aa>3  (a  -  J  sin  6)  =  0. 

27.  Two  equal  spheres  attracting  each  other,  the  force 
varying  as  the  distance,  are  rolled  upon  a  perfectly  rough 
horizontal  plane.  Prove  that  they  will  describe  ellipses 
about  each  other  in  the  periodic  time  27TV7/10/A. 

If  the  plane  revolve  with  a  uniform  angular  velocity  o> 
about  a  vertical  axis,  prove  that  their  centre  of  gravity  will 

2&) 
move  in  a  circle  with  uniform  angular  velocity  y-  ;  and  that 

their  relative  orbits  will  be  such  that  each  will  appear  to  the 
other  to  describe  a  circle  with  uniform  angular  velocity 


while  the  centre  of  that  circle  moves  with  uniform  angular 
velocity 

|{v/70/i  +  &>2  +  o>} 
in  another  circle. 

28.  A  tetrahedron  having  its  opposite  edges  equal  to 
one  another  is  turning  with  uniform  angular  velocity  about 
one  edge  when  suddenly  the  opposite  edge  becomes  fixed. 
Shew  that  the  angular  velocity  is  reduced  in  the  ratio 

4c2  (a2  ~  62)  :  5c2  (a2  +  62)  +  a2  (62  +  c2)  +  62  (c2  +  a2), 

where  a,  b,  c  are  the  shortest  distances  between  pairs  of 
opposite  edges,  c  being  that  between  the  old  and  new  axes  of 
rotation. 
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29.  The  motion  of  a  body  A  of  mass  M  is  constrained 
with  regard  to  a  body  B  by  a  smooth  screw  of  pitch   X 
attached  to  it  moving  in  a  nut  attached  to  B,  while  B  is  free 
to  rotate  about  an  axis  coinciding  with  that  of  the  screw. 
The  relative  motion  is  suddenly  arrested,  when  A  is  moving 
with  angular  velocity  o>  and  B  is  at  rest,  by  the  end  of  the 
screw  impinging  directly  on  a  smooth  inelastic  plane  forming 
part  of  the  surface  of  B.     Prove  that  the  impulse  on  this 
surface  is  equal  to  {\-1  AB  (A  +  B)~l  +  M\]  to,  the  moments 
of  inertia  of  the  two  bodies  about  the  axis  of  the  screw  being 
A  and  B. 

30.  One  of  the  points  of  a  rigid  body  in  motion  suddenly 
becomes   fixed.      The   instantaneous   axis    just   before   the 
fixture  is  the  line 


the  coordinate  axes  being  the  principal  axes  at  the  centre  of 
gravity  and  A,  B,  C,  the  principal  moments  of  inertia. 

Prove  that  if  the  point  which  is  suddenly  fixed  lies  on 
the  hyperbolic  cylinder 


+  zx(A  +  C)  V(4  -B)(B-  C)/CA  =  B(G-  A), 

the  new  instantaneous  axis  will  be  at  right  angles  to  the 
former. 


CHAPTER  XVI. 

MOTION   OF   A   TOP,   MOTION   UNDER   NO   FORCES,   STEADY 
MOTION   OF   ROLLING   DISC,    EULER'S   EQUATIONS. 

285.  WE  propose  in  this  chapter  to  give  some  further 
illustrations  of  the  use  of  the  expressions,  in  Art.  266,  for  the 
time-fluxes  of  linear  and  angular  momenta,  and  we  commence 
with  the  case  of 

The  steady  motion  of  a  heavy  body  in  the  form  of  a  solid 
of  revolution,  rotating  uniformly  about  its  axis,  one  point  0  of 
which  is  fixed  while  the  axis  has  a  constant  inclination  to  the 
vertical  (a),  and  a  constant  azimuthal  motion  (H). 


cr 
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Taking  moving  axes  as  in  the  figure,  the  second  axis 
being  perpendicular  to  the  plane  of  the  paper, 

0i  =  —  n  sin  a,    #2  =  0,    03  =  O  cos  a. 
Also  a>2  =  0,  and  o^  =  —  £1  sin  a, 

and  therefore,  taking  moments  about  the  axes,  we  obtain 

Aa)i  =  Q,    (7&)3n  sin  a  +  Aw^  cos  a  =  mga  sin  a,    (7o)3=0. 
Putting  n  for  w3  this  gives 

OO?i  —  J.H2  cos  a  =  m#a, 
as  the  condition  for  steady  motion. 

'JT 

If  a.  =  - ,  Cfln  =  mga,  so  that  if  the  angular  velocity  n  be 

2 

imparted  to  the  body  about  0(7,  when  00  is  horizontal, 
and  00  be  then  started  with  the  angular  velocity  mga/Cn 
about  Oz,  the  axis  0(7  will  continue  to  revolve  in  a  horizontal 
plane. 

286.    In  the  general  case,  when  the  motion  is  not  steady, 
take  ty  as  the  azimuthal  motion,  so  that 

01  =  -^sm0,    02=d,    03  =  -<jrcos0, 
and  therefore 

A^  —  A(o2\jr  cos  6  +  Ca)30  =  0, 

Ao>.2  4-  CcDs^jr  sin  6  +  Aco^r  cos  0  =  mga  sin  0, 

(7o>3  —  Au>$  —  Aa).2ijr  sin  #  =  0. 

Now  <BI  =  —  -^  sin  0,  and  w2  =  $,  and,  substituting  in  the 
third  equation,  we  find  that  o>8  =  0. 

Hence,  if  n  be  the  constant  value  of  o>3,  we  obtain 

-  Afy  sin  0  -  2A^0  cos  0  +  Cn0  =  0, 
A0  +  Cmjr  sin  0  —  A-ty*  sin  0  cos  0  =  w^a  sin  6, 
two  equations  which  completely  determine  the  motion. 

Multiplying  the  first  of  these  equations   by  sin  6,  and 
integrating, 

sin2  0  +  Cncos0=D. 
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This  is  the  expression  of  the  fact  that  the  angular 
momentum  about  Oz  is  constant,  for  the  angular  momentum 
is 

—  Aw^  sin  6  +  Co) 3  cos  d, 

and,  since  w^  =  —  ty  sin  0,  and  a>3  =  n,  we  obtain  the  equation 
above. 

Again,  multiplying  the  first  equation  by  2\/r  sin  6,  and 
the  second  by  20,  subtracting  the  first  from  the  second,  and 
integrating, 

Ay*  sitf0  +  Afc  =  E-  Zmga  cos  0, 

which  might  have  been  written  down  at  once,  as  being  the 
equation  of  energy,  if  we  first  prove  that  co3  is  constant. 

The  equations  just  obtained  give  ty  and  0  in  terms  of  0. 

If  the  motion  be  very  nearly  steady  the  small  oscillations 
are  determined  by  putting 

0  =  a  +  (f>,   and   i/r  =  Jl  +  £, 

and  neglecting  the  squares  and  products  of  the  small  quan- 
tities </>  and  j(. 

The  preceding  is  the  case  of  a  top  spinning  on  a 
horizontal  plane,  so  rough  that  the  end  of  the  top  on  the 
plane  cannot  slip. 

If  we  imagine  a  top  spinning  steadily  on  a  perfectly 
smooth  plane,  the  centre  of  gravity  of  the  top  will  have  no 
motion,  and  the  vertical  reaction  of  the  plane  will  be  equal 
to  the  weight  of  the  top. 

Taking  the  point  0  to  be  the  centre  of  gravity  and 
employing  the  figure  and  the  notation  of  the  last  article, 
with  the  exception  that  a  now  represents  the  distance  from 
0  of  the  point  sliding  on  the  plane,  we  obtain  the  same 
equations,  and  the  same  condition  for  steady  motion. 

287.  A  solid  of  revolution  which  is  capable  of  rotation 
about  a  straight  rod  coincident  with  the  axis  of  the  solid  is 
sometimes  called  a  gyrostat. 
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The  case  of  several  gyrostats  on  the  same  axis,  one  point 
of  which  is  fixed,  can  be  treated  as  in  Art.  285. 

Taking  for  instance  two  gyrostats  on  the  axis  OC,  fig.  Art. 
284,  let  a  and  a'  be  the  distances  OG  and  OG'  of  their  centres 
of  gravity  from  the  fixed  point  0. 

Since  &>j  =  —  •&  sin  0,  and  o>2  =  0  for  each  gyrostat,  it 
follows,  as  in  Art.  285,  that  &>3  is  constant  for  each  of  them. 

For  the  system  of  the  two  gyrostats,  neglecting  the  mass 
of  the  rod  about  which  they  are  revolving, 

hl  =  -(A  +  A')TJrsm0,    h^(A  +  A')e,    h3=Cn+C'n/1 

where  n,  ri  are  the  values  of  co3  for  the  two  gyrostats,  and 
A,  G,  A',  C1  are  the  principal  moments  of  inertia. 

We  can  now  take  moments  about  the  axes  as  in  Art.  285, 
or  we  can  write  down  the  equations  of  energy  and  the 
expression  of  the  fact  that  the  angular  momentum  about 
the  vertical  through  0  is  constant,  leading  to  the  equa- 
tions, 

(A  +  A')->jr  sin-  0  +  (On  +  CV)  cos  0  =  D, 
(A  +  A')  (^  sin2  0  +  03)  =  E  -  2  (ma  +  ma)  g  cos  0. 


288.  The  results  of  the  preceding  articles  are  roughly 
illustrated  by  observing  the  motion  of  an  ordinary  spinning 
top  on  a  horizontal  plane. 

The  most  complete  illustration  is  obtained  by  means  of  a 
Gyroscope. 

A  heavy  brass  solid  ring  is  moveable  about  the  diameter 
OC  of  a  circular  brass  framework,  and,  holding  this  frame- 
work, a  rapid  rotation  can  be  imparted  to  the  ring.  This 
can  be  effected  by  looping  a  string  to  a  peg  at  E,  winding  up 
the  string  and  pulling  it  out  sharply. 

This  being  done,  the  point  0  may  be  held  by  a  string, 
and  OG  placed  at  any  inclination  to  the  vertical. 
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Or,  if  a  small  peg  be  fixed  at  0  underneath  the  rim  of 
OC,  this  may  be  placed  on  the  cup  K  of  a  fixed  vertical 


stand  KL,  and  then  the  axis  OC  may  be  seen  to  revolve 
horizontally. 

289.  Motion  of  a  rigid  body  about  a  fixed  point  0  under 
the  action  of  no  extraneous  forces,  the  body  being  so  constituted 
that  A  and  B  are  equal  at  the  point  0. 

The  body  is  supposed  to  be  set  in  motion  in  a  given 
manner,  or  by  means  of  given  impulses. 

The  moments  about  the  principal  axes  of  the  given 
impulses  are  the  initial  values  of  the  angular  momenta 

Ca>3. 


There  being  no  forces  in  action  the  angular  momenta 
about  any  fixed  lines  through  the  point  0  remain  unchanged 
and  therefore  the  resultant  angular  momentum  is  a  constant 
quantity,  H,  and  the  axis  of  resultant  angular  momentum  is 
a  fixed  line. 

This  line,  which  is  called  the  invariable  line,  we  shall  take 
for  Oz. 
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Take,  for  the  moving  axes,  as  in  the  figure  of  Art.  285, 
the  line  OC,  about  which  C  is  the  moment  of  inertia,  as  the 
axis  of  (3),  and  for  axes  of  (1)  and  (2)  the  line  in  the  moving 
plane  zOC  perpendicular  to  OC,  and  the  perpendicular  to  the 
plane  zOC. 

Then,  if  6  represents  the  angle  zOG,  and  -v/r  the  inclination 
of  the  plane  zOG  to  a  fixed  plane  through  Oz, 

01  =  -^sm0,  02=0,  03=^cos0, 

and  the  equations  of  motion  are 

o*!  —  Awsijr  cos  0  +  Ca>30  =  0  .....................  (i), 

w2  +  Cw.^r  sin  6  +  Aw^  cos  0  =  0  ............  (ii), 

Cd)3  —  Awvd  —  Act).,\jr  sin  0  =  0  ..................  (iii). 


We  have  also   &>j  =  —  ^r  sin  6,  and  o>2  =  0,  and  therefore 
it  follows  from  (iii)  that  o>3  is  constant. 

Now  H  cos  6  =  Cco3,  so  that  0  is  constant  and  <u2  =  0. 

From  equation  (i)  we  now  find  that  &>!  is  constant,  and 
therefore  that       is  constant. 


Further,  since  Awl  =  —  Hsin  6,  we  obtain 

Taking  sin  6  to  be  positive,  it  will  be  seen  that  G^  and 
have  contrary  signs. 

The  conclusion  is  that  the  angular  velocity  about  OC  is 
constant,  that  the  angle  zOC  is  constant,  and  that  the  plane 
zOC  revolves  with  the  uniform  angular  velocity  HfA  about 
the  axis  of  resultant  angular  momentum  Oz. 

If  we  take  a,  ?i  and  H  to  represent  the  constant  values  of 
d,  o)3  and  -^,  we  obtain,  from  equation  (ii),  the  relation, 
Cn  =  AQcosa. 

If  the  angle  0  is  initially  zero,  it  is  always  zero,  so  that  if 
the  body  is  set.  rotating  about  OC,  this  axis  will  remain  fixed 
in  direction,  and  will  be  a  permanent  axis  of  rotation. 
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290.  What  has  been  proved  of  motion  about  a  fixed 
point  is  equally  true  of  the  motion  of  a  rigid  body  relative 
to  its  centre  of  gravity. 

This  can  be  easily  illustrated  by  tossing  into  the  air  a 
solid  body  of  any  symmetrical  shape,  such  as  a  piece  of  wood 
in  the  form  of  a  circular  cylinder,  or  in  the  form  of  a  cir- 
cular cone,  or  any  regular  prism  or  regular  pyramid,  taking 
care  to  give  the  body  rather  a  rapid  rotation  about  its  axis. 

In  all  such  cases,  in  whatever  manner  the  body  may  be 
thrown  up,  its  axis  will  be  seen  to  describe  uniformly  a  right 
circular  cone  about  a  line  through  the  centre  of  gravity  the 
direction  of  which  remains  unchanged. 

This  line  is  the  axis  of  the  resultant  angular  momentum 
originally  imparted  to  the  body. 

If  the  Gyroscope  described  in  Art.  (288)  be  mounted  in 
a  fixed  framework  so  as  to  give  the  diameter  00  free  motion 
about  the  fixed  point  G,  we  obtain  an  apparatus  for  directly 
demonstrating  the  fact  that  the  earth  has  a  motion  of 
rotation  independently  of  its  motion  of  translation. 

The  ring  being  set  rotating  with  great  rapidity  about  its 
axis  00,  so  as  to  continue  rotating  for  some  hours,  it  will  be 
seen  that  its  position  relative  to  the  room  in  which  the 
machine  is  situated  gradually  changes ;  and,  as  we  know 
that  the  direction  of  the  axis  of  rotation  of  the  ring  does 
not  change,  it  follows  that  the  earth  itself  is  in  a  state  of 
rotation. 

291.  General  case  of  the  motion  of  a  rigid  body  about  a 
fixed  point  when  there  are  no  external  forces  in  action. 

The  angular  momentum  about  any  fixed  axis  passing 
through  the  fixed  point  remains  constant,  and  the  kinetic 
energy  also  remains  constant. 

If  we  take  a)1,  co2,  to3  to  be  the  angular  velocities,  at  any 
instant,  about  the  principal  axes  through  the  fixed  point, 
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and  if  K  represents  twice  the  kinetic  energy,  and  H  the 
resultant  angular  momentum, 

K  ...............  (1), 

-H"2  ...............  (2). 

The  invariable  line  and  the  invariable  plane.     • 

Since  the  angular  momenta  about  all  fixed  axes  through 
the  fixed  point  are  constant,  it  follows  that  the  axis  of 
resultant  angular  momentum  is  a  fixed  line. 

This  line  is  called  the  invariable  line,  and  any  plane 
perpendicular  to  it  is  called  an  invariable  plane. 

The  direction  cosines  of  the  invariable  line,  referred  to 
the  principal  axes  of  the  body,  are 


The  direction  cosines  of  the  resultant  angular  velocity 
are 

&>!/&>,       6>2/«,       &>3/0>, 

where  to2  =  &)a2  +  <o22  +  <usa. 

292.     The  momental  ellipsoid. 
An  ellipsoid,  the  equation  of  which  is 
Aa?  +  Bf  +  Cz*  =  Me*, 

where   c   is   any  constant   length,  is   called   the   momental 
ellipsoid. 

Taking  r  to  represent  the  length  of  the  radius  vector  in 
the  direction  of  the  axis  of  resultant  angular  velocity,  we 
have  the  equation, 


so  that  the  resultant  angular  velocity  is  proportional  to  the 
length  of  the  radius  vector  in  the  direction  of  its  axis. 

The   equation   of  the  tangent  plane  to  the   momental 
ellipsoid  at  the  end  of  this  radius  vector  is 

+  C<a&  =  Mtfco/r, 
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and,  if  p  is  the  perpendicular  from  the  fixed  point  on  this 
plane, 

p  {A2a>f  +  52o>22  +  CV}* 
or  prH=Mc4o). 

Hence  we  obtain 


so  that  p  is  constant. 

Moreover  the  direction  cosines  of  the  normal  to  the 
plane  are  the  same  as  those  of  the  axis  of  resultant  angular 
momentum. 

It  follows  that  the  plane  is  fixed,  and  is  an  invariable 
plane. 

The  extremity  of  the  radius  vector,  being  a  point  on  the 
axis  of  resultant  angular  velocity,  has  no  motion,  and  there- 
fore it  follows  that  the  motion  of  the  body  is  completely 
represented  by  the  rolling  of  the  momental  ellipsoid  upon 
the  invariable  plane. 

We  may  remark  that  the  angular  velocity  about  the 
invariable  line  is  constant,  for  it  is 


i  .  -IT 
which  is  equal  to  K/H. 

293.     The  equations  of  the  instantaneous  axis  of  rotation 


are 


we  therefore  obtain,  from  the  equations  (1)  and  (2)  of  Art. 
291, 

K  (AW  +  5y  +  CV)  =  H2  (Aa?  +  Ef  +  Cz*\ 

as  the  equation  of  the  quadric  cone  swept  out  in  the  body 
by  the  instantaneous  axis. 

The  instantaneous  axis  also  sweeps  out  a  cone  which  is 
fixed  in  space,  and  it  follows  therefore  that  the  motion  can 
be  completely  represented  by  the  rolling  of  the  first  cone 
upon  the  second. 
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The  curve  traced  out  on  the  surface  of  the  ellipsoid  by 
its  point  of  contact  with  the  invariable  plane  is  called  the 
polhode,  and  the  curve  traced  out  by  the  same  point  on  the 
invariable  plane  is  called  the  herpolhode. 

294.  The  polhode  is  the  locus  of  the  points  on  the 
surface  of  the  momental  ellipsoid,  the  tangent  planes  at 
which  are  at  a  constant  distance  from  its  centre,  and  it  is,  in 
general,  a  tortuous  curve. 

If  the  body  is  set  in  motion  about  an  axis  which  is 
nearly  coincident  with  the  greatest  or  least  axes  of  the 
ellipsoid,  the  polhode  will  be  a  very  small  curve  enclosing 
the  corresponding  vertex,  and  the  body  will  be  always 
rotating  about  an  axis  very  near  the  greatest  or  least 
axis. 

Consequently  these  axes  are  called  axes  of  permanent 
rotation,  or  axes  of  stability. 

If  we  take  the  case  in  which  Ap2  =  Me*,  or,  since 


the  case  in  which  H*  =  AK,  the  equation 

K  (AW  +  BY  +  CV)  =  H*  (Aa?  +  Bf  +  Cz*), 
takes  the  form, 

(B-A)£f  +  (G-  A)  Cz*  =  0. 

Taking  A,  B,  G  in  ascending  order  of  magnitude,  this 
equation  represents  the  longest  axis  of  the  ellipsoid. 

Similarly  if  H*  =  CK,  we  obtain  the  shortest  axis  of  the 
ellipsoid. 

But  if  we  take  the  case  in  which  H2  =  BK,  we  obtain 
(G-B)  Cz*  =  (B-A)Aa?. 

Hence  it  appears  that  the  polhode  in  this  case  consists  of 
two  ellipses. 

If  the  body  then  be  set  rotating  about  an  axis  near  the 
mean  axis,  its  motion  will  be  unstable. 

B.  D.  26 
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In  the  particular  case  in  which  A  =  B,  the  momental 
ellipsoid  is  a  spheroid,  and  it  is  clear  that  the  polhodes  and 
herpolhodes  are  circles,  and  that  the  motion  can  be  repre- 
sented by  the  rolling  of  a  right  circular  cone  upon  a  fixed 
right  circular  cone  having  the  same  vertex. 

It  is  also  clear  that  the  axis  of  the  spheroid  will  describe 
a  right  circular  cone  about  the  invariable  line. 

These  particular  results  were  previously  obtained  in  Art. 
(289). 

The  preceding  representations  of  the  motion  of  a  rigid 
body  about  a  fixed  point  were  originally  given  by  Poinsot  in 
the  Nouvelle  Theorie  de  la  Rotation  des  Corps  Solides, 
published  in  1851. 

295.  Steady  motion  of  a  thin  circular  disc  on  a  smooth 
horizontal  plane. 

Let  a  represent  the  constant  inclination  of  the  plane  of 
the  disc  to  the  horizontal,  and  take  moving  axes  as  in  the 


figure,  viz.,  the  radius  GA  through  A  the  point  of  contact, 
the  horizontal  diameter,  perpendicular  to  the  plane  of  the 
paper,  and  the  normal  GC  to  the  disc. 

The  centre  of  gravity  has  no  motion,  and  therefore  the 
reaction  at  A  is  equal  to  the  weight. 

Then,  if  fl  is  the  constant  azimuthal  motion  of  the  normal 
about  the  vertical, 

0!  =  -  n  sin  a,    02  =  0,    03  =  H  cos  a. 
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Also,  a>!  =  —  ft  sin  a,  and  &)3  =  0,  and,  taking  moments 
about  the  axes, 

Awl  =  Q,   (7&>3  .  fl  sin  a  +  Awl.fl  cos  a  =  —  Mgccosa,    (7a>3  =  0. 

Hence,  if  n  represents  the  constant  value  of  &>3,  we  have 
for  the  condition  of  steady  motion, 

cO2  cos  a.  —  2c/ifl  =  4<7  cot  a. 

296.  In  the  general  case,  when  the  motion  is  not  steady, 
we  can  write  down  the  equation  for  the  vertical  motion  of 
the  centre,  and  also  take  moments  about  the  axes. 

Or  we  can  obtain  two  differential  equations  of  the  first 
order  by  forming  the  equation  of  energy,  and  by  expressing 
the  fact  that  the  angular  momentum  about  the  vertical 
through  the  centre  is  constant. 

Let  6  be  the  inclination  of  the  plane  of  the  disc  to  the 
horizontal,  and  yjr  the  azimuthal  motion,  and  observe  that 

<«!  =  —  ty  sin  6,  and  a>2  =  6. 

Taking  moments  about  the  normal  to  the  disc  we  find 
that  a>3  is  constant. 

The  principle  of  energy  gives  the  equation, 

+  \A  (ov*  +  6>22)  +  Mgc  sin  6  =  a  constant, 


or 

c 

and,  the  angular  momentum  about  the  vertical  being 

—  Aa)!  sin  d  +  (7o>3  cos  6, 
we  also  obtain  the  equation 

^  sin2  6  +  2n  cos  9  =  D, 

the  constants  E  and   D  being   determined  by  the  initial 
conditions. 

When  the  motion  is  nearly  steady,  we  can  determine  the 
small  oscillations  by  putting 


where  <£  and  %  are  very  small  quantities. 
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297.  Steady  motion  of  a  thin  circular  disc,  symmetrical 
with  regard  to  its  centre,  on  a  rough  horizontal  plane. 

Let  a  be  the  constant  inclination  of  the  disc  to  the 
horizontal,  and  r  the  radius  of  the  circle  in  which  the  centre 
moves. 

Then,  if  O  is  the  azimuthal  motion  of  the  centre, 
rfl  +  en  =  0. 

Since  the  centre  is  moving  uniformly,  the  frictional 
reaction  is  wholly  in  the  direction  of  the  centre  of  the 
circle  described  by  the  point  of  contact,  and  if  F  represent 
this  reaction, 


Taking  the  axes  as  in  the  previous  case,  and  taking 
moments  about  the  horizontal  diameter, 

C(os  .  fl  sin  a  4-  A  a^  .  O  cos  a  =  Fc  sin  a  —  Re  cos  a, 

/  .  Cnfl  -  AW  cos  a  =  McWr  -  Mgc  cot  a, 
is  the  condition  for  steady  motion. 

If  the  disc  is  of  uniform  thickness  and  density  the 
condition  becomes 

C2ri*  tan  a(Qr  +  c  cos  a)  =  ^r2. 

298.  General  case  of  the  motion  of  a  thin  circular  disc  on 
a  rough  horizontal  plane. 

Taking  the  figure  of  Art.  295,  let  6  be  the  inclination  to 
the  vertical  of  the  normal  GC  to  the  plane  of  the  disc,  and  i/r 
the  azimuthal  motion  of  the  vertical  plane  AGG. 

Then 

0j  =  Wl  =  —  ijr  sin  8,     #2  =  &>2  =  0,     6s  =  -^r  cos  6. 

Let  u  and  v  be  the  horizontal  velocities  of  G  in  the 
direction  NA  and  perpendicular  to  it,  and  let  GN=z,  so 
that  z  =  c  sin  6. 
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,  /3  represent  the  horizontal  and  vertical  accelera- 


tions of  G, 


and  therefore,  observing  that 

u  —  Cft>2  sin  9  =  0,  and  v  +  cco3  =  0, 
/  =  c0  sin  6  +  c62  cos  0  +  cw3-\/r, 
/2  =  —  co>8  +  cftyr  sin  0, 
/8  =  C0  cos  0  -  c02  sin  0. 

Taking  moments  about  the  axis  of  (1),  and  about  the 
lines  through  A  parallel  to  the  axes  of  (2)  and  (3),  we  obtain 
the  equations, 

A^  —  Aw^r  cos  6  +  Co)s0  =  0, 

J.o>2  +  (7w3A/r  sin  6  +  Aa)^  cos  6  +  Mfa  sin  6  +  Mfsc  cos  6 

=  —  Mgc  cos  0, 
Ca)3  —  A  &>!#  —  Aw.^r  sin  0  —  Mf$  =  0. 


Substituting  for  f1}  /2,  fa  the   expressions   previously 
obtained,  these  equations  reduce  to 

sin2  ^)  -  (7ws^  sin  ^  =  0  ............  (i), 


(A  +  Me2)  0  +  (C  +  Me?)  w3TJr  sin  0 

-  Aty*  sin  0  cos  0  +  Mgc  cos0  =  Q  .........  (ii), 

(C  +  Mc*)co3-Mc20ijrsm0  =  0  ............  (iii). 

To  deduce  the  condition  for  steady  motion,  put 

0  =  a,    ^  =  Ii,    a>8  =  n  ; 
we  then  obtain 

((7  +  ./Ifc2)  nO  sin  a  —  J.I12  sin  a  cos  a  +  J%c  cos  a  =  0. 

If  r  is  the  radius  of  the  circle  which  is  the  path  of  G, 

Hr  +  en  =  0, 

and,  if  the  disc  be  of  uniform  thickness,  this  condition 
becomes  the  same  as  that  already  obtained  in  the  previous 
article. 
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299.  We  can  now  determine  the  least  angular  velocity 
with  which  the  disc  must  be  started  in  order  that  it  may 
roll  steadily  in  a  straight  line  or  very  nearly  in  a  straight 
line. 

In  other  words  we  have  to  find  the  condition  that  this 
rectilinear  motion  may  have  the  characteristic  of  stability. 

Taking  6  to  be  nearly  Tr/2,  and  taking  0  and  ty  to  be 
very  small,  we  find  from  (iii)  that  <o3  is  constant. 

Putting  n  for  co3>  the  equation  (i)  gives 
A^r  sina  6  +  Cn  cos  0  =  D, 
and  equation  (ii)  then  becomes 

(A  +  Me*)  e  +  n(G  +  M<f)  (D  -  Cn  cos  0)jA  sin2  9 

+  Mgc  cos  6  =  0, 

and  if  we  put  0  =  ?r/2  +  %,  where  %  is  very  small,  this  reduces 
to 

A  (A  +  Jfc2)  x  +  {Cn*  (G  +  Mcz)  -  AMgc]  %  =  a  constant. 
The  motion  is  therefore  stable,  if 


If  the  disc  is  of  uniform  thickness,  the  condition  for 
stability  is  that 

n*>g/3c, 

or,  if  v  is  the  velocity  of  the  centre, 


300.  Steady  motion  of  any  solid  of  revolution  on  a 
smooth  horizontal  plane. 

Let  AG  be  the  axis  of  revolution  and  take  axes  as  in  the 
figure,  the  axis  not  marked  being  perpendicular  to  the  plane 
of  the  paper. 

The  centre  of  gravity,  G,  having  no  motion,  the  reaction 
at  P,  the  point  of  contact,  is  equal  to  the  weight  of  the 
solid. 


ON  SMOOTH   PLANE. 

In  this  case,  if  O  is  the  azimuthal  motion, 
0t  =  H  sin  a,    02  =  0,    03  =  £l  cos  a. 
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Let  y  represent  PL,  the  perpendicular  from  P  on  the 
axis,  and  let  GE  —  c. 

Then,  taking  moments  about  the  axis  of  (2), 

—  C(o3  .  fl  sin  a  +  .<4a>i  .  ft  cos  a  =  —  Mgc  sin  a. 
But  ah  =  fl  sin  a,  and  G>S  =  n, 

.'.  Cnfl  —  A  fl2  cos  «  =  Mgc  tan  a 
is  the  condition  requisite  for  steady  motion. 

301.     Steady  motion  of  a  solid  of  revolution  on  a  rovyh 
horizontal  plane. 

Taking  the  figure  of  Art.  300,  let  r  be  the  radius  of  the 
circle  traced  out   by  G.     Then   the   factional   reaction   at 
in  the  direction  PN. 


Taking  moments  about  the  axis   of  (2),  we   have   the 
equation 
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—  Cd)3 .  II  sin  a  +  Ac0i.fl  cos  a  =  M£l2r  (c  cos  a  +  y  cosec a) 

—  Mgc  sin  a, 

with  the  conditions,  Wj  =  fl  sin  a,    a>2  =  0,    to3  =  n, 
fir  +  <»!  (c  +  y  cot  a)—  2/<w3  =  0. 

Assuming  that  n  and  a  are  given,  we  obtain  a  quadratic 
for  fl  by  the  elimination  of  r  and  wlt  and,  if  the  roots  of  this 
equation  are  real,  a  steady  motion  is  possible,  and  we  may 
observe  that,  by  making  n  sufficiently  large,  the  roots  of  the 
equations  can  always  be  made  real. 

302.  Motion  of  a  heavy  rigid  body,  which  is  spitted  on  a 
smooth  circularly-cylindrical  rod,  on  which  it  can  slide,  and 
which  passes  through  its  centre  of  gravity,  when  the  rod  is 
made  to  rotate  uniformly  with  angular  velocity  w  in  a  right 
circular  cone,  semi-vertical  angle  a,  about  a  vertical  axis. 

The  motion  of  the  body  about  the  rod  is  independent  of 
the  motion  of  G  along  the  rod,  which  is  simply  that  of  a 
particle  in  a  revolving  tube. 

Let  OGC  be  the  rod  and  take  axes  GA,  GB  fixed  in  the 
body  at  right  angles  to  each  other  and  to  GG. 

OZ  being  the  vertical  through  0,  and  ZGA'  perpendicular 
to  the  rod,  let  <f>  be  the  angle  between  the  planes  CGA  and 
CQA'. 

Then,  for  the  axes  GA,  GB,  GG, 

#!  =  —  o)  sin  a  cos  <£,    02  =  ®  sin  a  sin  <j>,    03  =  <j>  +  to  cos  a, 
and,  since  the  axes  are  fixed  in  the  body, 

#1  =  <»!>       $2  =  ««>2>       $3  =  MS- 

Now,  Art.  269,  if  A,  B,  G,  D,  E,  F  are  the  moments  and 
products  of  inertia, 

^  =  Aa>1  —  Fcoz  —  Eco3, 

h%  =  Bo>3  —  Dcos  —  Fcolt 

h3  =  Cfos  —  JEa)!  —  Da)a. 
Taking  moments  about  the  rod,  we  have 
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and,  if  we  employ  the  previous  equations,  we  finally  obtain 
the  equation, 

C<j>  =  G)2  sin2  a  {(B  —  A)  sin  <£  cos  <j>  +  .Fcos  2$} 

—  a>2  sin  a  cos  a  [E  sin  <£  +  D  cos  <£}. 
If  a  =  7T/2,  this  becomes 

2C$  =  6>2  {(B  -  A}  sin  2</>  +  2.Pcos  20}, 
shewing  that  if  <f>  =  /3  in  the  position  of  relative  equilibrium 

(A-B)  tan  2/8  =  2# 
If  we  put  /3  +  #  for  <£  and  take  0  very  small,  we  obtain 

C$  +  o>20  {2^sin  2/9  +  (A  -  B)  cos  2/3}  =  0, 
or  C'e  +  2<w  W  cosec  2/3  =  0, 

shewing  that  if  F  cosec  2/3  is  positive  the  body  will  oscillate 
through  its  position  of  relative  equilibrium,  and  that 


2/3 
will  be  the  time  of  a  complete  oscillation. 

303.     Euler's  Equations. 

In  the  case  of  the  motion  of  a  single  rigid  body  about  a 
fixed  point  or  about  its  centre  of  gravity,  if  we  take  for  our 
moving  axes  three  straight  lines  fixed  in  the  body  and  passing 
through  the  fixed  point,  or  through  the  centre  of  gravity,  we 
shall  have 

f/l  =  &)j,        C/2  =  O>2>        t's  =  ^3- 

If  further  we  take  these  three  lines  to  be  the  principal 
axes  at  the  fixed  point, 

hi  =  Aco19    h2  =  Bco,i,    hB  =  Ctos. 

Hence,  if  L,  M,  N  are  the  moments,  about  the  principal 
axes,  of  the  acting  forces,  the  equations  of  motion  take  the 
forms 

A&I  —  (B  —  (7)  &>2G>3  =  L, 

Bo)2  —  (G  —  A)  etfaCDj  =  M, 

Co>3  -  (  A  -  B)  WiO).,  =  N, 
which  are  Euler's  Equations. 
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304.  Geometrical  equations  connecting  the  angular  mo- 
tions about  three  moving  axes  fixed  in  the  body  with  the 
motion  of  the  body  referred  to  lines  faced  in  space. 

If  OA,  OB,  00  be  three  lines  fixed  in  the  body,  and  OX, 
OF,  OZ  three  lines  fixed  in  space,  and  if  these  lines  end  on 
the  surface  of  a  sphere,  the  position  of  the  body  will  be 
completely  determined  by  the  quantities  i/r,  0,  <f>,  if 


Moreover  the  motion  is  completely  determined  by  the 
rotation  6  about  OF,  the  rotation  -^  about  OZ  and  by  the 
rate  of  separation  <j>  of  the  plane  OGA  in  the  body  from  the 
moving  plane  ZGE. 

This  system  must  be  equivalent  to  the  system  of  angular 
rotations  ta1}  o>2,  and  «o3  about  OA,  OB  and  0(7. 

Expressing  this  equivalence  we  obtain, 
a)!  =  0  cos  FA  +  ty  cos  ZA  =  d  sin  <j>  —  ^  sin  0  cos  <f>, 
<w2  =  0  cos  FB  +  \jr  cos  ZB  =  0  cos  (j>  +  tjr  sin  0  sin  0, 

0)3  =  -^r  COS  0  +  </>. 
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305.  Application  of  Euler's  equations  to  the  case  of  a 
body  in  motion  about  a  fixed  point  when  there  are  no  external 
forces  in  action. 

The  equations  expressing  the  constancy  of  the  kinetic 
energy  and  of  the  resultant  angular  momentum,  which  can 
also  be  deduced  from  Euler's  equations,  give  two  relations 
between  (o1}  &>2>  and  o>3,  so  that  two  of  them  can  be  deter- 
mined in  terms  of  the  third. 

The  results  of  substitution  in  Euler's  equations  lead  in 
general  to  elliptic  integrals,  but  there  are  two  cases  in  which 
the  equations  can  be  completely  integrated. 

One  of  these  is  when  A  =  B,  in  which  case  we  see  that 
ft>3  is  constant,  and  that  if  &>3  =  n,  and  if  A  —  G  =  A\,  the  first 
two  equations  take  the  forms 

&>!  —  X7i<02  =  0,    o>2  +  \ncOi  =  0. 

From  these  it  follows  that  coj2  +  &>22  is  constant,  and  there- 
fore that  the  resultant  angular  velocity  is  constant. 


Also  «!  +  X^o)!  =  0, 

.\  tuj  =  D  cos  (\nt  +  a),  and  o)2  =  —  D  sin  (\nt  +  a). 

Now  take  the  axis  of  Z  to  be  the  invariable  line  ;  then 

AtDi  =  —  HainOcosffr,    Aw2  =  H  sin  0  sm  <f>, 

.'.  tan  0  =  —  oDjj/G)!  =  tan  (\nt  +  a). 

Hence,  from  the  equations  of  Art.  304,  we  find  that 
0  =  0,  and  ty  sin  6  =  —  D,  so  that  0  and  ty  are  both  constant, 
results  which  were  previously  obtained  in  Art.  289. 

Moreover  the  angular  velocity  about  the  moving  line  OE 
=  Wj  cos  <f>  —  o>2  sin  </>  =  —  ty  sin  0  =  D, 

and  this  is  a  confirmation  of  the  remark  in  Art.  289,  that  -^ 
and  the  angular  velocity  about  the  axis  of  (1),  which  in  that 
article  is  the  line  OE,  are  of  contrary  signs. 
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306.    The  other  case  is  that  of  Art.  294,  when  the  motion 
of  the  body  is  so  started  that  HZ  =  BK.     From  the  equations 


we  obtain 

a)3  K-Bw? 


C(C-B)~AG(G-A}~  A(B-AY 


which  may  be  written  in  the  form 

d>2  =  p  (ri*  -  &>22). 

Integrating  this  equation,  we  find  that 

-  1 


where  X  =  2%/u-,  and  ^  is  a  constant  determined  by  the  initial 
value  of  tu2. 

The  value  of  &>a  gradually  approaches  to  n,  and  is  ulti- 
mately equal  to  it,  and  observing  that,  if  w22  =  nz  =  KjB,  ^ 
and  <u3  are  both  zero,  it  follows  that  the  resultant  axis  of 
rotation  approaches  to  and  ultimately  coincides  with  the 
mean  axis  of  the  momental  ellipsoid. 

307.  It  will  be  seen  that  what  is  effected  by  Euler's 
equations  is  the  determination  of  the  angular  velocities 
about  axes  fixed  in  the  body,  and  that  the  equations  are 
applicable  only  to  the  motion  of  a  single  body,  and  not  to 
the  motion  of  a  system  of  bodies. 

For  further  developments  in  the  case  of  the  motion  of  a 
rigid  body  about  a  fixed  point,  we  refer  the  student  to 
Poinsot's  Nouvelle  Theorie  de  la  Rotation  des  Corps  Solides, 
to  Dr  Routh's  Advanced  Rigid  Dynamics,  and  to  other 
treatises. 
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EXAMPLES. 

1.  A  regular  pyramid  which  is  moveable  about  its  centre 
of  gravity  is  set  in  motion  in  any  manner;   determine  its 
subsequent  motion. 

2.  An  uniform  rod  is  in  motion  under  the  action  of 
gravity  alone,  shew  that  the  equation  for  determining  its 
inclination  0  to  the  vertical  at  time  t  is 

=  a  +  b  sin2  6, 

where  a  and  b  are  constants. 

3.  A  smooth  homogeneous  heavy  cone  is  placed  within 
a  fixed  hollow  sphere  circumscribing  it,  and  set  rotating 
about  its  axis  of  figure  with  a  given  angular  velocity ;  find 
the  condition  for  steady  motion. 

4.  A  plane  mirror  whose  thickness  may  be  neglected 
and  whose  centre  of  gravity  is  fixed,  moves  under  the  action 
of  no  forces  so  that  its  invariable  plane  is  horizontal ;  prove 
that  the  image  of  any  luminous  point  on  the  invariable 
line  moves  on  the  surface  of  a  sphere  so  that  its  zenith 
distance  (6)  and  azimuth  (t/r)  are  connected  by  the  equation 

<ty  •>!„ 

-J-  =  m  +  n  cosec2  ^  0. 
at  2 

5.  A  ring  of  wire  of  radius  c  rests  on  the  top  of  a  smooth 
fixed  sphere  of  radius  a,  and  is  set  rotating  about  the  vertical 
diameter  of  the  sphere.     If  the  ring  is  slightly  displaced, 
prove  that  the  motion  is  unstable  if  the  angular  velocity  is 
less  than 
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6.  A  circular  wire  ring  of  radius  a  rolls  on  a  rough 
horizontal  plane,  so  that  its  plane  maintains  a  constant  in- 
clination (a)  to  the  vertical ;  if  eo  be  the  angular  velocity  of 
the  ring,  and  fl  the  azimuthal  motion  of  its  centre,  prove 
that 

4a&>n  cos  a  —  aH2  sin  a  cos  a  =  2g  sin  a. 

7.  A   hollow   cone,   the    internal   surface   of    which   is 
perfectly  rough,  is  fixed  in  a  position  in  which  its  axis  is 
inclined  at  an  angle  a  to  the  vertical,  and  a  solid  cone  of 
smaller  vertical  angle  is  placed  inside,  its  vertex  coinciding 
with  the  vertex  of  the  fixed  cone,  and  allowed  to  perform 
small   oscillations;    prove   that   the   length   of    the   simple 
isochronous  pendulum  is 

4&2  sin  (/3  —  7)/3&  sin  a  sin2  7, 

2a  and  Zy  being  the  vertical  angles,  h  the  height  of  the 
moving  cone,  and  k  its  radius  of  gyration  about  a  generating 
line. 

8.  A  solid  body,  rotating  with  uniform  velocity  w  about 
a  fixed  axis,  contains   a   closed    tubular   channel   of  small 
uniform  section  filled  with  an  incompressible  fluid  in  relative 
equilibrium  ;  if  the  rotation  of  the  solid  body  were  suddenly 
destroyed,  the  fluid  would  move  in  the  tube  with  a  velocity 
2A(o/l,  where  A  is  the  area  of  the  projection  of  the  axis  of 
the  tube  on  a  plane  perpendicular  to  the  axis  of  rotation,  and 
I  is  the  whole  length  of  the  tube. 

9.  The  vertex  of  a  cone  is  fixed  at  a  given  distance  from 
a  rough  inclined  plane,  and  its  base  rolls  on  the  plane ;  deter- 
mine the  motion. 

10.  A  solid  cube  is  in  motion  about  an  angular  point 
which  is  fixed.    If  coj,  &>„,  <*>3  be  the  angular  velocities  about 
the  three  edges  through  the  fixed  angular  point,  and  there  be 
no  extraneous  forces  in  action  prove  that  Wj  +  «2  + 

o>i2  +  &)22  +  <w32  are  each  constant. 
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11.  If  a  rectangular  parallelepiped  (edges  2a,  2a,  26) 
move  freely  about  its  centre  of  gravity  under  no  forces : 
shew  that  its  angular  velocity  about  one  principal  axis  is 
constant  and  about  the  other  principal  axes  is  periodic,  the 
period  being  to  the  period  of  revolution  about  the  first- 
mentioned  principal  axis  as  62  +  a2  :  ft2  —  a2. 

12.  A  homogeneous  sphere  of  radius  a  is  loaded  at  a 
point  of  its  surface  by  a  particle  whose  mass  is  I/nth  of  its 
own ;  if  it  move  steadily  on  a  smooth  horizontal  plane,  the 
diameter  through  the  particle  making  a  constant  angle  a 
with   the   vertical,  and  the  sphere  rotating  about  it  with 
uniform  angular  velocity  a>,  prove  that  wa  must  be  not  less 
than 

5g  cos  a  (2n.  +  7)/aw  (n  + 1), 

and  shew  that  the  particle  will  revolve  round  the  vertical  in 
one  or  other  of  two  periods  whose  sum  is  4f7maa)/5g. 

13.  A  smooth  circular  tube,  of  radius  a,  has  its  centre 
fixed  at  a  height  h  above  a  fixed  horizontal  plane,  which  it 
touches,  a  particle  of  mass  m  is  placed  within  it  at  a  distance 
c  below  the  horizontal  plane  through  the  centre  of  the  tube 
which  becomes  z  at  the  time  t,  prove  that,  if  the  moment  of 
inertia  of  the  tube  about  a  diameter  be  nma? 

a?z*{rik*  +  h2- z2}  =  Zg(z-  c)(h? - z*Knh2  +  a3- z-}. 

14.  A  man  walks  on  a  rough  sphere,  radius  a,  which  rolls 
on  a  rough  horizontal  plane,  so  as  to  be  always  at  the  same 
angular  distance  a  from  the  vertex  of  the  sphere,  and  to  make 
it  roll  round  uniformly  in  a  circle.     If  fl  be  the  angular 
velocity  of  the  centre  of  the  sphere,  and  c  the  radius  of  the 
circle  described  by  the  point  of  contact  on  the  plane,  prove 
the  relation 

H2  -1 7J/c  +  10 m  cos2  ^  (c  —  a  sin  a)  I  =  omg  sin  a, 

(  z  J 

M,  m  being  the  masses  of  the  sphere  and  the  man. 
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15.  A  rigid  lamina,  in  the  form  of  a  loop  of  a  lemniscate, 
not  acted  on  by  any  force,  is  started  with  a  given  angular 
velocity  about  one  of  the  tangent  lines  through  its  nodal 
point,  the  nodal  point  being  fixed.  Prove  that  its  greatest 
angular  velocity  has  to  its  least  angular  velocity  the  ratio 


16.  A  smooth  rigid  circular  tube  is  connected  with  its 
centre  by  a  light  rigid  framework.     It  contains  within  it  a 
particle  whose  mass  is  I/nth  of  its  own.     This  particle  being 
set  moving  the  tube  is  placed  with  its  centre  on  a  fixed  pivot 
and   its   plane   initially   horizontal.      Investigate   equations 
sufficient  to  determine  the  motion,  and  prove  that  if  flj  be 
the  angular  velocity  of  the  vertical  plane  through  the  normal 
to  the  plane  of  the  tube,  H2  that  of  the  particle  relative  to 
the  tube,  6  the  rate  of  increase  of  6  the  inclination  of  the 
plane  of  the  tube  to  the  horizon,  and  <f>  the  angle  between 
two  planes  through  the  normal  containing  the  vertical  and 
the  particle  respectively,  at  any  time, 

fi:  (2  cos2  6  +  2  sin2  <£  sin2  6+n  sin2  0)  +  2na  cos  6+6  sin  6  sin  2<£ 
is  constant  throughout  the  motion. 

17.  The  ends  of  the  axis  of  a  gyrostat  slide  freely  on 
two  intersecting  rods  at  right  angles  to  each  other,  one  of 
which  is  fixed  and  vertical,  and  the  other  revolves  freely 
about  it,  their  point  of  intersection  being  fixed.     An  angular 
velocity  X,  about  the  vertical  rod,  is  impressed  on  the  system, 
while  the  gyrostat  spins  with  an  angular  velocity  n  about  its 
axis,  which  is  initially  inclined  at  an  angle  a  to  the  vertical. 

Prove  the  equations 

(  Mo?  +  A  )  ^  sin2  6  +  Cn  cos  6  =  (Ma?  +  A)  sin2  a  +  Cn  cos  a, 
(Ma2  +  A)  (0  -  ijr2  sin  9  cos  6)  +  Gn^r  sin  0  =  -  Mga  sin  0, 
where  0  is  the  inclination  of  the  axis  to  the  vertical,  2a  the 
length  of  the  axis,  and  ty  the  azimuthal  motion. 

18.  A  perfectly  rough  circular  disc,  of  which  the  centre 
is  fixed,  is  constrained  to  roll  with  its  edge  on  a  horizontal 
plane,   so   that   the  point  of  contact   moves   with  angular 
velocity  n. 
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A  sphere  is  placed  on  the  disc  in  contact  with  a  horizontal 
diameter,  and  in  a  state  of  relative  rest.  Obtain  the 
equations  of  motion,  and  shew  that  the  sphere  moves  down 
the  disc  as  if  that  were  at  rest  and  the  sphere  a  smooth 
heavy  particle,  and  that  the  trace  of  the  point  of  contact  on 
the  disc,  referred  to  axes  in  its  plane,  that  of  y  being 
horizontal,  is  the  curve 

v  I 

-  =  cosh  {2a?  cos  a/g}n  ; 
c 

the  disc  being  inclined  at  an  angle  a  to  the  vertical,  and  c 
being  the  initial  value  of  y. 

19.  At  a  point  P  of  the  earth's  surface  a  sphere  has  its 
centre  0  fixed  and  by  means  of  pegs  at  the  extremity  C  of  a 
diameter,  the  diameter  00  is  compelled  to  move  in  the 
meridian  at  P;  if  originally  00  be  parallel  to  the  axis  of 
the  earth  and  the  sphere  have  angular  velocity  about  00] 
prove  that  if  the  sphere  be  disturbed  00  will  oscillate  in  the 
meridian  in  a  time 


where   w   is   the   angular  velocity   of  the   earth   about   its 
axis,  and  n  is  the  angular  velocity  relative  to  the  meridian. 

20.  A  solid  of  revolution  has  a  point  0  in  the  circum- 
ference of  its  base  fixed  and  receives  a  blow  in  a  direction 
passing  through  G  its  centre  of  gravity  and  parallel  to  the 
tangent  line  to  the  base  at  0.     If  the  principal  moments  of 
inertia   at    G  in  directions  perpendicular  to  the  blow  are 
proportional  to  those  about  parallel  axes  through  0,  prove 
that  the  instantaneous  axis  and  OG  are  equally  inclined  to 
the  plane  of  the  base. 

21.  If  a  constant  couple  be  applied  about  the  axis  of 
symmetry  of  a  body  supported  at  its  centre  of  inertia,  and 
initially  rotating  about  an  axis   perpendicular   to   that   of 
symmetry,  determine  the  motion  completely  ;  and  shew  that 
the  cone  described  in  the  body  by  the  instantaneous  axis  has 
the  equation 

x     A-0    Sl*C       z* 

rari  —  1  _  —  _        _  _  . 

y        A     '2N'v*  +  if' 

where  N  is  the  couple,  !i  the  initial  angular  velocity. 
B.  D.  27 
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22.  A  gyrostat  has  a  point  in  its  axis  attached  by  a 
universal  joint  and  a  string  of  length  I  to  a  fixed  point ;  an 
angular  velocity  o>  is  given  to  the  body,  and  n  is  the  angular 
velocity  of  the  centre  of  gravity  about  the  vertical,  6  the 
angle  which  the  string,  <£  that  which  the  axis  of  the  body 
makes  with  the  vertical,  a  the  distance  between  the  centre  of 
gravity  and  the  point  of  suspension  ;   G  being  the  moment  of 
inertia  about  the  axis  of  figure.    Shew  that  when  the  motion 
is  steady 

n  sin  <£  (Cm  —  An  cos  <f>]  cos  6  =  Mga  sin  (<£  —  6), 
n2  (I  sin  9  +  a  sin  (f>)=g  tan  0. 

23.  A  rigid  body  is  in  motion  about  a  fixed  point  and 
there  are  no  forces.     If  a,  /3,  7  be  the  angles  which  the  pro- 
jection  of  the  instantaneous  axis  on  the  invariable  plane 
make  with  the  principal  axes,  and  if  dAlt  dA2  and  dA3  be 
the  areas  described  in  time  dt  upon  the  planes  perpendicular 
to  these  axes  by  that  radius  of  the  momental  ellipsoid  with 
which  the  instantaneous  axis  coincides,  prove  that 

dA^  :  dA2  :  dA3  ::  A  cos  a  :  B  cos  $  :  C cos  7. 

24.  Four  equal  gyrostats  have  for  axes  the  sides  of  a 
light  rhombus  ODEF,  formed  of  rods  jointed  together,  which 
hangs   from    0,   and  all   four  are   set  spinning  with  equal 
angular  velocities  n,  and  in  such  a  way  that  all  would  be 
spinning  in  the  same  direction  if  the  angles  at  0  and  E  were 
zero.     The  mass  of  each  gyrostat  is  M,  and  a  mass  M'  is 
suspended  from  E ;  prove  that  if  the  angles  at  0  and  E  are 
each  2a  the  whole   can  move  with  a  steady  precession  O, 
provided 

(A  +  M a2)  a2  cos  a  -  CnQ.  -  ga  (2M  +  M')  =  0, 

where  A  and   C  are  the  principal  moments  of  inertia  of 
each  gyrostat. 

Also  find  the  period  of  the  oscillation  about  this  state  of 
steady  motion. 

25.  Six  equal  gyrostats  have  for  axes  the  sides  of  a 


EXAMPLES.  419 

light  hexagon  OABCDE,  formed  of  equal  light  rods  jointed 
together,  which  hangs  from  0,  and  all  six  are  set  spinning 
with  equal  angular  velocities  n,  and  in  such  a  way  that  all 
would  be  spinning  in  the  same  direction  if  the  angles  at  0 
and  C  were  zero.  A  given  mass  being  suspended  from  C, 
find  the  conditions  that  there  may  be  a  steady  motion  when 
the  angles  at  0  and  C  are  each  2a,  and  H  is  the  precessional 
motion. 

26.  If  a  mass  of  fluid  be  moving  in  any  manner,  and  a 
small  spherical  element  of  it  be  solidified,  prove  that  the 
kinetic  energy  lost  is  equal  to 

Afdu  dv  dw\2  A_{(dv  dw\*  (dw  ^\a  ,  A^,  ^V 
4  (dx  dy  dz)  8  \(dz  dy)  \dx  dz)  \dy  dx) 

dv  dw     dw  du     du  dv 
,dy  dz      dz  dx     dx  dy 

A  being  the  moment  of  inertia  of  the  solidified  element,  and 
u,  v,  w  the  components,  parallel  to  the  axes,  of  the  velocity 
before  solidification  of  the  particle  whose  coordinates  are 

x,  y,  z. 

27.  A  rigid  body  moves  about  a  fixed  point  under  the 
action  of  a  couple  producing  motion  such  that  the  kinetic 
energy  is  proportional  to  the  square  of  the  angular  momentum. 
Prove  that  the  plane  containing  the  axis  of  resultant  angular 
momentum  and  the  axis  of  the  couple  is  at  right  angles  to 
the  plane  containing  the  former  axis  and  the  instantaneous 
.axis. 

28.  If  the  square  of  the  angular  momentum  is  equal  to 
2J5  x  the  kinetic  energy,  prove  that  the  first-mentioned  plane 
is  fixed  in  the  body,  and  coincides  with  one  or  other  of  the 
planes  whose  equations  referred  to  the  principal  axes  are 

ac\/C(A-B)  =  ±z  *JA(B-C). 

Prove  also  that  the  plane  through  the  invariable  line 
and  the  mean  axis  rotates  uniformly  in  space,  and  that,  if  0 

27—2 
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be  the  inclination  of  the  mean  axis  to  the  invariable  line  at 
the  time  t, 

0  a     (A-B)h(B-C^^ 

log  tan  ^  =  log  tan  ~  -  —        }  v    ,  —  '-  Gt, 


where  A,  B,  G  are  the  principal  moments  of  inertia  of  the 
body,  0  its  angular  momentum,  and  a  the  initial  value  of  6. 

29.  A  sphere  is  rotating  within  a  spherical  concentric 
light  shell  of  radius  a,  placed  on  a  rough  horizontal  plane, 
about  an  axis  through  the  common  centre  ;  find  the  motion. 
If  6  be  the  inclination  of  the  axis  to  the  vertical,  o>3  the 

velocity  of  rotation  of  the  sphere  about  the  axis,  and  ^r  the 
angular  velocity  of  the  vertical  plane  through  the  axis,  prove 
that  ^r  sin2  0  +  c0s  cos  6  is  constant. 

Shew  that  a  state  of  steady  motion  is  possible  in  which 
the  centre  of  the  sphere  describes  a  circle  of  radius  r  with 
velocity  v,  while  spinning  with  velocity  &>,  if  the  axis  is 
inclined  to  the  vertical  at  an  angle  a  given  by  the  equation, 

k*  sin  a  (v  cos  a  —  rco)  =  var, 

where  Jc  is  the  radius  of  gyration  of  the  sphere  about  a 
diameter. 

30.  A   circular  rough   disc  of  mass  M  and  radius  a, 
inclined  to  the  horizontal  at  an  angle  /3,  is  capable  of  rotation 
about   a  fixed   normal   axis   through   its   centre.      A   solid 
circular  cone,  rotating  with  angular  velocity  o>  about  its  axis, 
is  placed  on  the  disc  with  its  vertex  at  the  centre  of  the  disc, 
its  axis  downwards,  and  a  slant  side  in  contact  with  the  line 
of  greatest  slope  on  the  disc.     The  mass  of  the  cone  is  m: 
the  distance  of  its  centre  of  gravity  from  the  vertex  is  h  :  its 
equatorial  and  axial  moments  of  inertia  at  the  vertex  are 
A,  C.     Prove  that  the  angular  velocity  of  the  cone  about  its 
axis  is  changed  in  the  ratio 

C  (2  A  +  Mo?  cos2  a)  :  2  A  G  +  Ma?  (A  sin2  a  +  C  cos2  a), 

and  that  the  cone  will  not  roll  round  the  disc  unless 
or  C'2M2a4  sin2  a  cos  a  is  greater  than 

4mffh  sin  /3  (20  +  Mo?  sin2  a)  [2  AC  +  Mo?  (A  sin2  a  +  C  cos-  a)}. 
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31.  A  worm  of  length  I  is  coiled  in  an  endless  tube  of 
small  uniform  transverse  section  of  the  same  length,  volume, 
and  mass  as  the  worm  itself.  If  the  worm  crawl  along  the 
tube  with  a  uniform  velocity  v  relatively  to  the  tube,  prove 
that  the  component  couples  acting  on  the  tube  in  its  principal 
planes  through  its  centre  of  gravity  will  be 

I       l\/mv  l       l 


where  ra  is  the  mass  of  the  tube,  A,  B,  C  its  principal 
moments  of  inertia,  and  h^,  h2,  h3  the  areas  of  its  projections 
on  its  principal  planes. 

32.  A  uniform  solid  sphere  of  radius  a,  spinning  with 
angular  velocity  n  about  a  vertical  diameter  is  placed  gently 
on  the  top  of  a  fixed  rough  sphere  of  radius  6.     Shew  that  it 
will  leave  the  sphere  or  will  not  according  as 

3-ta2n2  <  or  >  35  .  27  g  (a  +  6). 

33.  A   solid    bounded   by  a  tore  (anchor  ring)  moves 
steadily  on  a  rough  horizontal  plane,  the  axis  of  figure  of  the 
tore  making  a  constant  angle  a  with  the  vertical,  and  the 
point  of  contact  describing  upon  the  plane  a  circle  of  radius 
c   with   constant   angular   velocity   o>.     The   radius   of  the 
circular  axis  of  the  tore  is  a,  and  that  of  the  section  made 
by  a  plane  through  the  axis  of  figure  is  6.     Prove  that,  if  fl 
be  the  constant  angular  velocity  of  the  solid  about  its  axis  of 
figure, 

6>2  (c  -  ft  cos  a)  (4a2  +  13&2  +  Sab  sin  a) 

+  flw  {(4a2  +  b2)  b  sin  a  -  a  (4a2  +  562)}  =  8gab  cos  a. 

34.  A  smooth  solid  ellipsoid  is  spinning  with  angular 
velocity  fl  about  its  least  axis  and  rests  on  a  smooth  table  ; 
shew  that  the  coordinates  of  the  point  of  contact  of  the 
slightly  disturbed  ellipsoid  are  given  by  the  equations 


b-  (a2  +  c2)  x  -  2ft2c2fl2/  +  62  (a2  -  c2)  [fl2  +  ^1  x  =  0  ) 

L        c  J         L 

a2  (62  +  c2)  y  +  262c2fl^  +  a2  (62  -  c2)  [fl2  +  ^1  y  =  0  j 


and  find  the  periods  of  the  oscillations. 


CHAPTER  XVII. 


THE  LAGRANGE  EQUATIONS. 

308.  IN  any  motion  of  a  system  there  are  a  certain 
number  of  independent  variables,  which  can  be  chosen  in 
different  ways,  and  which  completely  represent  the  position 
and  configuration  of  the  system. 

Such  a  set  of  variables  is  called  a  set  of  generalised 
coordinates,  and  the  number  of  them  represents  the  number 
of  degrees  of  freedom  of  the  system. 

Let  them  be  6,  <£,  -v^,...  so  that  the  coordinates  of  any 
particle  of  the  system  will  be  functions  of  t,  0,  <j>,  ^,... 

i.e.  x  =f(t,  6,  <f>,\lr,...),  etc. 

It  must  be  understood  however  that  this  method  is  only 
adapted  to  those  cases  in  which  x,  y,  and  z  are  independent 
of  6,  $,  -<jr,  etc. 

The  system  of  time-fluxes  of  momenta,  or  of  effective 
forces,  is  the  exact  equivalent  of  the  system  of  acting  forces, 
and  therefore  if,  at  any  instant,  a  slight  displacement  of  the 
configuration  be  imagined,  the  virtual  work  of  the  effective 
forces  will  be  equal  to  that  of  the  acting  forces,  that  is  to- 
the  loss  of  potential  energy  of  the  system. 

Expressed  in  mathematical  symbols  this  statement  gives 
the  equation 


where  F  is  the  potential  energy  of  the  system. 
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Now,  V  being  a  function  of  6,  <j>,  ^,  ..., 


Also 


Therefore,  observing  that  80,  Sc/>,  are  arbitrary  quantities, 
..dx     ..dy     ..  dz\         dV 


with  similar  equations  in  terms  of  0,  ^,.... 

.Da;      dx     dx  -~     dx  / 
Again,  *=v-t  =  Tt+dee  +  dt  +  +  - 

the  symbol  -^-  representing  the  partial  £-flux  of  x,  and  ^ 

the  complete  i-flux. 

rfi_c?a; 

''  ^~^' 
..  dx     ,.dij     ,.dz 


and  _ 

D  ~     f  .das  t       \     ^     /  .  D  dx  t       \ 

=  ^-Zm(x  —-,  +  ...  }—2,m  (x  y-  —:  +  ... 
Dt       \   dd  \    Dtdd 

D  ~    f.dx  t       \     ^    f.  D  dx         \ 

—n^SfnlOJ—  5  +   ...      -Sm    iTyr-  -jTj  +  ...). 

Dt       \   dd          I  \  Dtdti         j 

~  D  (dx\  _  d?x      d?x 

~ 


_  d_  /dx     dx  f.         \  _dx 
~de(dt  +d&  V  +  -~)-  d6' 

dV     D  _    /.  dx         \     ^    f.dx 
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Now  let  T  be  the  kinetic  energy,  so  that 
227  =  2w(;c2  +  2/2  +  P); 

dT     ^     (  .  dx         \      ,dT     ^     f.dx          \ 
:.  -^  =2.m   a?  -33  +  ...  I  and  —  ^  =  2tm[cc  —-.  +  ...    , 

do        \  dd       )      de        \  dd 


D  (dT\     dT       dV 

:'Dt\de)    de~    d0> 

D  fdT\     dT       dV 

and  similarly          yr:   —  ;    —  ~r^  =  —  -JT  ,  etc. 
Dt\d$l     d<f>        d(j> 

these  are  Lagrange's  equations. 

309.     We  now  proceed   to  illustrate  the  use  of  these 
equations  by  the  solution  of  some  examples. 

Ex.  1.     Two  heavy  rods  AB,  BC,  jointed  at  B,   and 
swinging  in  a  vertical  plane  about  the  fixed  end  A. 

If  0  and  <£  are  the  inclinations  of  AB  and  BC  to  the 
vertical,  these  are  a  set  of  generalised  coordinates. 

If  ra,  ra'  are  the  masses,  2a,  26  the  lengths,  and  x,  y,  the 
coordinates  of  0,  the  centre  of  gravity  of  BC, 

—  V  =  mga  cos  6  +  m'g  (2a  cos  0  +  b  cos  <f>), 


where     x  =  2a  cos  6  +  b  cos  <j>,     y  =  2a  sin  6  +  b  sin  <f>. 

/.  2T=  (|ma2  +  4m'a2)  fr  -1-  f  m'&2<£2  +  4w'a&0<£  cos  (<£  -  ^) 
and  Lagrange's  equations  become 

•^  If  ?  +  OT')  4a^  +  2m'a6d>  cos  (<£  -  ^)1  -  2m'ab6<j>  sin  (0  - 
at  (\o         /  J 

=  —  mga  sin  0  —  2m'ga  sin  0  .........  (a), 
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j-  {fra'&2<j>  +  '2m'ab6  cos  (</>  -  &)}  +  2m'a&0<j>  sin  (</>  -  0) 

=  —  m'gbsm  <f> (/3). 

A  solution  by  means  of  the  time-fluxes  of  momenta  is 
given  in  art.  251. 

The  equation  (y9)  is  the  same  as  that  obtained  by  taking 
moments  about  B,  and,  if  we  add  together  (a)  and  (/3),  we 
get  the  equation  of  moments  about  A. 

Small  oscillations  of  these  two  rods. 

If  we  neglect  small  quantities  of  the  second  order,  the 
equations  (a)  and  (/3)  take  the  forms, 

h^  +  TO')  4a20  +  2m'ab<j>  =  -(m  +  2m') ga9, 

Zm'abG  +  f  w'62<£  =  -  m'gb(f>. 
Writing  these  equations  in  the  forms, 

(D2  +  a2)  9  +  l&Dty  =  0,    (D2  +  X2)  </>  +  n*D*0  =  0, 
we  obtain         {(D2  +  a2)  (Z)2  +  X2)  -  y3>2D4}  6  =  0. 

It  will  be  found  that  the  values  of  p*  obtained  from  the 
auxiliary  equation 

(p2  +  a2)  (p2  +  X2)  -  j3*/j,y  =  0, 
are  real  and  negative. 

It  follows  therefore  that  if  these  values  are  —  n2,  and 
—  n'z,  the  solution  of  the  equation  is  of  the  form 

9  =  A  cos  (nt  +  e)  +  B  cos  (n't  +  e'). 

Or,  if  we  multiply  the  second  of  these  equations  by  k, 
and  add  it  to  the  first,  and  assume  that 


we  have  two  equations  of  the  form, 

Z>2  (9  +  k<fi  +  (a2  +  Ay*2)  (9  +  k(j>)  =  0, 
leading  to  the  same  result. 
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Ex.  2.  To  deduce  the  equations  of  motion  of  a  particle  in 
polar  coordinates. 

In  the  figure  of  Art.  30,  let  mP,  mQ,  mR  be  the  forces 
acting  on  the  particle  in  the  directions  OP,  PT,  and  per- 
pendicular to  the  plane  ZOP ;  then 

—  dV=  mPdr  +  mQrdd  +  mRr  sin  6d<j>, 


also  2T  =  m{ 

where  r,  0,  </>,  are  the  generalised  coordinates. 
We  then  obtain,  from  the  Lagrange  equations, 

rQ  +  2r0  —  r<j>2  sin  0  cos  0  —  Q, 
r<j>  sin  0  +  2rcj>  sin  0  +  2rd<j>  cos  0  =  R. 

The  left-hand  members  of  these  equations  are,  it  will  be 
seen,  identical  with  the  expressions  obtained  in  Art.  30  for 
the  accelerations. 

Ex.  3.  Motion  of  a  heavy  rod  inside  a  smooth  spherical 
shell. 

For  the  simplification  of  formulae  we  will  take  the  case  in 
which  the  rod  subtends  an  angle  of  120°  at  the  centre  of  the 
shell. 

If  PQ  is  the  rod,  take  for  axes  of  (1),  (2)  and  (3)  the 
radius  OA  parallel  to  the  rod,  the  radius  OB  bisecting  it  at 
right  angles,  and  the  radius  OC  perpendicular  to  the  plane 
OPQ. 

If  A,  B,  G  are  the  principal  moments  of  inertia  at  G  the 
centre  of  the  rod,  and  if  a  is  the  radius  of  the  inner  surface 
of  the  shell, 

Let  u,  v,  w  be  the  component  velocities,  parallel  to  the 
moving  axes,  of  G,  the  centre  of  gravity  of  the  rod. 
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Then,  the  coordinates  of  G  being  (0,  \OL,  0), 


p  sin2  6  +  2  (<j>  +  TJr  cos  0)2}, 
employing  the  formulae  of  art.  304. 

Since   cos  ZB  =  sin  0  sin  <f>,  it  follows  that 
V  =  \rnga,  sin  0  sin  $  +  F0, 

and  we  can  therefore  at   once  write   down   the   Lagrange 
equations,  which  are 

0  —  i|r2  sin  0  cos  0  +  2  (<£>  -f  ^  cos  0)  sin  0 

= cos  0  sin  rf> . . .  (a) 

ci 

(2 

;  (,<J>  +  -^  COS  V)  =  — 

Oi 

d 


2  ^  (<j>  + -^  cos  0)  =  —  —- sin  0 cos  <£  ...(/S) 


(7). 


Multiply  (a)  by  20  and  (ft)  by  2<|>  and  add  the  two  equations 
together  ;  then  observing  that 

<£  +  ifr  cos  6  =  <ws, 
and  taking  account  of  (7),  we  obtain 

02  +  ^  sin2  6  +  2a>32  =  ^  sin  0sin<£  +  .D. 

tt 

This  is  in  fact  the  equation   of  energy   and   might   have 
been  written  down  at  once. 

Also  we  obtain  from  (7) 

•^  sin2  6  +  2&>3  cos  Q  =  E, 
and  (/3)  takes  the  form 

d   E-ijrsitfO        2g  . 

-jr.—           a       =  —  -  sin  6  cos  <f>. 

at         cos  0  a 
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310.  Deduction  of  Eulers  equations  from  the  Lagrange 
equations. 

Employing  the  figure  of  Art.  304,  the  general  coordinates 
are  6,  </>,  and  •»//>,  and  the  angular  velocities  about  the  prin- 
cipal axes  A,  B,  G  are  given  by  the  equations, 

Wj  =  6  sin  <£  —  ty  sin  6  cos  <£>,     a)2=6  cos  </>  +  ty  sin  0  sin  <£, 
o)3  =  <|>  +  ijr  cos  0. 

Since  2T=  A  <  +  £o>22  +  Ca>32, 

the  Lagrange  equations  are 

j-  (-4  «!  sin  <£  +  £eo2  cos  <£)  +  A  w^  cos  0cos(f)—  Bw^  cos  ^  sin  <f> 
ctt 

+  Cus,jrsin6  =  --jg  .........  (1). 

Observing  that 

•jm 


=  (A 
the  other  equations  are 


—        .........  (2) 


T-  (—  J-Wj  sin  ^  cos  ^>  +  5o>2  sin  6  sin  </>  +  C'ws  cos  0) 


The  equation  (2)  is  itself  one  of  Euler's  equations  ;  to  obtain 
the  others,  arrange  the  equation  (1)  in  the  form 


sn       --.Aco!  —  .Ba>2 


•     a          dV  f^^ 

8m0  =  --™  (4) 


and  equation  (3)  in  the  form 
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—  sin  6  cos 


+  (B  —  A)  o^two cos  B  +  cos  6  -j- .  Gw.A  —  Ca>z&  sin  6  =  —  .— , 
which,  by  means  of  (2),  becomes 

n  i    fd  -T.  \  •        n     •        ,    f  d 

—  sin  u  cos  <p  (-J- .  Acai  —  JJW.MS  1  +  sin  a  sin <p  I  -y- . 
\dt  /  \dt 

-  Ca>3e  sin  6  =  -^+ cosO—.    ...(5). 
d'Y'  di<f> 

From  (4)  and  (5)  we  obtain 

-    /i  (d  /n     n\         ) 

sm  6 1  -j- .  Awl  —  (B  —  C)  a>o&>3> 

(dt  J 

dV  dV  dV 

=  — M  sin  0  sm  <f>  +  -j-r  cos  6  — ,-7-  cos  6  cos  6  . .  .(6) 
da  d-yr  d<p 

rift*  H.  A* -(0-4) 

^ctt 

O  r       •      ^i  ,         Ctr.  u/r 

=  —  -775  sm  B  cos  d>  —  -j-  sm  6  +  -yr-  cos  6  sm  <f> (7). 

ac/  ay-  0(9 

Taking  i,  M,  N  as  the  moments  of  the  forces  about  the 
principal  axes,  and  resolving  these  moments  about  the  axes 
C,  F,  and  Z  respectively  (see  the  figure  of  art.  304),  we 
obtain  the  equations, 

dV  dV     _   . 

—  -TT  =  iv,  — -jn  =  L  sm  9  +  M  cos  <p, 

d(p  do 

dV 

— rr  =  —  L  sin  0  cos  d>  +  M  sin  0  sin  d>  +  N  cos  0. 
C^Y" 

From  these  equations  we  find  that  L  sin  9,  and  .M"  sin  6 
are  respectively  equal  to  the  right-hand  members  of  equations 
(6)  and  (7),  and  hence  Euler's  equations  follow  at  once. 
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It  is  instructive  to  notice  the  interpretation  of  the  equa- 
tions (1),  (2),  and  (3);  they  represent  the  equalities  of  the 
rates  of  change  of  the  angular  momenta  about  the  axes  OG, 
OF,  and  OZ,  and  of  the  moments  of  forces  about  those  axes. 

Thus  the  angular  momentum  about  Z,  is 

—  Awi  sin  9  cos  </>  +  Ba>.2  sin  6  sin  <j>  +  Ca>3  cos  0, 

from  which  the  equation  (3)  follows  at  once,  the  axis  Z  being 

dV 

fixed,  and  —  =-7-  the  moment  of  forces  about  it. 
d-^r 

For  the  equation  (1),  observe  that  in  the  figure,  K  is 
the  intersection  of  ZG  with  XY,  and  that  F,  the  intersection 

of  AB  and  XY,  is  the  pole  of  ZC;  and  hence  that-^  is  the 

Cvv 

rate  of  rotation  of  the  axes  K  and  F. 

Let  P  and  Q  be  the  angular  momenta  about  these  axes, 
then 

P  =  J.&>!  cos  6  cos  0  —  Ba>2  cos  6  sin  <£  +  Ca)3  sin  6, 
and      Q  =  Aa)1s 


but  the  rate  of  change  of  the  angular  momentum  about  the 
moving  axis  OF,  is 


dt          dt' 

dV 

hence,  equating  this  to  —  -777  ,  we  obtain  equation  (1). 

dt/ 

Lastly,  the  equation  (2)  follows  from  the  expression  for 
the  rate  of  change  of  angular  momentum  about  OG,  i.e. 

d.  Co) 


-7-  l  .       2 

dV 
which  must  be  equated  to  -  --r 
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Having  obtained  equation  (2)  we  might  at  once  have 
written  down  the  other  two  Euler's  equations  from  considera- 
tions of  symmetry. 

The  complete  investigation  however  has  been  given  in 
order  to  illustrate  the  action  of  the  Lagrange  equations,  and 
also  for  the  sake  of  the  final  interpretations  in  the  language 
of  momenta. 

[Quarterly  Journal  of  Pure  and  Applied  Mathematics,  1871.] 

311.     Accelerations  relative  to  an  orthogonal  system. 

Let/(ar,  y,  *)  =  a,  <£  (a?,  y,  z)  =  ft,  ty(x,y,z)  =  y  be  the 
equations,  referred  to  rectangular  axes,  of  three  orthogonal 
surfaces,  and  let  P  be  the  point  of  intersection  of  the  three 
surfaces. 

The  direction  cosines  of  the  normal  to  the  first  are 

1  da.      I  da,      1  da, 

hidx'    h^dy*    h^  dz  ' 

/da.\*      /da\*      /da.\2 

where  h*=  U-    +b~     +(:r  )• 

\dxj       \dyj       \dz/ 

Then,  x,  y,  z  being  the  coordinates  of  P,  and  Bs  an  element 
PQ  of  the  normal  at  P  drawn  outwards, 

dx  _  1  da     dy  _  1  da      dz  _  1  da 
ds     h^dx'    ds     fhdy'    ds~ 

Multiplying  by 

da;     dy     dz 

ds'    ds'    ds 
and  adding  we  obtain 

,       da 


j       da  a 

.*.  ds  =  -j—  ,  and  s  =  =-  . 

/ta  ^ 

Similarly  the  component  velocities  of  P  perpendicular  to 
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the  second  and  third  surfaces  are  ~  an(i  T~  >  and  therefore. 

rim          hs 

for  a  particle  of  mass  m, 


Also,  if  P,  Q,  R  are  the  components  in  the  directions  of 
the  normals,  of  the  acting  forces, 


Hence  one  of  the  Lagrange  equations  is 

^L(!*-\+—'Ml     fc  dht     f^dh3_l    P 
dt\h?)     V  d^  +  h^3~da  +hs*~da  ~hl'm' 

The  left-hand  member  of  this  equation,  multiplied  by  hir 
is  therefore  the  acceleration  of  the  particle  in  the  direction 
of  the  normal  to  the  first  surface,  and  similar  forms  give  the 
accelerations  in  the  directions  of  the  normals  to  the  other 
surfaces. 

As  a  particular  case,  take  the  orthogonal  system, 

r  =  a,  0  =  /8,  <£  =  7, 
r,  0,  <f>  being  the  polar  coordinates  of  a  point,  so  that 


.  Va?  4-  y'-      Q  v 

z-  =  a.  tan"1        — *-  =  /S,  tan"1  -  =  7. 

^  a;      ' 


Then  ^i  =  l, 


r  '  r  sin  ^ ' 

and  the  acceleration  normal  to  the  first  surface  is 


or 


which  is  the  expression  obtained  in  Art.  30  for  the  radial 
acceleration. 
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The  other  two  Lagrange  equations  will  give  the  other 
two  expressions  in  Art.  30. 

312.     The  Lagrange  Equations  for  Impulsive  Forces. 

The  system  of  applied  impulses  is  the  exact  equivalent  of 
the  system  of  changes  of  momenta,  or  of  effective  momenta, 
and  therefore  it  follows  that  for  any  imagined  geometrical 
displacement  the  virtual  work  of  the  one  system  is  equal  to 
that  of  the  other. 

Now  take  A80,  BS<f>,...  to  represent  respectively  the 
virtual  works  of  the  applied  impulses  corresponding  to  the 
displacements  80,  80,...  and  let 


If  x,  y,  z  are  the  coordinates  of  a  particle  m  of  the 
system,  and  if  u,  v,  w  are  the  velocities  of  m  just  before,  and 
u,  v',  w'  just  after  the  application  of  the  impulses,  the  virtual 
work  of  the  system  of  changes  of  momenta 

u'  —  u)8x  +  (v  —v)Sy  +  (w'  —  w)  82}. 


Take  00,  4>0)...  as  the  values  of  0,  <£,...  just  before  and 
0,  <£,...  as  the  values  just  after  the  application  of  the  im- 
pulses. 

Since  2T0  =  2m  (w2  +  v*  +  w2), 

dT0     ^     /    du        dv         dw\ 
we  have          -^  =  2m  (u  -y-r  +  v  -^  +  W-JA    . 
dd0  \    dtf0       d0<>        d0J 

Now  the  expression 
2m  (u8x  +  v8y  +  w8z) 
dx        dy 


,  dx     dx  A       dx  • 

u=     +      e  + 


du  _dx 

''  dd.~M' 

B.  D.  28 
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dT0      v     /    dx       dy         dz 
=* 


jrp  jm 

Hence  2w  (uSx  +  vSy  +  wSz)  =  —  r  &&  -\  —  —° 

dd,,          d<j)0 

and  similarly 

jm  jm 

2m  (u'Sx  +  v'Sy  +  w'Bz)  =  ^  Sd  +^  8<]>  +  ... 

dd          d$> 

Equating  the  virtual  work  of  the  applied  impulses  to  the 
virtual  work  of  the  changes  of  momenta,  we  obtain 


dT     dTQ  dQ 

— r r-  =  JO  =  -77  ,  &C., 

d<j>       d<j>0  «{</> 

and  these  are  Lagrange's  equations  for  impulsive  forces. 

313.  Ex.  1.  As  an  illustration  take  the  simple  case  of  a 
heavy  rod  rotating  in  a  vertical  plane,  and  falling  on  a  smooth 
inelastic  horizontal  plane. 

Let  u,  <B  represent  the  linear  and  angular  velocities  just 
before  the  impact. 

Taking  y  to  represent  the  distance  from  the  plane  of  the 
centre  of  gravity,  and  taking  6  as  the  inclination  to  the 
vertical,  we  have,  if  P  is  the  impulsive  reaction  of  the  plane, 

BQ  =  PSy  +  Pa  sin  680, 
and  2T  =  my*  +  %mdi6*. 

The  Lagrange  equations  give 

m(y- 2/0)  =  P,  i ma?  (6-eo)  =  Pa  sin  d. 
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Now        2/0  =  -  u,  00  =  6>,  and  y  -f  ad  sin  0  =  0  ; 

.-.  aB  (3  sin2  6  +  1)  =  aa>  +  3u  sin  0, 
and  P(3  sin20  +  l)  =m(w-ao>  sin  0). 


Ex.  2.  Two  egwaZ  rods  J.5,  AC,  freely  jointed  at  A,  and 
equally  inclined  to  the  vertical,  fall  vertically  with  the  joint  A 
downwards,  without  rotation,  and  impinge  symmetrically  on 
two  smooth  pegs  in  the  same  horizontal  plane. 

Taking  G  to  be  the  centre  of  gravity  of  AB,  and  D  the 
peg  upon  which  AB  impinges,  let 

AGr  =  a,  and  AD  =  c. 

During  the  fall,  let  y  be  the  height  of  the  centre  of 
gravity  of  the  system  above  the  line  of  the  pegs,  and  let  20 
represent  the  angle  BAG. 

Then,  if  P  is  the  impulsive  reaction  of  each  peg, 
&Q  =  2P  sin  08y-  2P  cos0.c  cos  080  +  2P  sin  0.(a  -  c)  sin  080 

=  2P  sin  %  +  2P  (a  sin2  0  -  c)  80. 
Also 

2T=  2my"-  +  2ma202  cos2  0  +  f  w?a202,  and  2T0  =  2m?/02, 
so  that  the  Lagrange  equations  give 


2ma2  (cos2  0  +  £)  0  =  2P  (a  sin2  0  -  c). 

Also,  observing  that  the  horizontal  velocity  of  0  after  the 
impact  is  a0  cos  0,  and  expressing  the  fact  that  the  point  of 
the  rod  in  contact  with  D  has  no  velocity  perpendicular  to 
the  rod,  we  have  the  condition 

y  sin  0  -  ad  cos2  0  +  (a  -  c)  0  =  0, 
or  y  sin  0  =  (c  —  a  sin2  0)  0. 

Observing  that,  if  u  is  the  velocity  of  the  centre  of  gravity 
of  the  system  just  before  the  impact,  y0  =  —  u,  these  equations 
determine  y,  0,  and  P. 

28—2 
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Ex.  3.  Case  of  a  framework  of  twelve  equal  uniform 
rods  jointed  together,  so  as  to  form  a  rhombohedron,  which  i<? 
held  up  with  a  diagonal  vertical,  and  then  let  fall  on  a  hard 
horizontal  plane. 

Imagining  the  figure  of  Art.  284  to  be  that  of  a  rhombo- 
hedron, let  OD  be  the  diagonal  which  falls  vertically,  the 
end  0  being  that  which  is  downwards  and  strikes  the  hori- 
zontal plane. 

Let  H  be  the  middle  point  of  OC  and  G  the  middle 
point  of  OD. 

Also  let  6  be  the  inclination  of  OD  to  eacli  edge  of  the 
framework  at  any  time  during  the  fall,  and  z  the  height  of 
G  above  the  horizontal  plane. 

We  shall  now  determine  the  velocities  of  H,  K,  and  L, 
relative  to  G,  in  the  direction  OD  and  perpendicular  to  OD. 

For  H,  these  are 

—  -r-  (2a  cos  0}  and  -r  (a  sin  6},  or  2a0  sin  6,  and  ad  cos  6, 
and  for  L,  they  are 

-j-  (2a  cos  6)  and  -5-  (a  sin  6),  or  —  2a0  sin  0,  and  a6  cos  0. 

The  velocity  of  K,  relative  to    G,  in  the  direction  OD,  is 
zero. 

The  velocity  of  K  perpendicular  to  OD  is  compounded  of 
its  velocity,  relative  to  G  perpendicular  to  OD,  and  of  the 
velocity  of  C  perpendicular  to  OD. 

These  are  a6  cos  0  in  the  plane  parallel  to  AOD,  and 
2a0  cos0  in  the  plane  COD.  The  planes  AOD,  COD  being 
inclined  to  each  other  at  the  angle  2?r/3,  the  resultant 
velocity  of  K  perpendicular  to  OD  is  a6  V3  cos  0. 

We  therefore  have 

2T  =  3m  {(z  +  lad  sin  0)2  +  a202  cos2  0} 
+  3m  {(z  -  2a0  sin  6?  +  a?fr  cos2  6} 
+  6m  {z*  +  3a202  cos2  6}, 
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and  /.  2T  =  I2mz*  +  28ma?0a. 

Also  SQ  =  PBz  +  P  (-  B  .  3a  cos  6) 

=  P(Bz  +  3a  sin  050). 

We  then  obtain,  from  the  Lagrange  equations, 

I2mx  —  12m#0  =  P 
2Sma20  -  28ma200  =  P  .  3a  sin  6. 
But,  since  the  point  0  has  its  motion  destroyed, 

x  +  3aQ  sin  6  =  0. 
These  equations  determine  P,  x  and  0. 

If  the  framework  be  let  fall  without  any  angular  motions, 
and  if  u  be  the  velocity  of  G  at  the  instant  before  impact, 

cc0  =  —  u  and  #0  =  0> 
and  we  then  obtain 

(27  sin2  0  +  7)  a9  =  9u  sin  0,  (27  sin2  0  +  7)  P  =  8*mu, 
and  27sin20  +  7a:= 


If  the  form  in  fulling  be  that  of  a  cube,  we  then  find 
that 

18        D     84  ;     3V6 


314.     Small  oscillation  of  a  system. 


In  general     2T  =  A  02  +  £<^2  +  .  .  .  2K0$  +  ..., 
where  A,  B,...K,  ...  are  functions  of  0,  <j),  ...,  so  that 


Suppose  now  that  0,  <£,  .  .  .  are  so  measured  as  to  vanish 
in  the  position  of  equilibrium  ;  then  for  small  oscillations, 
0,  <f>,...  and  0,  </>,...  are  always  small. 
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Hence,  to  the  first  order  of  small  quantities, 

^  =  0      ^-0 
dO  d$~""" 

dT    dT 

and,  in  the  expressions  for  -r-,    TT,...,  A,  B,  K,...  are  con- 

au      a<p 

stant. 

Therefore,   for  small   oscillations,   Lagrange's   equations 
take  the  forms 


._         ddTd7_n. 

+     ~  +     -°'& 


dV     dV 

Further,  since  —^  ,    -y-r,...  vanish    in    the    position   of 
da      aq> 

equilibrium, 

2F=  2F0  +  A'0* 


and  the  equations  become 

A6  +  B$  +  ...  =  A' 
C9  +  D$  +  ...  =  G'0 
To  solve  these  equations,  put 

6  =  P  sin  (rt  +  7),     <£  =  Q  sin  (rt  +  7),  &c. 

Eliminate  P,  Q,  &c.,  and  we  then  obtain  a  determinant 
for  the  determination  of  the  values  of  r. 

If  these  values  are  r1}  r2)...  then,  finally, 

6  =  PI  sin  (rjt  +  7a)  +  P2  sin  (i\t  +  %}  +  ... 
<f>  =  Qi  sin  (r^  +  7i)  +  Q2  sin  (rzt  +  72)  +  .  .  . 
&c.  =  &c. 

315.  Ex.  1.  A  rhombus,  formed  of  four  equal  heavy 
rods  jointed  together,  is  placed  over  a  fixed  smooth  sphere,  in  a 
vertical  plane  through  its  centre,  so  as  to  be  in  equilibrium 
with  the  four  rods  equally  inclined  to  the  vertical. 
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If  2a  is  the  length  of  each  rod,  c  the  radius  of  the  sphere, 
and  a  the  inclination  of  each  rod  to  the  vertical  in  the 
position  of  equilibrium, 

c  cos  a  =  2a  sin3  a  ........................  (i). 

During  the  small  symmetrical  oscillations  of  the  system, 
let  0  represent  the  inclination  of  each  rod  to  the  vertical, 
and  let  9  =  a  +  <f>,  where  </>  is  a  small  quantity. 

Measuring  y  and  77  downwards  from  the  centre  of  the 
sphere,  let  x  and  y  be  the  coordinates  of  the  centroid  of  one 
of  the  upper  rods,  and  f  ,  77  of  the  centroid  of  one  of  the  lower 
rods. 

Then         x  =  a  sin  0,     y  =  a  cos  6  —  c  cosec  6, 

f  =  a  sin  0,     rj  =  3a  cos  6  —  c  cosec  0, 
arid,  taking  account  of  (i),  it  will  be  found  that 


Hence  it  follows  that 

2T  =  ig-ma*fo 

Also  —  dV  =  2mg  (dy  +  drf) 

=  4img  (—  2a  sin  0  +  c  cosec  0  cot  0)  dQ. 
The  Lagrange  equation  is 

ig-ma?<$>  +  4>mg  |2a  sin  (a  +  </>)  —  c  cos  (a  +  c/>)  cosec2  (a  +  <£)}  =  0, 
which  reduces  to 

2a<j>  cos  a  +  3#</>  (1+2  cos2  a)  =  0, 

so  that  the  length  of  the  equivalent  simple  pendulum  is 
2a  cos  a/3g  (1  +  2  cos2a). 

Ex.  2.  The  ends  of  a  fine  string  of  length  2a  are  fastened 
to  the  ends  of  a  rod  of  length  2a,  which  is  moving  on  a  smooth 
horizontal  plane,  and  the  string  passes  round  and  is  in  contact 
with  a  smooth  vertical  peg. 
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The  rod  being  in  motion  with  the  string  tightened,  it  is 
clear  that  the  peg  (P)  is  always  in  contact  with  the  arc  of  a 
given  ellipse,  the  foci  of  which  are  the  ends  of  the  rod. 

There  are  two  degrees  of  freedom,  and  we  take  for  coordi- 
nates the  inclination,  <£,  of  the  rod  to  a  fixed  line  in  the 
plane,  and  the  eccentric  angle,  6,  of  the  peg  with  regard  to 
the  ellipse. 

If  as  and  y  are  the  coordinates  of  P  with  regard  to  the 
axes  of  the  ellipse,  they  are  also  the  coordinates  of  C,  the 
centre  of  the  rod,  with  regard  to  axes  through  P,  which  are 
turning  round  with  the  angular  velocity  <j). 

The  velocities  of  C  are  therefore 


x  —  y<§>  and  y 
or  —  ad  sin  0  —  b<f>  sin  0  and  bd  cos  0  +  a$  cos  0, 

where  62  =  a2  —  c2. 

Hence 
2T/m  =  (a2  sin2  0  +  62  cos2  0)  6*  +  (62  sin2  0  +  a2  cos2  0)  ft 

+  2ab0cj)  +  tfft, 
and  the  Lagrange  equations  are 

j-  {(a2  sin20+  62cos20)  0  +  abfy  -(a2  -  62)  (^2  -  4>2)  sin  0cos0= 0, 

CtC 

^  {(62  sin2  0  +  a2  cos2  0)<j)  +  al0  +  k*<j>}  =  0. 

CLv 

For    small    oscillations   about   the   configuration,   0  =  0, 
4>  =  <u,  put  4>  =  to  +  i)r,  and  then  we  obtain 

2c20  =  0, 


Hence          (a2  -  c2)  0  +  &>2  (3a2  +  c2)  0  =  0, 
and  the  time  of  oscillation  is 


FOR   OSCILLATIONS.  441 

This  question  can  also  be  dealt  with  by  observing  that 
the  kinetic  energy  and  the  angular  momentum  are  constant. 

The  expression  for  the  latter  is 

m{x(y  +  a?<j>)  -  y  (x  -  yj>)  +  &$} 

and  making  this  constant,  we  obtain  the  same  result  as  that 
given  by  the  second  Lagrange  equation. 

Ex.  3.  Two  uniform  thin  smooth  rings  pass  through 
each  other ;  the  radius  of  each  is  equal  to  a,  and  their  masses 
are  equal.  One  of  the  rings  is  free  to  turn  about  a  fixed  point, 
and  rests  with  the  diameter  through  that  point  vertically  down- 
wards ;  the  other  ring  rests  in  contact  with  the  first  ring  at  its 
lowest  point,  the  planes  of  the  two  rings  being  perpendicular  to 
each  other.  The  system  receives  a  small  displacement  in  the 
plane  of  the  upper  ring. 

In  this  case  there  are  three  degrees  of  freedom. 

Let  0,  (j),  ty  be  the  inclinations  to  the  vertical  of  the 
radius  through  the  fixed  point  of  the  upper  ring,  of  the 
radius  of  the  upper  ring  through  the  point  of  contact  of  the 
lower  ring,  and  of  the  plane  of  the  lower  ring. 

Then,  x,  y  being  the  horizontal  and  vertical  coordinates 
of  the  centre  of  the  lower  ring, 

x  =  a  (sin  6  +  sin  <£  +  sin  i/r),  y  =  a  (cos  6  +  cos  <j>  +  cos  ^r). 
2T  =  2raa202  +  m  (x*  +  y2  +  £a2i/r2), 

=  ma2  {202  +  if2  +  (0  +  <j>  +  ^}, 
and         d  V  =  mg  (2a  sin  Odd  +  a  sin  $c?</>  +  a  sin 
The  Lagrange  equations  are 

30  +  $  +  $  +  2^  0  =  0, 
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Putting 

6  =  A  sin  (\t  -fa),  <f>  =  B  sin  (\t  +  a),  ^  =  C  sin  (X£  +  a), 

in  these  equations,  eliminating  A,  B,  and  (7,  and  writing  n 
for  #/aX2, 

we  obtain  the  determinantal  equation, 

^-3,       -  1,        -  1 

-1,    71-1,  -1 


which  reduces  to 


2,      -2,    2?i-3 


=0, 


If  rti,  nz,  ns  are  the  roots  of  this  equation,  the  motion 
consists  of  three  coexistent  harmonic  oscillations,  the  periods 
of  which  are 


Ex.  4.  In  the  case  of  the  system  of  twelve  rods  in  Art. 
384,  take  the  string  OD  to  be  elastic,  and,  the  system  being 
suspended  from  the  point  0,  let  a  be  the  inclination  of  each 
rod  to  the  vertical  when  there  is  equilibrium. 

To  determine  the  small  oscillations  which  ensue  when 
the  corner  D  is  displaced  vertically,  we  observe  that,  as  in 
Art.  313, 


T    4-1,  •  ^  /&&       a\ 

In  this  case  u  =  -r  (  -^-  cos  9  j  , 

2^=  ma*62  (27  sin2  0  +  28). 
Also,  if  I  is  the  natural  length  of  the  string, 

F=  J  ^  (3a  cos  6-iy*-  ISmga  cos  0, 
w 

we  then  obtain  the  equation 
d 
dt 


~  (ma2  e  (27  sin2  6  +  28)}  -  27ma2^2  sin  6  cos  0 


3a\  sin  0  /0          .,     7>      _  0          .    /, 

j (3a  cos  6  —  I)  —  ISmga  sin  0. 
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If  6  =  a  +  <f>,  where  <£  is  small,  we  shall  obtain  an  equation 
of  the  form 

=  0. 


In  the  particular  case  in  which  I  =  a  cos  a,  it  will  be  found 
that  the  length  of  the  equivalent  simple  pendulum  is 

a  cos  a  (27  sin2  a  +  28)/27  sin2  a. 


EXAMPLES. 

1.  Apply  Lagrange's  equations  to  the  case  of  a  given 
sphere  of  mass  m  rolling  down  the  rough  surface  of  a  given 
wedge  of  mass  M  which  is  capable  of  moving  on  a  smooth 
horizontal  plane ;  everything  being  symmetrical  with  respect 
to  a  vertical  plane. 

2.  Two  points  A,  D  are  fixed  on  a  smooth  table  at  a 
distance  3a  apart ;  AB,  BG  and  CD  are  three  equal  elastic 
strings  whose   unstretched   lengths   are   a0   and   tension  in 
equilibrium  T;  if  equal  particles  be  fixed  at  B  and  C  and  the 
system  be  disturbed  then  the  potential  energy  producing 
small  vibrations  will  be  either 


T  ,g?-xy  +  y*\  or  T  ,0-x 
\     a -a*     )          \         a 


according  as  the  displacements  x,  y  of  B  and  G  be  wholly 
longitudinal  or  wholly  transversal  and  find  the  periods  of 
vibration  in  both  cases. 

3.  A  tube  of  mass  M  in  the  form  of  a  circle  of  radius  a 
lies  on  a  smooth  horizontal  table.  An  elastic  string  whose 
natural  length  is  act  (a  <  2?r)  is  fastened  at  one  extremity  to 
a  point  A  of  the  tube  and  the  other  to  a  particle  of  mass  m, 
the  string  lies  along  the  inside  of  the  tube  and  stretched 
until  m  coincides  with  A  ;  if  tube  and  string  be  now  set  free 
shew  that  the  string  will  slacken  in  the  time 


X  being  the  modulus  of  elasticity. 
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4.  A   homogeneous   heavy   sphere   moves   on   a   rough 
horizontal  plane  under  the  action  of  a  force  varying  inversely 
as  the  square  of  the  distance  from  a  fixed  point  in  the  plane 
of  motion  of  its  centre;   prove  that  the  centre  describes  a 
conic  section. 

5.  Two  equal  uniform  rods  are  jointed  together  at  points 
equidistant  from  the  end  of  each,  and  are  placed  in  a  vertical 
plane  on  a  horizontal  peg.     A  smooth  disc  is  placed  between 
them  above  the  peg,  with  its  plane  coinciding  with  the  plane 
of  the  rods.     Find  the  time  of  oscillation  about  the  position 
of  equilibrium. 

6.  A  massless  string  of  length  2a  is  attached  to  two 
fixed  points  distant  2c  apart  in  the  same  horizontal  line  and 
a  bead  of  mass  in  can  slide  on  the  string.     A  string  of  length 
I  is  attached  to  the  bead  and  carries  a  particle  of  mass  ra'. 
When  the  system  is  hanging  symmetrically  a  slight  displace- 
ment is  made  in  the  vertical  plane.     Shew  that  the  lengths 
L  of  the  simple  equivalent  pendulums  for  the  two  types  of 
oscillation  that  ensue,  are  the  roots  of  the  equation 

(1  +  ra/m')  (bL  -  a2)  (L-l)=  aH, 
where  62  =  a2  -  c2. 

7.  A  smooth  straight  tube  can  turn  in  a  horizontal  plane 
about  one  end,  which  is  fixed,  and  contains  a  particle  of  one 
third  its  mass,  which  is  attached  to  the  fixed  end  of  the  tube 
by  an  elastic  string  of  natural  length  I.     Find  the  angular 
velocity  with  which  the  tube  must  rotate  in  order  that  there 
may  be  a  steady  motion  when  the  length  of  the  string  is  c, 
and  shew  that  the  time  of  a  small  oscillation  about  the  steady 
motion  is  ZTT     where 


Icp*  =  g  (4C8  +  1  (4a2  -  3c2)/(c2  +  4a2). 

the  modulus  of  the  string  being  equal  to  the  weight  of  the 
particle. 

8.  A  spherical  shell  of  mass  ra,  whose  outer  surface  is 
rough  and  of  radius  a,  has  its  inner  surface  smooth  and  of 
radius  b  ;  a  particle  of  mass  m  moves  inside  while  the  shell 
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rolls  on  a  rough  table,  shew  that  if  the  excursions  of  the 
particle  be  a  on  either  side  of  the  vertical,  then 

[M  (aa  +  /.'-)  +  mo?  sin2  0]  b6* 

=  2g  [M(a*  +  &2)  +  ma-]  [cos  0  -  cos  a]. 

9.  Four   equal   uniform   rods,   connected   at   their    ex- 
tremities by  hinges  to  form  a  rhombus,  rotate  with  uniform 
angular  velocity  round  a  vertical  diagonal,  which  is  fixed. 
Find  the  position  of  relative  equilibrium,  and  if  the  system 
be  slightly  displaced  so  that  the  vertical  axis  remains  vertical, 
shew  that  the  length  of  the  simple  equivalent  pendulum  for 
the  consequent  small  oscillation  is 

2a  cos  a  (1  +  3  sin2  a)/(3  4-  9  cos2  a), 

2a  being  the  length  of  a  rod,  and  2a  the  angle  between  the 
two  higher  rods. 

10.  A  rhombus  of  mass  M  rests  on  a  smooth  table  and  is 
held  in  shape  (a)  by  two  elastic  strings  joining  opposite 
angular  points.     Shew  that  oscillations  about  the  configura- 
tion of  equilibrium  are  synchronous  with^  those  of  a  simple 
pendulum  of  length 

^  aj (fj,  sin2  a  sec  a  +  v  cos"  a  cosec  a), 

where  the  moduluses  of  the  strings  are  respectively  n  times 
and  v  times  the  weight  of  the  rhombus,  and  2a  is  the  length 
of  a  side. 

11.  Two  equal  rods  AB  and  BG  are  in  a  vertical  plane 
and  the  line  AC  is  horizontal.     A  is  fixed  and  C  can  slide  on 
AC,  B  is  a  joint.    The  rods  can  move  relatively  to  each  other 
in  the  plane  ABC  and  the  plane  in  which  they  move  can 
rotate  about  the  vertical.     The  system  is  set  in  motion  by 
equal  blows  at  B  and  G,  the  first  perpendicular  to  the  plane 
ABC  and  the  second  in  the  direction  AC.    If  AB  be  initially 
inclined  at  an  angle  45°  to  the  horizontal,  prove  that  the 
ratio  of  the  angular  velocity  of  the  rods  in  the  plane  ABC 
to  the  angular  velocity  of  the  plane  ABC  =  f . 

12.  A  rhombus  formed  of  four  equal  uniform  rods  of 
length  2a  smoothly  jointed  at  the  four  corners  lies  on  a  smooth 
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horizontal  table.  It  is  struck  by  a  blow  P  perpendicularly  to 
one  of  its  sides  at  a  point  distant  x  from  its  middle  point  ; 
shew  that  the  angular  velocity  of  that  side  instantly  becomes 


where  m  is  the  mass  of  the  four  rods. 

13.  A  prolate  spheroid  is  placed,  with  its  axis  vertical, 
on   a  smooth  fixed  horizontal  plane;    determine  the  least 
angular  velocity  of  rotation  about  the  axis,  that  this  position 
may  be  one  of  stable  relative  equilibrium. 

14.  A  system  is  in  motion  under  no  forces  and  its  kinetic 
energy  is 


where  A  and  B  are  functions  of  0  alone  ;  shew  that  a  steady 
motion  is  possible  in  which  6  =  a  and  <j>  =  H,  provided  B  in 
the  position  0  —  a  be  a  maximum  or  minimum,  and  further 
this  state  of  motion  is  stable  provided  B  be  a  maximum  and 
unstable  if  a  minimum. 

15.  A  uniform  rod  of  mass  M  and  length  2a  can  turn 
about  one  end  0,  to  the  other  end  A  a  string  is  attached 
which  passes  through  a  smooth  pulley  B  in  the  same  hori- 
zontal plane  as  0  and  distant  b  from  it;  the  string  is  fastened 
to  a  particle  of  mass  m  and  the  system  is  in  equilibrium  when 
the  rod  makes  an  angle  a  with  the  vertical  and  the  length 
AB  is  r.    Shew  that  if  it  now  receive  any  small  displacement 
there  will  be  a  double  oscillation  and  that  the  lengths  of  the 
corresponding  equivalent  pendula  are 

4-a  cos  a  and  §a  cos  a  (2r  +  36  sin  a  cos  a)  r"1. 

16.  A  sphere,  mass  M',  is  connected  by  means  of  a  string 
with  another  sphere,  mass  M,  whose  centre  is  fixed,  the  string 
being  attached  to  their  surfaces.     Find  the  time  of  a  small 
oscillation  of  the  system  under  the  action  of  gravity,  in  a 
vertical  plane  :  and  if  the  radius  of  the  sphere  whose  centre 
is  fixed  be  a,  and  of  the  other  sphere  be  c,  and  the  length  of 


2J/a/5Jlf  +  a  -  g/\* 

b, 

c 

a, 

b-g/\*, 

c 

a, 

b, 

7c/5-#/X2 
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the  string  be  b,  then  the  time  of  a  small  oscillation,  2?r/X,  is 
given  by 


=  0. 


17.  A  smooth  curve  has  its  concavity  upwards,  is  sym- 
metrical about  the  vertical  and  the  tangent  at  its  lowest 
point  is  horizontal  ;   a  rod  of  length   2a  passes  through  a 
smooth  ring  situated  at  a  distance  b  measured  inwards  on  the 
normal  at  the  lowest  point,  shew  that  if  the  rod  be  slightly 
displaced  the  length  of  the  corresponding  simple  pendulum  is 

r  (a2  +  3  (b  -  a)2}/3(62  -  ar), 
where  r  is  the  radius  of  curvature  at  the  lowest  point. 

18.  The  position  of  a  moving  particle  is  given  by  the 
parameters  \,  /A,  of  the  orthogonal  system, 

?  ,      .V8      =  ]       *"  ,      f     =1. 
X2     X2-c2  At2     p?-<? 

prove  that,  if  the  mass  of  the  particle  is  the  unit  of  mass, 


Prove   also  that  if  the  particle  is  acted  upon  by  two 
repulsive  forces  P,  Q  from  the  foci  of  the  ellipses 


19.  A  particle  moves  under  two  central  forces  g/r*,  g'/r'* 
tending  to  the  foci  of  a  system  of  elliptic  coordinates,  prove 
that 

(/*2-*2)hr— -a  +  -r^-2~l=^  +  2  I-2— + 


\_JL 
\JL-V 


^  + 


~v*)\  -TI^  +  ^~^\  =5  +  2  ~^- frl^ 
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20.  If  a,  j3  are  two  functions  of  the  rectangular  co- 
ordinates x  and  y  such  that  a  +  /3V  —  1  is  a  function  of 
x  +  y  V  —  1,  shew  that  the  component  velocities  of  a  moving 
particle  along  the  curves  for  which  a  and  /3  are  constants 
(these  curves  being  drawn  through  its  position  at  a  time  t) 
are  /3/A,  a/h  respectively  where  h?  =  (dot/dx)2  +  (d(3/dy)2.  Shew 
also  that  the  component  accelerations  in  the  same  directions 


and  a  similar  expression,  p,  p  being  the  radii  of  curvature  of 
the  two  curves  at  the  point. 

21.  A  particle  moves  in  orthogonal  space  and  the  square 
of  its  velocity  is  Aza?  +  IPb2  +  (72c2  ;  prove  that  its  acceleration 
is  equivalent  to  three  components 


respectively  normal  to  the  three  surfaces  that  define  the 
position  of  the  particle,  when  01}  B2,  B3  are  respectively 

c_dC_idB       a^dA      c_dC       b  d_B  _a_dA 
Bdb~Cdc'     C  dc      Ada'     Ada     B~db' 

22.  If  the  motion  of  a  point  be  referred  to  a  system  of 
orthogonal  confocal  parabolas,  and  u,  v,  be  the  velocities  along 
the  normals  to  the  two  curves  which  meet  in  any  point,  prove 
that  the  accelerations  in  the  same  directions  are 


f 


4ct  and  4^8  being  the  latera  recta  of  the  two  parabolas  which 
meet  in  the  point. 

Apply  the  equations  of  motion  in  terms  of  these  co- 
ordinates to  obtain  the  equation  of  the  path  of  a  particle 
under  the  action  of  a  force  to  the  focus  varying  inversely  as 
the  square  of  the  distance,  and  projected  from  any  point  with 
the  velocity  from  infinity. 
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QV IV -continued. 

—  Tristia.     Book  III.     Edited  by  II. R.  WOOI.RYCH,  M.A.,  Head  Master  of 

Blackheath   School.     With  Illustrations.     Pott  8vo.     With  or  without 
Vocabulary,  u.  6d.  [Illustr.  Classics. 

—  Epistolarum  ex  Ponto  Liber  Primus.    With  Introduction  and  Notes, 

by  CHARLES  HAINES  KEENE,  M.A.     Crown  Svo,  35. 

—  Ars  Amatoria  et  Amores.     A  School  Edition.     Carefully  Revised  and 

Edited  by  j.  HERBERT  WILLIAMS,  M.A.     Fcap.  8vo,  y.  6J. 

—  Elegiac  Selections.     Edited  by  F.  COVERLKY  SMITH,  B.A.,   Assistant 

Master  at  Nottingham  High  School.    With  Illustrations.    Pott  8vo.   With 
or  without  Vocabulary,  is.  (>d.  [Illustr.  Classics. 

•—  Selections  from  the  Amores,  Tristia,  Heroides,  and  Metamor- 
phoses. By  A.  J.  MACLEANE,  M.A.  Fcap.  8vo,  is.  6d. 

[Cawb.  Texts  with  Notes. 

PH/EDRUS.  A  Selection.  Edited  by  REV.  R.  H.  CHAMBERS,  M.A., 
1  lead  Master  of  Christ's  Coll.,  Brecon.  With  Illustrations.  Pott  Svo. 
With  or  without  Vocabulary,  u.  6d.  [Illustr.  Classics, 

PLATO.  The  Apology  of  Socrates  and  Crito.  Edited  by  WILHELM 
WAGNER,  PH.D.  \2th  edition.  Post  Svo,  2s.  6,/  [Pub.  Sch.  Ser. 

—  Phaedo.      With    Notes,    critical    and   exegetical,   arid    an    Analysis,    by 

\\II.HKLM  WAGNER,  PH.D.    \\th  edition.    Post  Svo,  5J-.  6d.  [Pub.  Sch.  Ser. 

—  Protagoras.      The   Greek  Text  revised,  -with  an  Analysis   and  English 

Notes,  by  w.   WAYTE,  M.A.,  Classical  Examiner  at  University  College, 
London.     'Jth  edition.     Post  Svo,  4^.  67.  [Pub.  Sck.  Ser. 

—  Euthyphro.      With   Notes  and    Introduction  by  o.    H.   WELLS,   M.A., 

Scholar  of  St.  John's  College,  Oxford  ;  Assistant  Master  at  Merchant 
Taylors' School,     yd  edition.     Post  Svo,  3r.  [Pub.  Sch.  Ser. 

-  The  Proem  to  the  Republic.  (Book  I.  and  Book  II.  Chaps,  i-io).  Edited, 
with  Introduction,  Notes,  and  Commentary,  by  T.  G.  TUCKER,  LITT.D., 
Professor  of  Classical  Philology  in  the  University  of  Melbourne. 

[In  the  Press. 

—  The  Republic.      Books  I.  and  II.      With  Notes  and  Introduction  by 

r,.  H.  WELLS,  M.A.     ^th  edition,  with  the  Introduction  re-written.     Post 

Svo,  5.r.  [Pub.  Sch.  Sex. 

•—  Euthydemus.    With  Notes  and  Introduction   by  G.   H.  WELLS,   M.A. 

Post  Svo,  45.  \Pnl>.  Sch.  Ser. 

—  Phaedrus.    By  the  late  W.  H.  THOMPSON,  D.D.,  Master  of  Trinity  College, 

Cambridge.     Svo,  $s.  [Bib.  Class. 

—  Gorgias.    By  the  late  W.  H.  THOMPSON,  D.D.     Post  Svo.     6s. 

[Pub.  Sfh.  Ser. 

PLAUTUS.  Aulularia.  With  Notes,  critical  and  exegetical,  by  w. 
WAGNER,  PH.D.  $l/i  edition.  Post  Svo,  4*.  6J.  [Pub.  Sch.  Set: 

—  Trinummus.       Wiih    Notes,    critical    and    exegetical,    by    WILHKI.M 

WAGNER,  PH.D.     $th  edition.     Post  Svo,  4.?.  6J.  [Pub.  Sck.  Ser. 

—  Menaechmei.       With     Notes,    critical    and    exegetical,    by    WILHELM 

WAGNER,  PH.D.     $rd edition.     Post  Svo,  41-.  6d.  [Pub.  Sch.  Ser* 

—  Mostellaria.     By  E.  A.  SONNENSCHEIN,  M.A.,  ProJessor  of  Classics  at 

Mason  College,  Birmingham.     Post  Svo,  5^.  [Pzib.  Sch.  Ser. 

PROPERTIUS.  Sex.  Aurelii  Propertii  Carmina.  The  Elegies  of 
Propertius,  with  English  Notes.  By  F.  A.  PALEY,  M.A.,  LL.D.  2nd 
edition.  8vo,  5^. 


SALLUST:  Catilina  and  Jugurtha.  Edited,  with  Notes,  by  the  late 
GEORGE  LONG.  Ne~M  edition^  revised,  wish  the  addition  of  the  Chief 
Fragments  of  the  Histories,  by  j.  o.  FRA.ZEK,  M.A  ,  Fellow  of  Trin.  Coll., 
Camb.  Fcap.  8vo,  3*.  6</.,  or  separately,  is.  each.  [Gram.  Sch.  Class. 

SOPHOCLES.  Edited  by  REV.  F.  H.  BLAYDES,  M.A.  Vol.  I,  Oedipus 
Tyrannus — Oedipus  Coloneus — Antigone.  8vo,  8s.  [Bib.  Class. 

Vol.  II.  Philoctetes — Electra — Trachiniae — Ajax.  By  F.  A.  PALEY, 
M.A.,  LL.D.  8vo,  6s. 

—  Antigone.     Edited  by  G.  H.  WELLS,  M.A.,  Assistant  Master  at  Merchant 

Taylors'  School.     With  Illustrations.  [In  the  Press. 

—  Trachiniae.     With  Notes  and  Prolegomena.     By  ALFRED  PRETOR,  M.A., 

Fellow  Of  St.  Catherine's  College,  Cambridge.     Post  8vo,  4*.  6d. 

[Pub.  Sch.  Ser. 

<—  The  Oedipus  Tyrannus  of  Sophocles.  By  B.  H.  KENNEDY,  D.D. 
Crown  8vo,  8.r. 

—  —  A  SCHOOL  EDITION    Post  8vo,  is.  6d.  [Pub.  Sch.  Ser, 

—  Edited  by  F.  A.  PALEY,  M.A.,  LL.D.     5  vols.     Fcap.  8vo,  is.  6<i.  eacli. 

[Camb.  Texts  with  Notes. 


Oedipus  Tyrannus. 
Oedipus  Coloneus. 


Electra. 
Ajax. 


Antigone. 

STORIES   OF  GREAT  MEN.     By  REV.  F.  CONWAY,  M.A.,  Assistant 

Master  at  Merchant  Taylors'  School.  With  Illustrations.    Pott  8vo.  With 

or  without  Vocabulary,  is.  6d.  [lllusir.  Classics. 

TACITUS  :  Germanla  and  Agricola.     Edited  by  the  late  REV.  p.  FROST, 

late  Fellow  of  St.  John's  College,  Cambridge.     Fcap.  8vo,  2s.  6d. 

[Gram.  Sch.  Class. 

TERENCE.    With  Notes,  critical  and  explanatory,  by  WILHELM  WAGNER, 
PH.  D.     yd  edition.     Post  8vo,  7$.  6d.  [Pub.  Sch.  Ser. 

—  Edited  by  W1LHELM  WAGNER,  PH.D.     4  vols.     Fcap.  8vo,  u.  6d.  each. 

[Camb.  Texts  with  JVo.'es, 

Andria.  Heautontimorumenos. 

Adelphi.  Phormio. 

THEOCRITUS.  Edited,  with  Introduction  and  Notes,  by  R.  J.  CHOLMELEY, 

M.A.,  Assistant  Master  at  the  City  of  London  School.  [In  the  Press. 

THUCYDIDES,  Book  VI.     Edited  by  T.  w.  DOUGAN,  M.A.,  Professor  of 

Latin  in  Queen's  College,  Belfast.     Post  8vo,  2s.  [Pub.  Sch.  Ser. 

—  The  Athenians  in  Sicily.     (Selected  from  Books  VI.  and  VII.)    Edited, 

\vith  Introduction  and  Notes,  by  the  REV.  w.  COOKWORTHY  COMPTON, 
M.A.,  Head  Master  of  Dover  College.     With  Illustrations  and  Maps. 

[In  the  Press. 

—  The  History  of  the  Peloponnesian  War.    With  Notes  and  a  careful 

Collation  of  the  two  Cambridge  Manuscripts,  and  of  the  Aldine  and 
Juntine  Editions.  By  the  late  RICHARD  SHILLETO,  M.A.,  Fellow  of 
St.  Peter's  College,  Cambridge.  Svo.  Book  I.  6s.  6d.  Book  II.  5*.  6d. 
VIRGIL.  ByjonNCONiNGTON,  M.A.,  and  HENRY  NETTLESIIIP,  late  Corpus 
Professor  of  Latin  at  Oxford.  Svo.  [/>':/'.  Class. 

Vol.  I.  The  Bucolics  and  Georgics.     $th  edition,  revised  by  F.  HAVER- 
FIELD,  M.A.     los.  6d. 

•Vol.  II.  The  Aeneid,  Books  I. -VI.     tfh  edition,     icw.  6d. 
Vol.  III.  The  Aeneid,  Books  VII.-XII.     yd  edit-on,     los.  6J. 
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VIRGIL — continued. 

—  Abridged  from  PROFESSOR  CONINGTON'S  Edition,  by  the  REV.  J.  G.  SHEP- 

PARD,   D.C.L.,  H.  NETTLESHIP,  and  W.  WAGNER,  PH.D.      2  vols.       Fcap. 

8vo,  4J.  6d.  each.  [Gram.  Sch.  Class. 

Vol.  I.  Bucolics,  Georgics,  and  Aeneid,  Books  I.-IV. 
Vol.  II.  Aeneid,  Books  V. -XII. 
Also  the  Bucolics  and  Georgics,  in  one  vol.     3^. 
Or  in  9  separate  volumes  {Grammar  School  Classics,  with  Notes  at  foot  of  page)) 

price  \s.  6i/.  each. 

Bucolics;  Georgics,  I.  and  II.,  III.  and  IV.  ;  Aeneid,  I.  and  II., 
III.  and  IV.,  V.  and  VI.,  VII.  and  VIII.,  IX.  and  X..  XT.  and  XII. 
Or  in  12  separate  volumes  (Cambridge  Texts  -with  Notes  at  end],  price 

Is.  6d.  each. 

Bucolics  ;  Georgfics,  I.  and  II.,  III.  and  IV.  ;  Aeneid,  I.  and  II., 
III.  and  IV.,  V.  and  VI.  (price  2s.),  VII  ,  VIII.,  IX.,  X.,  XL,  XII. 

—  .ffineid.     Book   I.     Edited   by   REV.  E.   11.  s.  ESCOTT,  M.A.,  Assistant 

Master  at   Duhvich  College.     With  Illustrations.     Pott  8vo.     With  or 
without  Vocabulary,  is.  6d.  [lllnstr.  Classics. 

—  ./Eneid.     Books   II.    and    III.     Edited  by  L.   r>.   WAINWRIGHT,    M.A., 

Assistant  Master  at  St.  Paul's  School.    With  Illustrations.     2  vols.     Pott 
8vo.     With  or  without  Vocabulary,  u.  6d.  each.  [/llustr.  Classics. 

—  /Eneid.     Book  IV.     By  A.  s.  WARMAN,  B.A.,  Assistant  Master  at  Man- 

chester Grammar  School.     With  Illustrations.     Pott  Svo.    With  or  with- 
out Vocabulary,  is.  6d.  [fllitstr.  Classics. 

—  .ffineid.    Selections  from  Books  VII.  to  XII.    Edited  by  w.  o.  COAST,  B.A., 

Fettes  College.     With  Illustrations.     Pott  Svo.     With  or  without  Voca- 
bulary, is.  (>d.  [Ml user.  Classics. 

XENOPHON  :  Anabasis.  With  Life,  Itinerary,  Index,  and  three  Maps. 
Edited  by  the  late  J.  F.  MACMICHAEL.  Revised  edition.  Fcap.  Svo, 
3-f-  &/.  [Gram.  Sch.  Class. 

Or  in  4  separate  volumes,  price  is.  6J.  each. 

Book  I.   (with  Life,  Introduction,  Itinerary,  and  three  Maps) — Books 
II.  and  III.— Books  IV.  and  V.— Books  VI.  and  VII. 

—  Anabasis.     MAC.MICHAEL'S  Edition,  revised  by  j.  E.  MELHUISH,  M.A., 

Assistant  Master  at  St.   Paul's  School.     In  6  volumes,  fcap.  Svo.     With 
Life,  Itinerary,  and  Map  to  each  volume,  u.  6d,  each. 

[Camb.  Texts  with  Notes. 

Book    I.— Books   II.    and   III.— Book   IV.— Book  V.— Book    VI.— 
Book  VI  I. 

—  Cyropaedia.    Edited  by  G.  M.  GORHAM,  M.A.,  late  Fellow  of  Trinity 

College,  Cambridge.    New  edition.    Fcap.  Svo,  3.?.  6d.    [Gram.  Sch.  Class. 
Also  Books  I.  and  II.,  is.  t>d.  ;    Books  V.  and  VI.,  is.  6d. 

—  Memorabilia.     Edited   by  PERCIVAL  FROST,  M.A.,  late  Fellow  of  St. 

John's  College,  Cambridge.     Fcap.  Svo,  3*.  [Gram.  Sch.  Class. 

—  Hellemca.     Book  I.     Edited  by  L.  D.  UOWDALL,  M.A.,  B.D.    Fcap.  Svo, 

[Camb.  Texts  with  Notes. 

—  Hellemca.    Book  II.     By  L.  D.  DOWDALL,  M.A.,  R.D.    Fcap.  Svo,  2s. 

[Camb.  Texts  with  Notes. 

TEXTS. 

AESCHYLUS,  Ex  novisdma  recensione  F.  A-  PALEY,  A.M.,  I.L.D.  Fcap. 
Svo»  *?'  [Camb, 

A3 


i  o  -  George  'Bell  &  Sons' 

CAESAR  De  Bello  Gallico.  Recognovit  G.  LONG,  A.M.  Fcap.  8vo, 
u.  6</.  [Camb.  Texts. 

CATULLUS.  A  New  Text,  with  Critical  Notes  and  an  Introduction,  by 
J.  P.  POSTGATE,  M.A.,  LITT.D.,  Fellow  of  Trinity  College,  Cambridge, 
Profes'sor  of  Comparative  Philology  at  the  University  of  London.  Wide 
fcap.  8vo,  35. " 

CICERO  De  Senectute  et  de  Amicitia,  et  Epistolae  Selectae.  Recen- 
suit  G.  LONG,  A.M.  Fcap.  8vo,  is.  6d.  [Camb.  Texts. 

CICERONIS  Orationes  in  Verrem.  Ex  recensione  G.  LONG,  A.M. 
Fcap.  8vo,  2s.  6d.  [Camb.  Ttxts. 

CORPUS  POETARUM  LATINORUM,  a  se  aliisque  denuo  recogni- 
torum  et  brevi  lectionum  varietate  instructorum,  edidit  JOHANNES  PEKCI- 
VAL POSTGATE.  Tom.  I.— Ennius,  Lucretius,  Catullus,  Hofatius,  Vergilius, 
Tibullus,  Propertius,  Ovidius.  Recogniti  a  L.  MULLER,  H.  A.  j.  MUNRO, 

H.    NETtLESHIP,    J.  GOW,  E.   HILLER,  G.  M.   EDWARDS,  A.  PALMER,    G.  A. 

DAVIES,   S.    G.  OWEN,   A.   E.    HOUSMAN,  JOH.   P.    POSTGATE.      Large  post 

4to,  2ls.  net.     Also  in  2  Parts,  sewed,  gs.  each,  net. 

»*«.  To  be  completed  in  4  parts,  making  2  volumes. 

CORPUS  POETARUM  LATINORUM.  Edited  by  WALKER.  Con- 
taining : — Catullus,  Lucretius,  Virgilius,  Tibullus,  Propertius,  Ovidius, 

Horatius,    Phaedrus,    Lucanus,    Persius,   Juvenalis,    Martialis,    Sulpicia, 

Statius,  Silius  Italicus,  Valerius  Flaccus,  Calpurnius  Siculus,  Ausonius, 

and  Claudianus.     I  vol.     8vo,  cloth,  iSs. 
EURIPIDES.     Ex  recensione  F.  A.  PALEY,  A.M.,  LL.D.      3  vols.     Fcap. 

8vo,  2s.  each.  [Camb.  Texts. 

Vol.  I. — Rhesus — Medea — Hippolytus — Alcestis  — Heraclidae — Sup- 

plices — Troades. 

Vol.  1 1.  — Ion — Helena — Andromache — Electra—  Bacchae — Hecuba. 
Vol.  III. — Hercules  Furens — Phoenissae — Orestes — Iphigeniain  Tauris 

— Iphigenia  in  Aulide — Cyclops. 
HERODOTUS.     Recensuit  j.  G.  BLAKESLEY,  S.T.B.      2  vols.  Fcap.  8vo, 

2s.  6d.  each.  [Camb.  Texts. 

HOMERI  ILIAS  I. -XII.     Ex  novissima  recensione  F.  A.  PALEY,  A.M., 

LL.D.     Fcap.  8vo,  is.  6d.  [Camb.  Texts. 

HORATIUS.     Ex  recensione  A.  J.  MACLEANE,  A.M.     Fcap.  8vo,  is.  6d. 

[Camb.  Texts. 
JUVENAL    ET    PERSIUS.      Ex    recensione   A.  J.    MACLEANE,   A.M. 

Fcap.  8vo,  is.  6d.  [Camb.  Texts. 

LUCRETIUS.     Recognovit  H.  A.  J.  MUNRO,  A.M.     Fcap.  8vo,  2s. 

[Camb.  Texts. 
P.   OVIDI    NASONIS    OPERA,    ex  Corpore  Poetarum  Latinorum  a 

JOH.  PERCIVAL  POSTGATE  edito,  separatim  typisimpressa.  3  vols.  2s.  each. 
PROPERTIUS.       Sex.    Propertii    Elegiarum    Libri   IV.    recensuit    A. 

PALMER,   collegii  sacrosanctae  et  individuae  Trinitatis  juxta  Dublinum 

Socius.     Fcap.  8vo,  3^.  6d. 
—    Sexti    Properti   Carmina.      Recognovit  JOH.    PERCIVAL    POSTGATE, 

Large  post  4(0,  boards,  3^.  6.'/.  net. 
SALLUSTI    CRISPI    CATILINA   ET   JUGURTHA.     Recognovit 

G.  LONG,  A.M.     Fcap.  8vo,  is.  6d.  [Camb.  Texts. 

SOPHOCLES.   Ex  recensione  F.  A,  PALEY,  A.M.,  LL.D.    Fcap.  8vo,  2?.  6d. 

[Camb   T<x(s. 
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TERENTI  COMOEDIAE.     cut.  WAGNER  relegit  et  emendavit.    Fcap. 

8vo,  2s.  [Camb.  Texts'. 

THUCYDIDES.      Recensuit  J.    G.    DONALDSON,   S.T.P.     2  vols.     Fcap. 

8vo,  2r.  each.  [Camb.  Texts,, 

VERGILIUS.     Ex  recensione  J.  CONINGTON,  A.M.    Fcap.  8vo,  zs. 

[Camb.  Texts, 
XENOPHONTIS  EXPEDITIO  CYRI.    Recensuit  J.  F.  MACMICHAEL. 

A.B.    Fcap.  8vo,  is.  6d.  [Camb.  Texts. 

TRANSLATIONS. 

AESCHYLUS,  The  Tragedies  of.  Translated  into  English  verse  by 
ANNA  SWANWICK.  $th  edition  revised.  Small  post  8vo,  $s. 

—  The  Tragedies  of.   Literally  translated  into  Prose,  by  T.  A.  BUCKLEY,  B.  A. 

Small  post  8vo,  y.  6d. 

—  The  Tragedies  of.     Translated  by  WALTER  HEADLAM,  M.A.,  Fellow  of 

King's  College,  Cambridge.  [Preparing. 

ANTONINUS    (M.    Aurelius),    The   Thoughts   of.       Translated    by 

GEORGE  LONG,  M.A.     Revised  edition.     Small  post  8vo,  3^.  6d. 

Fine  paper  edition  on  handmade  paper.     Pott  8vo,  6s. 
APOLLONIUS  RHODIUS.      The  Argonautica.     Translated  by  E.  p. 

COLERIDGE,  B.A.       Small  post  8vO,  $J. 

APPIAN,  The  Roman  History  of.  Translated  by  HORACE  WHITE, 
M.A. ,  LL.D.  With  Maps  and  Illustrations.  2  vols.,  6s.  each. 

AMMIANUS  MARCELLINUS.  History  of  Rome  during  the 
Reigns  of  Constantius,  Julian,  Jovianus,  Valentinian,  and  Valens.  Trans- 
lated by  PROF.  c.  D.  YONGE,  M.A.  Small  post  8vo,  Js.  6d. 

ARISTOPHANES,  The  Comedies  of.      Literally  translated  by  w.  J» 
HICKIE.      With  Portrait.     2  vols.     Small  post  8vo,  $s.  each. 
Vol.  I. — Acharnians,  Knights,  Clouds,  Wasps,  Peace,  and  Birds. 
Vol.  II. — Lysistrata,    Thesmophoriazusae,  Frogs,    Ecclesiazusae,    and 
Plutus. 

—  The  Acharnians.    Translated  by  w.  H.  COVINGTON,  B.A.     With  Memoir 

and  Introduction.     Crown  8vo,  sewed,  u. 

—  The  Plutus.    Translated  by  M.  T.  QUINN,  M.A.,  Lond.    Cr.  Svo,  sewed,  is. 
ARISTOTLE  on  the  Athenian  Constitution.     Translated,  with  Notes 

and   Introduction,   by   F.    G.    KENYON,    M.A.     Pott   Svo.     2nd  edition. 
4s.  6d. 

—  History  of  Animals.     Translated  by  RICHARD  CRESSWELL,  M.A.     Small 

post  Svo,  5.?. 

—  Organon  :  or,  Logical  Treatises,  and  the  Introduction  of  Porphyry.   Trans- 

lated by  the  REV.  o.  F.  OWEN,  M.A.     2  vols.     Small  post  Svo,  $s.  6d. 
each. 

—  Rhetoric  and  Poetics.   Literally  Translated,  with  Hobbes'  Analysis,  &c., 

by  T.  BUCKLEY,  B.A.     Small  post  Svo,  5j. 

—  Nicomachean  Ethics.     Translated  by  the  Ven.  ARCHDEACON  BROWN  B, 

late  Classical  Professor  of  King's  College.     Small  post  Svo,  $s. 

—  Politics  and  Economics.    Translated  by  E.  WALFORD,  M.A.    Small  post 

Svo,  5-r. 

—  Metaphysics.     Translated  by  the  REV.  JOHN  H.  M'MAHONj  M.A.     Small 

post  8vo,  5^. 


1 2  George  Bell  <5*  Son/ 

ARRIAN.  Anabasis  of  Alexander,  together  with  the  Indica.  Trans- 
lated by  E.  j.  CHINNOCK,  M.A.,  LL.D.  With  Introduction,  Notes,  Maps, 
and  Plans.  Small  post  Svo,  5*. 

CAESAR.  Commentaries.  Translated  by  w.  A.  M'DEVITTE,  B. A.  Small 
post  8vo,  5*. 

—  Gallic  War.    Translated  by  w.  A.  M'DEVITTE,  B.A.     2  vols.,  with  Memoir 

and  Map.    Cr.  8vo,  sewed.    Books  I.  to  IV.,  Books  V.  to  VII.,  is.  each. 
CALPURNIUS   SICULUS,  The  Eclogues  of.    The  Latin  Text,  with 

English  Translation  by  E.  J.  L.  SCOTT,  M.A.     Crown  8vo,  3^.  &/. 
CATULLUS,  TIBULLUS,  and  the  Vigil  of  Venus.  Prose  Translation. 

Small  post  8vo,  5^. 
CICERO,    The  Orations  of.    Translated  by  PROF.   C.  D.  YONGE,  M.A. 

With  Index.     4  vols.     Small  post  Svo,  5^.  each. 

—  The  Letters  of.    Translated  by  EVELYN  s.  SHUCKBURGH,  M.A.    4  vols. 

Small  post  Svo.     <>s.  each.  [  Vols.  L  and  II.  shortly. 

—  On  Oratory  and  Orators.    With  Letters  to  Quintus  and  Brutus.     Trans- 

lated by  the  REV.  j.  s.  WATSON,  M.A.     Small  post  Svo,  $s. 

—  On   the    Nature  of  the   Gods.     Divination,  Fate,  Laws,  a  Republic, 

Consulship.     Translated  by   PROF.   C.    D.   YONGE,   M.A.,  and  FKANCIS 
BARHAM.     Small  post  Svo,  5-r. 

—  Academics,    De   Finibus,    and    Tusculan   Questions.     By   PROF.    C.    D. 

YONGE,  M.A.     Small  post  Svo,  5^. 

—  Offices  ;  or,  Moral  Duties.     Cato  Major,  an  Essay  on  Old  Age ;  Laelius, 

an  Essay  on  Friendship  ;  Scipio's  Dream  ;  Paradoxes  ;  Letter  to  Quintus 
on  Magistrates.     Translated  by  C.  R.  EDMONDS.      With  Portrait,  3*-.  ftd. 

—  Old  Age   and  Friendship.     Translated,  with  Memoir  and  Notes,   by 

G.  H.  WELLS,  M.A.     Crown  Svo,  sewed,  is. 

DEMOSTHENES,  The  Orations  of.  Translated  by  C.  RANN  KENNEDY. 
5  vols.  Small  post  Svo. 

Vol.  I. — The  Olynthiacs,  Philippics.     3*.  6(t. 

Vol.  II. — On  the  Crown  and  on  the  Embassy.     5-^ 

Vol.  III. — Against  Leptines,  Midias,  Androtion,  and  Aristocrates.     5*. 

Vols.  IV.  and  V. — Private  and  Miscellaneous  Orations.     5-r.  each. 

—  On  the    Crown.     Translated  by    c.    RANN    KENNEDY.      Crown  Svo, 

sewed,  is. 
DIOGENES  LAERTIUS.    Translated  by  PROF.   c.  D.  YONGE,  M.A. 

Small  post  Svo,  5.?. 
EPICTETUS,    The    Discourses    of.      With    the   Encheiridion    and 

Fragments.     Translated  by  GEORGE  LONG,  M.A.     Small  post  Svo,  5*. 

Fine  Paper  Edition,  2  vols.     Pott  Svo,  ioj.  6J. 
EURIPIDES.      A   Prose    Translation,    from    the  Text   of   Paley.      By 

E.  P.  COLERIDGE,  B.A.      2  vols.,  5-T.  each. 

Vol.  L— Rhesus,  Medea,  Hippolytus,  Alcestis,  Heraclidae,  Supplices, 
Troades,  Ion,  Helena. 

Vol.    II. — Andromache,  Electra,  Bacchae,  Hecuba,  Hercules  Furens, 
Phoenissae,  Orestes,  Iphigenia  in  Tauris,  Iphigenia  in  Aulis,  Cyclops. 

,%  The  plays  separately  (except  Rhesus,  Helena,  Electra,  Iphigenia  in 
Aulis,  and  Cyclops).     Crown  Svo,  sewed,  is.  each. 

GREEK  ANTHOLOQY.  Translated  by  GEORGE  PURGES,  M,A.  S-naP 
post  8vo,  jj. 
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HERODOTUS.     Translated  by  the  REV.  HENRY  CARY,  M.A.     Small  post 
8vo,  3.?.  6d, 

—  Analysis  and  Summary  of.    By  J.  T.  WHEERER.     Small  post  8vo,  $s. 
HESIOD,  CALLIMACHUS,  and  THEOGNIS.     Translated  by  the 

REV.  j.  BANKS,  M.A.     Small  post  8vo,  5.7. 

HOMER.     The  Iliad.     Translated  by  f.  A.  BUCKLEY,  B.A.     Small  post 
8vo,  5.;. 

—  The  Odyssey,   Hymns,  Epigrams,  and  Battle  of  the  Frogs  and 

Mice.    Translated  by  T.  A.  BUCKLEY,  n.A.    Small  post  8vo,  5.5-. 
HORACE.     A  New  Prose  Translation  by  A.   HAMILTON  BRYCE,  LL.D. 
With  Memoir  and  Introduction.     Small  post  8vo.     $s.  6d. 
Also  in  4  vols.     Crown  8vo,  sewed,  is.  each. 

—  The  Odes  and  Carmen  Saeculare.     Translated  into  English  Verse  by 

the  late  JOHN  CONINGTON,  M.A.     \\thedition.     Fcnp.  8vo.     $s.  6d. 

—  The  Satires  and  Epistles.     Translated  into  English  Verse  by  the  late 

JOHN  CONINGTON,  M.A.     8f/i  edition.     Fcap.  8vo,  $s.  6</. 

—  Odes   and   Epodes.     Translated  by  SIR  STEPHEN  E.  DE  VERB,  BART. 

^rd edition,  enlarged.     Imperial  l6mo.     "js.  6J.  net. 
ISOCRATES,  The  Orations  of.     Translated  by  j.  H.  FREESE,  M.A.,  late 

Fellow  of  St.  John's  College,  Cambridge     Vol.  I.     Small  post  8vo,  $s. 
JUSTIN,  CORNELIUS  NEPOS,  and  EUTROPIUS.     Translated 

by  the  REV.  J.  s.  WATSON,  M.A.     Small  post  8vo,  5.?. 
JUVENAL,  PERSIUS,  SULPICIA,  and  LUCILIUS.      Translated 

by  L.  EVANS,  M.A.     Small  post  8vo,  5-r. 
LIVY.    The  History  of  Rome.    Translated  by  DR.  SPILLAN,  c.  EDMONDS, 

and  others.     4  vols.     Small  post  8vo,  5^.  each. 

—  Books  I.,  II.,  III.,  IV.     A  Revised  Translation  by  j.  H.  FREESE,  M.A. 

With  Memoir,  and  Maps.     4  vols.     Crown  8vo,  sewed,  is.  each. 
>—  Book  V.  and  Book  VI.      A  Revised  Translation  by   E .   s.  WEYMOUTH, 

M.A. ,  Lond.     With  Memoir,  and  Maps.     Crown  Svo,  sewed,  is.  each. 
— -  Book  IX.     Translated  by  FRANCIS  STORR,  B.A.     With  Memoir.     Crown 

Svo,  sewed,  is. 

—  Book  XXI.     Translated  by  J.  BERNARD  BAKER,  M.A.     Crown  8vo,  sewed, 

U.  [Shortly. 

LUCAN.     The  Pharsalia.  Translated  into  Prose  by  H.  T.  RILEY,  M.A. 
Small  post  Svo,  $s. 

—  The    Pharsalia.     Book  I.  Translated   by   FREDERICK   CONWAY,    M.A. 

With  Memoir  and  Introduction.     Crown  Svo,  sewed,  u. 
LUCIAN'S   Dialogues  of  the  Gods,   of  the  Sea-Gods,  and  of  the 

Dead.     Translated  by  HOWARD  WILLIAMS,  M.A.     Small  post  Svo,  5*. 
LUCRETIUS.  Translated  by  the  REV.  J.  S.WATSON,  M.A.  Small  post  Svo,5j. 

—  Literally  trans,  by  the  late  H.  A.  j.  MUNRO,  M.A.    $th  edition.    Demy  Svo,  6s. 
MARTIAL'S  Epigrams,  complete.     Small  post  Svo,  7^.  6J. 

OVID,  The  Works  of.     Translated.     3  vols.     Small  post  Svo,  5^.  each. 

Vol.  I. — Fasti,  Tristia,  Pontic  Epistles,  Ibis,  and  Halieuticon. 

Vol.  II. — Metamorphoses.      With  Frontispiece. 

Vol.   III. — Heroides,  Amours,   Art  of  Love,  Remedy  of  Love,  and 
Minor  Pieces.      With  Frontispiece. 
•—  Fasti.  Translated  by  H.  T.  RILEY,  M.A.  3  vol3.  Crown  Svo,  sewed,  is.  each, 

—  Tristia.    Translated  by  H.  T.  RILEY,  M.A.     Crowu  Svo,  sewed,  it. 
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PINDAR.    Translated  by  DAWSON  w.  TURNER.     Small  post  8vo,  5.?. 
PLATO.     Gorgias.     Translated   by  the  .late  E.   M.   COPE,  M.A.,  Fellow 
of  Trinity  College.     2nd  edition.     8vo,  JS. 

—  The  Works  of.    Translated,  with  Introduction  and  Notes.    6  vols.    Small 

post  8vo,  $s.  each. 

Vol.   I.  —  The  Apology  of  Socrates  —  Crito  —  Phaedo  —  Gorgias—  Prota- 
goras —  Phaedrus  —  Theaetetus  —  Eutyphron  —  Lysis.      Translated  by    the 

REV.  H.  GARY. 

Vol.  II.  —  The  Republic  —  Timaeus  —  Critias.     Trans,  by  HENRY  DAVIS. 
Vol.    III.  —  Meno  —  Euthydemus  —  The    Sophist  —  Statesman  —  Cratylus 

—  Parmenides—  The  Banquet.     Translated  by  G.  BURGES. 

Vol.  IV.  —  Philebus  —  Charmides  —  Laches  —  Menexenus  —  Hippias  —  Ion 

—  The     Two     Alcibiades  —  Theages  —  Rivals  —  Hipparchus  —  Minos  —  Cli- 
topho  —  Epistles.     Translated  by  G.  SURGES. 

Vol.  V.  —  The  Laws.     Translated  by  G.  BURGES. 

Vol.  VI.  —  The  Doubtful  Works.    Edited  by  G.  BURGES.    With  General 
Index  to  the  six  volumes. 

—  Apology,  Crito,  Phaedo,  and  Protagoras.     Translated  by  the  REV.  H. 

GARY.     Small  post  8vo,  sewed,  is.,  cloth,  u.  6<f. 

—  Dialogues.     A  Summary  and  Analysis  of.     With  Analytical  Index.     By 

A.  DAY,  LL.D.     Small  post  8vo,  5^. 

PLAUTUS,  The  Comedies  of.    Translated  by  H.  T.  RILEY,  M.A.    2  vols. 
Small  post  8vo,  $s.  each. 

Vol.  I.  —  Trinummus  —  Miles  Gloriosus  —  Bacchides  —  Stichus  —  Pseudolus 

—  Menaechmei  —  Aulularia  —  Caplivi  —  Asinaria  —  Curculio. 

Vol.     II.  —  Amphitryon  —  Rudens  —  Mercator  —  Cistellaria  —  Truculentus 

—  Persa  —  Casina  —  Poenulus  —  Epidicus  —  Mostellaria  —  Fragments. 

—  Trinummus,    Menaechmei,     Aulularia,    and    Captivi.     Translated 

byH.  T.  RILEY,  M.A.     Small  post  8vo,  sewed,  is.,  cloth,  is.  6cf. 
-PLINY.     The  Letters  of  Pliny  the  Younger.     Melmoth's  Translation, 

revised,  by  the  REV.  F.  c.  T.  BOSANQUET,  M.A.     Small  post  8vo,  5*. 
'PLUTARCH.     Lives.     Translated  by  A.  STEWART,  M.A.,   and  GEORGE 

LONG,  M.A.     4  vols.     Small  post  8vo,  35.  6d.  each. 
,-  Morals.     Theosophical  Essays.     Translated  by  c.   \v.  KING,  M.A.,  late 

Fellow  of  Trinity  College^  Cambridge.     Small  post  8vo,  55. 

—  Morals.     Ethical  Essays.     Translated  by  the  REV.  A.  R.  SUILLETO,  M.A. 

Small  post  8vo,  5^ 
PROPERTIUS.     Translated  by  REV.    P.   J.   F.  GANTILI.ON,   M.A.,   and 

accompanied  by  Poetical  Versions,  from  various  sources.  Sm.  post  8vo,  3^.  6J. 
QUINTILIAN  :    Institutes   of  Oratory,   or,    Education   of  an   Orator. 

Trans,  by  the  REV.  J.  s.  WATSON,  M.A.    2  vols.     Small  post  8vo,  $s.  each. 
SALLUST,  FLORUS,  and  VELLEIUS  PATERCULUS.     Trans- 

lated  by  J.  s.  WATSON,  M.A.     Small  post  8vo,  5*. 
SENECA:   On  Benefits.     Translated  by  A.  STEWART,  M.A.,  late  Fellow 

of  Trinity  College,  Cambridge.     Small  post  8vo,  3-r.  6J. 

—  Minor  Essays  and  On  Clemency.    Translated  by  A,  STEWART,  M.A. 

Small  post  8vo,  $s. 

SOPHOCLES.    Translated,  with  Memoir,  Notes,  etc.,  by  E.  P.  COLERIDGE, 
B.A.    Small  post  8vo,  5*. 
Or  the  plays  separately,  crown  8vo,  sewed,  is,  each. 
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SOPH  O  CLE  S— continued. 

—  The  Tragedies  of.     The  Oxford  Translation,  with  Notes,  Arguments, 

and  Introduction.     Small  post  Svo,  <-,s. 
SUETONIUS.      Lives  of  the   Twelve   Caesars  and   Lives   of  the 

Grammarians.   Thomson's  revised  Translation,  by  T.  FORESTER.    Small 

post  Svo,  5-r- 
TACITUS,  The  Works  of.     Translated,  with  Notes  and  Index.     2  vols. 

Small  post  Svo,  5.?.  each. 
Vol.  I.— The  Annals. 

Vol.  II. — The  History,  Germania,  Agricola,  Oratory,  and  Index. 
TERENCE  and  PHAEDRUS.    Translated  by  n.  T.  RILEY,  M.A.    Small 

post  Svo,  5-r. 
THEOCRITUS,  BION,  MOSCHUS,  and  TYRTAEUS.    Translated 

by  the  REV.  j.  BANKS,  M.A.     Small  post  Svo,  $s. 
THEOCRITUS.     Translated   into  English   Verse  by  C.   S.    CALVERLEY, 

M.A.     New  edition.     Crown  Svo,  5^. 
THUCYDIDES.     The  Peloponnesian  War.     Translated  by  the  REV.  H. 

DALE.      With  Portrait,     i  vols. ,  y.  6J.  each. 

—  Book  VI.  and  Book  VII.    Translated  by  E.  C.  MARCHANT,  M.A.    u.  each. 

[In  the  Press. 

—  Analysis  and  Summary  of.     By  J.  T.  WHEELER.     Small  post  Svo,  $s. 
VIRGIL.     Translated  by  A.  HAMILTON  BRYCE,  LL.D.     With  Memoir  and 

Introduction.     Small  post  Svo,  %s.  6</. 

Also  in  6  vols.     Crown  Svo,  sewed,  is.  each. 
XENOPHON.     The  Works  of.     In  3  vols.     Small  post  Svo,  5*.  each. 

Vol.  I. — The  Anabasis,  and  Memorabilia.  Translated  by  the  REV.  j.  s. 
WATSON,  M.A.  With  a  Geographical  Commentary,  by  w.  F.  AINSWORTH, 
F.S.A.,  F.R.G.S.,  etc. 

Vol.  II. — Cyropaedia  and  Hellenics.  Translated  by  the  REV.  J.  s. 
WATSON,  M.A.,  and  the  REV.  H.  DALE. 

Vol.     III. — The     Minor   Works.       Translated    by    the   REV.   j.    s. 

WATSON,  M.A. 

—  Anabasis.     Translated  by  the  REV.  J.  S.  AVATSON,  M.A.     With  Memoir 

and  Map.     3  vols. 

—  Hellenics.     Books  I.  and  II.     Translated  by  the  REV.   H.  DALE,  M.A. 

With  Memoir. 

SABRINAE  COROLLA  In  Hortulis  Regiae  Scholac  Salopiensis  con- 
texuerunt  tres  viri  floribus  legcndis.  ^fh  edition,  revised  and  re-arranged. 
By  the  late  BENJAMIN  HALL  KENNEDY,  D.D.,  Regius  Professor  of  Greek 
at  the  University  of  Cambridge.  Large  post  Svo,  los.  6d. 

SERTUM  CARTHUSIAN UM  Floribus  trium  Seculorum  Contextum. 
Cura  GULIELMI  HAIG  BROWN,  Scholae  Carthusianae  Archididascali. 
Demy  Svo,  $s, 

TRANSLATIONS  into  English  and  Latin.  By  c.  s.  CALVERLEY,  M.A., 
late  Fellow  of  Christ's  College,  Cambridge.  $th  edition*  Crown  Svo,  5-r. 

TRANSLATIONS  from  and  into  the  Latin,  Greek  and  English.  By 
R.  C.  JEBB,  LITT.D.,  M.P.,  Regius  Professor  of  Greek  in  the  University  of 
Cambridge,  H.  JACKSON,  M.  A.,  LITT.  D.,  Fellows  of  Trinity  College,  Cam- 
bridge, and  w.  E.  CURREY,  M.A.,  formerly  Fellow  of  Trim**  College, 
Cambridge.  Crown  Svo.  yd  edition.  $s. 
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GRAMMAR  AND  COMPOSITION. 

BADDELEY.  Auxilia  Latina.  A  Series  of  Progressive  Latin  Exercises. 
By  M.  j.  B.  BADDELEY,  M.A.  Fcap.  8vo.  Part  I.,  Accidence,  y/i 
edition.  2s.  Part  II.  $th  edition.  2s.  Key  to  Part  II.  2s.  6d. 

BAIRD.  Greek  Verbs.  A  Catalogue  of  Verbs,  Irregular  and  Defective  ; 
their  leading  formations,  tenses  in  use,  and  dialectic  inflexions,  with  a 
copious  Appendix,  containing  Paradigms  for  conjugation,  Rules  for 
formation  of  tenses,  &c.,  &c.  By  J.  s.  BAIRD,  T.C.D.  New  edition,  re- 
vised. 2s.  6d. 

—  Homeric  Dialect.    Its  Leading  Forms  and  Peculiarities.    By  J.  s.  BAIRD, 

T.C.D.    New  edition,  revised.     By  the  REV.  w.  GUNION  RUTHERFORD, 

M.A.,  LL.D.  ,  Head  Master  at  Westminster  School,     is. 
BAKER.      Latin  Prose  for  London  Students.     By  ARTHUR  BAKER, 

M.A.,  Classical  Master,  Independent  College,  Taunton.     Fcap.  Svo,  zs. 
BARRY.     Notes  on  Greek  Accents.     By  the  RIGHT  REV.  A.  BARRY, 

D.D.     New  edition,  re-written,     is. 
BECKWITH.     Satura  Grammatica.     A   Collection   of  Latin    Critical 

Notes  and  Hints  for  Army  Students.     By  E.  G.  BECKWITH,  B.A.     Fcap. 

Svo.     2s.  6d. 
BELL'S  ILLUSTRATED    LATIN  READERS.      Edited  by  E.  c. 

MARCH  ANT,  M.A. 

I.  Scalae  Imae.    A  Selection  of  Simple  Stories  for  Translation  into 
English.     With  Vocabulary.     By  J.  G.  SPENCER,  B.A. 

II.  Scalae  Mediae.     Short    Extracts   from   Eutropius   and   Caesar, 
Graduated  in  Difficulty.     With  Vocabulary.     By  PERCY  A.  UNDERBILL, 

M.A. 

III.  Scalae  Tertiae.     Selections  in  Prose  and  Verse  from  Caesar, 
Nepos,  Phaedrus,  and  Ovid,  Graduated  in  Difficulty.     With  Vocabulary. 
By  PERCY  A.  UNDERBILL,  M.A. 

CHURCH.    Latin  Prose  Lessons.    By  A.  J.  CHURCH,  M.A.,  Professor  of 

Latin  at  University  College,  London.     gtA  edition.     Fcap.  Svo,  2s.  6d. 
CLAPIN.      Latin  Primer.      By  the  REV.  A.  c.  CLAPIN,  M.A.,  Assistant 

Master  at  Sherborne  School.     4//<  edition.     Fcap.  Svo,  u. 
COLERIDGE.     Res  Romanae.     Being  aids  to  the   History,  Geology, 

Archaeology,  and  Literature  of  Ancient  Rome,  for  less  advanced  Scholars. 

By  E.  P.  COLERIDGE,  B.A.   With  3  maps,     yd  edition.    Crown  Svo,  2s.  6d. 

—  Res    Graecae.      Being  aids  to   the  study   of  the   History,    Geography, 

Archaeology,  and  Literature  of  Ancient  Athens.  By  E.  P.  COLERIDGE,  B.A. 
With  5  maps,  7  plans,  and  numerous  other  illustrations.  Crown  Svo,  $s. 
COLLINS.  Latin  Exercises  and  Grammar  Papers.  By  T.  COLLINS, 
M.A.,  Head  Master  of  the  Latin  School,  Newport,  Salop.  StA  edition. 
Fcap.  Svo,  2s.  6d. 

—  Unseen  Papers  in  Latin  Prose  and  Verse.    With  Examination  Questions. 

StA  edition.     Fcap.  Svo,  2s.  6J. 

—  Unseen  Papers  in  Greek  Prose  and  Verse.     With  Examination  Ques- 

tions.    $th  edition.     Fcap.  Svo,  y. 

—  Easy  Translations  Irom  Nepos,  Caesar,  Cicero,  Livy,  &c.,  for  Retrans- 

lation  into  Latin.     With  Notes.     2s. 

COMPTON.  Rudiments  of  Attic  Construction  and  Idiom.  By  the 
KEV.  w.  COOKWORTHY  COMPTON,  M.A.,  Head  Master  of  Dover  College. 
Crown  Svo,  3*. 
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FROST.  Eclogae  Latinae  ;  or,  First  Latin  Reading  Book.  With  Notes 
and  Vocabulary  by  the  late  REV.  p.  FROST,  M.A.  Fcap.  8vo,  \s.  6d. 

—  Analecta  Graeca  Minora.     With  Notes  and  Dictionary.     New  edition. 

Fcap.  8vo,  2s. 

—  Materials  for  Latin  Prose  Composition.     By  the  late  REV.  p.  FROST, 

M.A.     New  edition.     Fcap.  8vo,  2s.     Key.     4J.net. 

—  A  Latin  Verse  Book.    New  edition.    Fcap.  8vo,  2s.     Key.     $s.  net. 

—  Greek  Accidence.     New  edition,     is. 

—  Latin  Accidence,     is. 

HARKNESS.    A  Latin  Grammar.    By  ALBERT  HARKNESS.    PostSvo,  6*. 
KEY.    A  Latin  Grammar.     By  the  late  T.  H.  KEY,  M.A.,  F.R.S.     6//4  thou- 
sand.    Post  8vo,  Ss. 

—  A  Short  Latin  Grammar  for  Schools.     i6th  edition.     Post  8vo,  3.?.  6d. 
HOLDEN.      Foliorum  Silvula.     Part  I.     Passages  for  Translation  inio 

Latin  Elegiac  and  Heroic  Verse.    By  H.  A.  HOLDEN,  LL.D.    nth  edition. 
Post  8vo,  -JS.  6d. 

—  Foliorum  Silvula.     Part  II.     Select  Passages  for  Translation  into  Latin 

Lyric  and  Comic  Iambic  Verse,     yd  edition.     Post  8vo,  5.?. 

—  Foliorum  Centuriae.      Select  Passages  for  Translation  into  Latin  and 

Greek  Prose.     loth  edition.     Post  8vo,  Ss. 

JEBB,  JACKSON,  and  CURREY.  Extracts  for  Translation  in 
Greek,  Latin,  and  English.  By  R.  c.  JEBB,  LITT.D.,  M.P.,  Regius  Pro- 
fessor of  Greek  in  the  University  of  Cambridge  ;  H.  JACKSON,  LITT.  n. , 
Fellow  of  Trinity  College,  Cambridge;  and  w.  E.  CURREY,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.  Crown  8vo,  2s.  6d. 

MASON.     Analytical  Latin   Exercises       By  c.   P.  MASON,  B.A.      6,th 

edition.     Part  I.,  is.  6d.     Part  II.,  2s.  6d. 
-  The  Analysis  of  Sentences  Applied  to  Latin.     Post  8vo,  is.  dd. 

NETTLESH1P.  Passages  for  Translation  into  Latin  Prose.  With 
Introductory  Essays.  By  H,  NETTLESHir,  M.A.,  late  Corpus  Professor  of 
Latin  in  the  University  of  Oxford.  Crown  8vo,  3^.  A  Key,  4*.  bd.  net. 

Notabilia  Quaedam ;  or  the  Principal  Tenses  of  most  of  the  Irregular 
Greek  Verbs,  and  Elementary  Greek,  Latin,  and  French  Constructions. 
New  edition,  is. 

PALEY.  Greek  Particles  and  their  Combinations  according  to  Attic 
Usage.  A  Short  Treatise.  By  F.  A.  PALEY,  M.A.,  I.L.D.  2s.  6d. 

PENROSE.  Latin  Elegiac  Verse,  Easy  Exercises  in.  By  the  REV.  j. 
PEN  ROSE.  New  edition.  2s.  (Key,  3-r.  6d.  net.) 

PRESTON.  Greek  Verse  Composition.  By  G.  PRESTON,  M.A.  yfi 
edition.  Crown  8vo,  4*.  6d. 

PRUEN.  Latin  Examination  Papers.  Comprising  Lower,  Middle,  and 
Upper  School  Papers,  and  a  number  of  the  Woolwich  and  Sandhurst 
Standards.  By  G.  G.  PRUEN,  M.A.,  Senior  Classical  Master  in  the  Modern 
Department,  Cheltenham  College.  Crown  8vo,  2s.  6</. 

SEAGER.  Faciliora.  An  Elementary  Latin  Book  on  a  New  Principle. 
By  the  REV.  j.  L.  SEAGER,  M.A.  2s.  6d. 

STEDMAN  (A.  M.  M.).  First  Latin  Lessons.  By  A.  M.  M.  STEDMAN, 
M.  A.,  Wadham  College,  Oxford,  yd  edition.  Crown  8vo,  2s. 

—  Initia  Latin  a.     Easy  Lessons  on  Elementary  Accidence.      2nd  edition. 

Fcap.  8vo,  is. 

—  First  Latin  Reader.     With  Notes  adapted  to  the  Shorter  Latin  Primer 

and  Vocabulary,     yd  edition.     Crown  8vo,  is.  6J, 
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STEDMAN   (A.  M.   HI.}— continued. 

—  Easy   Latin   Passages   for    Unseen    Translation.      yd  and  enlarged 

edition.     Fcap.  Svo,  is.  6d. 

—  Exempla  Latina.     First  Exercises  in  Latin  Accidence.     With  Vocabu- 

lary.    Crown  Svo,  is. 

—  The  Latin  Compound  Sentence  ;  Rules  and  Exercises.    Crown  Svo, 

is.  6d.     With  Vocabulary,  2s. 

—  Easy  Latin  Exercises  on  the  Syntax  of  the  Shorter  and  Revised  Latin 

Primers.     With  Vocabulary.     6'/i  edition.     Crown  Svo,  zs.  6J. 

—  Latin  Examination  Papers  in   Miscellaneous   Grammar  and  Idioms. 

5//z  edition.     2s.  6d.     Key  (for  Tutors  only).     2nd  edition.     6s.  net. 

—  Notanda  Quaedam.      Miscellaneous  Latin  Exercises.      On  Common 

Rules  and  Idioms,     yd  edition.     Fcap.  Svo,  is.  6d.    With  Vocabulary,  2s. 

—  Latin  Vocabularies  for  Repetition.     Arranged  according  to  Subjects. 

5//z  edition.     Fcap.  Svo,  is.  6d. 

—  Steps  to  Greek.     i2mo,  is. 

—  Easy  Greek  Passages  for  Unseen  Translation.     Fcap.  Svo,  is.  6d, 

—  Easy  Greek  Exercises  on  Elementary  Syntax.  [In  preparation. 

—  Greek  Vocabularies  for  Repetition.     2nd  edition.     Fcap.  Svo,  is.  6d. 

—  Greek  Testament  Selections  for  the  Use  of  Schools.      yd  edition. 

With  Introduction,  Notes,  and  Vocabulary.     Fcap.  Svo,  2s.  6d. 

—  Greek   Examination   Papers  in  Miscellaneous  Grammar  and    Idioms. 

yd  edition.     2s.  6d.     Key  (for  Tutors  only),  6s.  net. 

THACKERAY.  Anthologia  Graeca.  A  Selection  of  Greek  Poetry, 
with  Notes.  By  REV.  F.  ST.  JOHN  THACKERAY.  7th  edition.  i6mo,  4^.  6J. 

—  Anthologia  Latina.     A   Selection   of  Latin   Poetry,   from   Naevius  to 

Boethius,  with  Notes.     %th  edition.     161110,  4.?.  6d. 

—  Hints  and  Cautions  on  Attic  Greek  Prose  Composition.     Crown 

Svo,  3J-.  6d. 

—  Exercises  on  the  Irregular  and  Defective  Greek  Verbs,     is.  6d. 
WELLS.     First  Exercises  in   Latin  Prose.     By  E.  A.  \VELLS,  M.A., 

Highfield  School,  Southampton.  [/»  the  Press. 

WELLS.  Tales  for  Latin  Prose  Composition.  With  Notes  and 
Vocabulary.  By  G.  H.  WELLS,  M.A.,  Assistant  Master  at  Merchant 
Taylors'  School.  Fcap.  Svo,  zs. 


HISTORY,    GEOGRAPHY,  AND   REFERENCE  BOOKS, 

ETC. 

TEUFFEL'S  History  of  Roman  Literature,  yh  edition,  revised  by 
DR.  SCHWABE,  translated  by  PROFESSOR  G.  c.  \v.  WAKR,  M.A.,  King's 
College,  London.  Medium  Svo.  2  vols.  30^.  Vol.  I.  (The  Republican 
Period),  15^.  Vol.  II.  (The  Imperial  Period),  i$s. 

KEIGHTLEY'S  Mythology  of  Ancient  Greece  and  Italy,  tfh  edition* 
revised  by  the  late  LEONHARD  SCHMITZ,  rn.D.,  LL.D.,  Classical  Examiner 
to  the  University  of  London.  With  12  Plates.  Post  Svo,  5-r. 

DONALDSON'S  Theatre  of  the  Greeks,    loth  edition.     Post  Svo,  5*. 

DICTIONARY  OF  LATIN  AND  GREEK  QUOTATIONS;  in- 
cluding Proverbs,  Maxims,  Mottoes,  Law  Terms  and  Phrases.  With 
English  Translations.  With  Index  Verboriun.  Small  post  Svo,  51. 
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PAUSANIAS'  Description  of  Greece.      Newly  translated,  with  Notes 

and  Index,  by  A.  R.  SHILLETO,  M.A.     2  vols.     Small  post  8vo,  $s.  each. 
AN  ATLAS  OF  CLASSICAL  GEOGRAPHY.     By  w.  HUGHES  and 

G.  LONG,  M.A.     Containing  Ten  selected  Maps.     Imp.  8vo,  y. 
'AN  ATLAS   OF  CLASSICAL  GEOGRAPHY.      Twenty-four  Maps 

by  w.    HUGHES  and  GEORGE  LONG,   M.A.      With  coloured   outlines. 

Imperial  8vo,  6s. 


MATHEMATICS. 

ARITHMETIC   AND   ALGEBRA. 

BARRACLOUGH  (T.).  The  Eclipse  Mental  Arithmetic.  By  TITUS 
BARRACLOUGH,  Board  School,  Halifax.  Standards  I.,  II.,  and  III., 
sewed,  6c/.  ;  Standards  II.,  III.,  and  IV.,  sewed,  6d.  net ;  Book  HI., 
Part  A,  sewed,  $d.  ;  Book  III.,  Fart  B,  cloth,  is.  6J. 

BEARD  (W.  S.).  Graduated  Exercises  in  Addition  (Simple  and  Com- 
pound). For  Candidates  for  Commercial  Certificates  and  Civil  Service 
appointments.  By  w.  s.  BEARD,  F. R.G.S.,  Head  Master  of  the  Modern 
School,  Fareham.  yd  edition.  Fcap.  410,  is, 

-  See  PENDLEBURY. 

ELSEE  (C.).  Arithmetic.  By  the  REV.  c.  ELSEE,  M.A.,  late  Fellow  of 
St.  John's  College,  Cambridge,  Senior  Mathematical  Master  at  Rugby 
School,  i^th  edition.  Fcap.  8vo,  y.  6d.  [Camb.  School  and  College  Texts. 

—  Algebra.     By  the  REV.  c.  ELSEE,  M.A.     8/7*  edition.     Fcap.  Svo,  \s. 

[Camb.  S.  and  C.  Texts. 

FILIPOWSKI  (H.  E.).  Anti-Logarithms,  A  Table  of.  By  H.  E. 
FILIPOWSKI.  yd  edition.  Svo,  15^. 

GOUDIE  (W.  P.).     See  Watson. 

HATHORNTHWAITE  (J.  T.).  Elementary  Algebra  for  Indian 
Schools.  By  j.  T.  HATHORNTHWAITE,  M.A.,  Principal  and  Professor 
of  Mathematics  at  Elphinstone  College,  Bombay.  Crown  Svo,  2s. 

MACMICHAEL  (W.  F.)  and  PROWDE  SMITH  (R.).  Algebra. 
A  Progressive  Course  of  Examples.  By  the  REV.  w.  F.  MACMICHAEL, 
and  R.  PROWDE  SMITH,  M.A.  5/A  edition.  Fcap.  Svo,  3^.  6d.  With 
answers,  4^.  6d.  \Carnb.  S.  and  C.  Texts. 

MATHEWS  (G.  B.).  Theory  of  Numbers.  An  account  of  the  Theories 
of  Congruencies  and  of  Arithmetical  Forms.  By  G.  B.  MATHEWS,  M.A., 
Professor  of  Mathematics  in  the  University  College  of  North  Wales. 
Part  I.  Demy  Svo,  12s. 

MOORE  (B.  T.).  Elementary  Treatise  on  Mensuration.  By  B.  T. 
MOORE,  M.A.,  Fellow  of  Pembroke  College,  Cambridge.  2nd  edition, 
revised,  y.  6d. 

PENDLEBURY  (C.).  Arithmetic.  With  Examination  Papers  and 
8,000  Examples.  By  CHARLES  PENDLEBURY,  M.A.,  F.R.A.S.,  Senior 
Mathematical  Master  of  St.  Paul's.  12th  edition.  Crown  Svo.  Com- 
plete, with  or  without  Answers,  4-r.  (>d.  In  Two  Parts,  with  or  without 
Answers,  2s.  6d.  each. 

Key  to  Part  II.     2nd  edition.     ?s.  6</.  net.  [Camb.  Math.  Ser. 
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PENDLEBURY  (C.)— continued. 

—  Examples   in   Arithmetic.     Extracted   from   Pendlebury's   Arithmetic. 

With  or  without  Answers.  \Qth  edition.  Crown  8vo,  3*.,  or  in  Two  Parts, 
is.  6d.  and  2s.  \Camb.  Math.  Set: 

—  Examination  Papers  in  Arithmetic.     Consisting  of  140  papers,  each 

containing  7  questions  ;  and  a  collection  of  357  more  difficult  problems. 
$th  edition.     Crown  8vo,  zs.  (>d.     Key,  for  Tutors  only,  $s.  net. 
PENDLEBURY  (C.)  and  BEARD  (W.  S.).     Shilling  Arithmetic. 

By  CHARLES  PENDLEBURY,  M.A.,  and  W.  S.  BEARD,  F.R.G.S.      2nd  edition. 

Crown  8vo.  Without  Answers,  is.  With  Answers,  is.  $d.  Answers 
separately,  6d. 

—  Commercial  Arithmetic.     2nd  edition.     Crown  8vo.     23.  6J. 

—  Elementary  Arithmetic.     $th  edition.     Crown  8vo,  is.  6d. 

—  Graduated  Arithmetic,  for  Junior  and  Private  Schools.    In  Seven  Parts, 

in  stiff  canvas  covers.  Parts  I.,  II.,  and  III.,  T,d.  each;  Parts  IV.,  V., 
and  VI.,  4</.  each  ;  Part  VII.,  f)d.  Answers  to  Parts  I.  and  II.,  4^. ;  Parts 
III. -VII.,  4d.  each. 

—  Arithmetic  for  the  Standards.   Standards  I.,  II.,  III.,  sewed,  2d.  each, 

cloth,  3d.  each;  IV.,  V.,  VI.,  sewed,  3<£  each,  cloth,  ^d.  each;  VII., 
cloth,  6d.  Answers  to  I.  and  II.,  4^.,  III. -VII.,  a,d.  each. 

—  Long  Tots  and  Cross  Tots,  Simple  and  Compound.     Paper  cover,  2d.t 

cloth,  3<f.     Answers,  4<f. 

PENDLEBURY  (C.)  and  TAIT  (T.  S.).  Arithmetic  for  Indian 
Schools.  By  c.  PENDLEBURY,  M.A.,  and  T.  s.  TAIT,  M.A.,  B.SC., 
Principal  of  Baroda  College,  yd eait.  Cr.  8vo,  3^.  [Camb.  Math.  Ser. 

POPE  (L.  J.).  Lessons  in  Elementary  Algebra.  By  L.  j.  POPE,  B.A. 
(Lond. ),  Assistant  Master  at  the  Oratory  School,  Birmingham.  First  Series, 
up  to  and  including  Simple  Equations  and  Problems.  Crown  8vo,  I*.  6</. 

PROWDE  SMITH  (R.).    See  Macmichael. 

SHAW  (S.  J.  D.).  Arithmetic  Papers.  Set  in  the  Cambridge  Higher 
Local  Examination,  from  June,  1869,  to  June,  1887,  inclusive,  reprinted 
by  permission  of  the  Syndicate.  By  s.  J.  D.  SHAW,  Mathematical 
Lecturer  of  Newnham  College.  Crown  8vo,  2s.  6d.  ;  Key,  4^.  6d.  net. 

TAIT  (T.  S.).    See  Pendlebury. 

WATSON  (J.)  and  GOUDIE  (W.  P.).  Arithmetic.  A  Progressive 
Course  of  Examples.  With  Answers.  By  j.  WATSON,  M.A.,  Corpus 
Christ!  College,  Cambridge,  formerly  Senior  Mathematical  Master  of  the 
Ordnance  School,  Carshalton.  *]th  edition,  re-vised  and  enlarged.  By  w. 
p.  GOUDIE,  B.A.  Lond.  Fcap.  8vo,  2s.  6d.  \_Camb.  S.  and  C.  Texts. 

WHITWORTH  (W.  A.).  Choice  and  Chance.  An  Elementary 
Treatise  on  Permutations,  Combinations,  and  Probability,  with  640  Exer- 
cises and  Answers.  By  w.  A.  WHITWORTH,  M.A.,  late  Fellow  of  St. 
John's  College,  Cambridge,  tfh  edition,  revised  and  enlarged.  Crown 
8vo,  6s.  [Camb.  Math.  Ser. 

—  DCC.  Exercises,  including  Hints  for  the  Solution  of  all  the  Questions  in 

"Choice  and  Chance."     Crown  8vo,  6s.  [Camb.  Math.  Ser. 

WRIGLEY  (A.)  Arithmetic.  By  A.  WRIGLEY,  M. A.,  St.  John's  College. 
Fcau.  Svoj  3-f,  6d.  \Camb.  S.  and  C.  Texts. 
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BOOK-KEEPING. 

FOSTER  (B.  W.).  Double  Entry  Elucidated.  By  B.  w.  FOSTER. 
\f^th  edition.  Fcap.  4to,  3.?.  f>d. 

MEDHURST  (J.  T.).  Book-keeping  by  Double  Entry,  Theoretical 
and  Practical,  including  a  Society  of  Arts  Examination  Paper  fully 
worked  out.  Byj.  T.  MEDHURST,  A.K.C.,  F.s.s.,  Fellow  of  the  Society  of 
Accountants  and  Auditors  (incorporated),  and  Lecturer  at  the  City  of 
London  College.  Crown  8vo,  is. 

—  Examination  Papers  in  Book-keeping.     Compiled  by  JOHN  T.  MED- 

HURST, A.K.C.,  F.s.s.     ^th  edition.     Crown  8vo,  •$$.     Key,  2s.  6d.  net. 
MURRAY  (P.).     Graduated  Exercises  and  Examination  Papers  in 

Book-keeping.  [fn  the  Press. 

THOMSON  (A.  W.).     A  Text-Book  of  the  Principles  and  Practice 

of  Book-keeping.      By  PROFESSOR  A.  w.   THOMSON,   B.SC.,   Royal 

Agricultural  College,  Cirencester.     2nd  edition,  revised.     Crown  Svo,  55-. 

GEOMETRY  AND   EUCLID. 

BESANT  (W.  H.).  Conic  Sections  treated  Geometrically.  By  W. 
H.  BESANT,  sc.D.,  F.R.S.,  Fellow  of  St.  John's  College,  Cambridge. 
9/7;  edition.  Crown  Svo,  4^.  6d.  Key,  $s.  net.  [Camb.  Math.  Ser. 

—  Elementary  Conies.     Being  the  First  Eight  Chapters  of  the  above.     By 

\v.  H.  BESANT,  SC.D.,  F.R.s.     Crown  Svo,  2s.  (>d.         [Cainb' Math.  Ser. 
BRASSE  (J.).    The  Enunciations  and  Figures  of  Euclid,  prepared  for 
Students  in  Geometry.      By  the  KEV.  J.    BRASSE,  D.D.      New  edition. 
Fcap.  Svo,  is.     Without  the  Figures,  6d. 

DEIGHTON  (H.).  Euclid.  Books  I.-VI.,  and  part  of  Book  XT.,  newly 
translated  from  the  Greek  Text,  with  Supplementary  Propositions, 
Chapters  on  Modern  Geometry,  and  numerous  Exercises.  By  HORACE 
DEIGHTON,  M.A.,  Head  Master  of  Harrison  College,  Barbados.  5//i 
edition.  4^.  6d.,  or  Books  I.-IV.,  3-f.  Books  V.-XI.,  2s.  6d.  Key,  51.  net. 

[Camb.  Math.  Ser. 

Also  issued  in  parts  : — Book  I.,  u.  ;  Books  I.  and  II.,  is.  6J.  ;  Books 
I.-IIL,  zs.  6J.  ;  Books  III.  and  IV.,  is.  6c/. 

DEIGHTON  (H.)  and  EMTAGE  (O.).     An  Introduction  to  Euclid, 

including  Euclid  I.  1-26,  with  explanations  and  numerous  easy  exercises. 
By  HORACE  DEIGHTON,  M.A.,  and  O.  EMTAGE,  B.A.,  Assistant  Master  of 
Harrison  College.  Crown  Svo,  u.  6d.  \Cainb.  Math.  Ser. 

MASON  (C.  P.).  Euclid.  The  First  Two  Books  Explained  to  Beginners. 
By  C.  P.  MASON,  B.A.  2nd  edition.  Fcap.  Svo,  2s.  6d. 

McDOWELL  (J.)  Exercises  on  Euclid  and  in  Modern  Geometry,  con- 
taining Applications  of  the  Principles  and  Processes  of  Modern  Pure 
Geometry.  By  j.  MCDOWELL,  M.A.,  F.R.A.S.  4/7*  edition.  6s. 

[Camb.  Math.  Ser. 

TAYLOR  (C.).     An  Introduction  to  the  Ancient  and  Modern  Geo- 
metry of  Conies,  with  Historical  Notes  and  Prolegomena.     15^-. 
—  The  Elementary  Geometry  of  Conies.    By  c.  TAYLOR,  D.D.,  Master  of 
St.  Joan's  College.   1th  ed.t  revised.    Cr.  Svo,  4/.  6</.  [Camb.  Math.  Ser. 
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WEBB  (R.).  The  Definitions  of  Euclid.  With  Explanations  and 
Exercises,  and  an  Appendix  of  Exercises  on  the  First  Book,  by  R.  WEBB, 
M.A.  Crown  8vo,  is.  6d. 

WILLIS  (H.  G.).  Geometrical  Conic  Sections.  An  Elementary 
Treatise.  By  n.  G.  WILLIS,  M.A.,  Clare  College,  Cambridge,  Assistant 
Master  of  Manchester  Grammar  School.  Crown  8vo,  5.?.  [Camb.  Math.  Ser. 

ANALYTICAL  GEOMETRY,   ETC. 

ALDIS  (W.  S.).  Solid  Geometry,  An  Elementary  Treatise  on.  By  w. 
s.  ALDIS,  M.A.  4//j  edition,  revised.  Crown 8vo,  6s.  [Cainb.  Math.  Ser. 

BAKER  (W.  M.).  Examples  in  Analytical  Conies  for  Beginners. 
By  w.  M.  BAKER,  M.A.,  Formerly  Scholar  of  Queen's  College,  Cam- 
bridge ;  Head  Master  of  the  Military  and  Civil  Department  at  Cheltenham 
College.  Crown  8vo,  2s.  6d.  [Camb.  Math.  Ser. 

BESANT  (W.  H.).  Notes  on  Roulettes  and  Glissettes.  By  w.  H. 
BESANT,  SC.D.,  F.R.S.  2nd  edition,  enlarged.  Crown  8 vo.  5*. 

[Camb.  Math.  Ser. 

CAYLEY  (A.).  Elliptic  Functions,  An  Elementary  Treatise  on.  By 
ARTHUR  CAYLEY,  Sadlerian  Professor  of  Pure  Mathematics  in  the  Univer- 
sity of  Cambridge.  2nd  edition.  Demy  8vo.  15.?. 

TURNBULL  (W.  P.).  Analytical  Plane  Geometry,  An  Introduction  to. 
By  w.  P,  TURNBULL,  M.A.,  sometime  Fellow  of  Trinity  College.  Svo,  I2J-. 

VYVYAN  (T.  G.).  Analytical  Geometry  for  Schools.  By  REV.  T. 
VYVYAN,  M.A.,  Fellow  of  Gonville  and  Caius  College,  and  Mathematical 
Master  of  Charterhouse.  6th  edition.  8vo,  $s.  6d.  [Camb.  S.  and C.  Texts. 

—  Analytical  Geometry  for  Beginners.  Part  I.  The  Straight  Line  and 
Circle.  2nd  edition.  Crown  8vo,  2s.  6d.  [Camb.  Math.  Ser. 

WHITWORTH  (W.  A.).  Trilinear  Co-ordinates,  and  other  methods 
of  Modern  Analytical  Geometry  of  Two  Dimensions.  By  w.  A.  WHIT- 
WORTH,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge.  8vo,  idr. 


TRIGONOMETRY. 

DYER  (J.  M.)  and  WHITCOMBE  (R.  H.).  Elementary  Trigono- 
metry. By  J.  M.  DYER,  M.A.  (Senior  Mathematical  Scholar  at  Oxford), 
and  REV.  R.  H.  WHITCOMUE,  Assistant  Masters  at  Eton  College.  2nd 
edition.  Crown  8vo,  qs.  6d.  [Camb.  Math.  Ser. 

PENDLEBURY  (C.).  Elementary  Trigonometry.  By  CHARLES 
PENDLEBURY,  M.A.,  F.R.A.S.,  Senior  Mathematical  Master  at  St.  Paul's 
School.  2nd  edition.  Crown  Svo,  4^.  6d.  [Camb.  Math.  Ser. 

—  A  Short  Course  of  Elementary  Plane  Trigonometry.  Crown  Svo, 
2s.  6d.  [In  the  Press. 

VYVYAN  (T.  G.).  Introduction  to  Plane  Trigonometry.  By  the 
REV.  T.  G.  VYVYAN,  M.  A.,  Senior  Mathematical  Master  of  Charterhouse. 
yd  edition,  revised  and  augmented.  Cr.  Svo,  3*.  6d.  [Camb.  Math.  Ser. 

WARD  (G.  H.).  Examination  Papers  in  Trigonometry.  By  G.  H. 
WARD,  M.A.,  Assistant  Master  at  St.  Paul's  School,  ^rd  edition.  Crown 
Svo,  2s.  6d.  Key,  5*.  net. 
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MECHANICS  AND  NATURAL  PHILOSOPHY. 
ALDIS  (W.   S.).    Geometrical  Optics,  An  Elementary  Treatise  on.     By 
w.  s.  ALDIS,  M.A.     yh  edition.     Crown  Svo,  4*.  [Camb.  Math.  Ser. 

—  An  Introductory  Treatise  on  Rigid  Dynamics.     Crown  8vo,  4*. 

[Camb.  Math.  Ser. 
—  Fresnel's  Theory  of  Double  Refraction,  A  Chapter  on.     2nd  edition, 

revised.     8vo,  2s. 
BAKER  (W.  M.).     Elementary  Dynamics.     By  w.  M.  BAKER,  M.A., 

Head  Master  of  the  Military  and  Civil  Department  at  Cheltenham  College. 

Crown  8vo,  3.5-.  6</.  %*  A  Key  is  in  Preparation. 

BASSET   (A.  B.).      A  Treatise   on   Hydrodynamics,  with  numerous 

Examples.     By  A.  B.  BASSET,  M.A.,  F.R.S.,  Trinity  College,   Cambridge. 

Demy  Svo.     Vol.  L,  price  ioj.  6</.  ;    Vol.  II.,  I2s.  6d. 

—  An  Elementary  Treatise  on  Hydrodynamics  and  Sound.      Demy 

Svo,  TS.  6d. 

—  A  Treatise  on  Physical  Optics.     Demy  Svo,  i6s. 
BESANT(W.  H.).   Elementary  Hydrostatics.  By  w.  H.  BESANT,  SC.D., 

F.R.S.    i"jth edition.   Cr.  Svo, 4?.  6d.   Solutions,  $s.  net.  [Camb.  Math.  Ser. 

—  Hydromechanics,   A  Treatise  on.     Part  I.   Hydrostatics.     $th  edition. 

revised  and  enlarged.     Crown  8vo,  $s.  [Camb.  Math.  Ser. 

—  A  Treatise  on  Dynamics.    2nd  ed.    Cr.  Svo,  los.  6d.  [Camb.  Math.  Ser. 
EVANS  (J.   H.)  and  MAIN  (P.  T.).     Newton's  Principia,  The  First 

Three  Sections  of,  with  an  Appendix ;  and  the  Ninth  and  Eleventh 
Sections.  By  J.  H.  EVANS,  M.A.,  St.  John's  College.  The  $th  edition, 
edited  by  p.  T.  MAIN,  M.A.,  Lecturer  and  Fellow  of  St.  John's  College. 
Fcap.  Svo,  4s.  [Camb.  S.  and  C.  Texts. 

GALLATLY  (W.).  Elementary  Physics,  Examples  and  Examination 
Papers  in  (Staiics,  Dynamics,  Hydrostatics,  Heat,  Light,  Chemistry, 
and  Electricity).  By  w.  GALLATLY,  M.A.,  Assistant  Examiner,  London 
University.  Crown  Svo,  4^.  \CambrMath.  Ser. 

GARNETT  (W.).  Elementary  Dynamics  for  the  use  of  Colleges  and 
Schools.  By  WILLIAM  GARNETT,  M.A.,  D.C.L.,  Fellow  of  St.  John's 
College,  late  Principal  of  the  Durham  College  of  Science,  Newcastle-upon- 
Tyne.  $th  edition,  revised.  Crown  Svo,  6s.  [  Camb.  Math.  Ser. 

—  Heat,  An  Elementary  Treatise   on.     6th  edition,   revised.      Crown  Svo, 

4*.  6d.  [Camb.  Math.  Ser. 

GOODWIN  (H.).  Statics.  By  H.  GOODWIN,  D.D.,  late  Bishop  of 

Carlisle.  2nd  edition.  Fcap.  Svo,  3^.  [Camb.  S.  and  C.  Texts. 

HOROBIN  (J.  C.).  Elementary  Mechanics.  Stage  I.  II.  and  III., 

is.   6d.  each.     By  J.  C.  HOROBIN,   M.A.,  Principal  of  Homerton   New 

College,  Cambridge. 

—  Theoretical  Mechanics.     Division  I.     Crown  Svo,  2s.  6d. 

*»*  This  book  covers  the  ground  of  the  Elementary  Stage  of  Division  I. 
of  Subject  VI.  of  the  "  Science  Directory,"  and  is  intended  for  the 
examination  of  the  Science  and  Art  Department. 

JESSOP  (C.  M.).  The  Elements  of  Applied  Mathematics.  In- 
cluding Kinetics,  Statics  and  Hydrostatics.  By  c.  M.  JESSOP,  M.A.,  late 
Fellow  of  Clare  College,  Carr  bridge,  Lecturer  in  Mathematics  in  the 
Durham  College  of  Science,  Nevvcastle-on-Tyne.  2nd  edition.  Crown 
Svo,  4f.  6d.  [Camb.  Math.  Ser. 
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PARKINSON  (R.  M.).  Structural  Mechanics.  By  R.  M.  PARKINSON, 
ASSOC.  M.I.C.E.  Crown  Svo,  4*.  6d. 

PENDLEBURY  (C.).  Lenses  and  Systems  of  Lenses,  Treated  after 
the  Manner  of  Gauss.  By  CHARLES  PENDLEBURY,  M.A.  Demy  Svo,  $s. 

STEELE  (R.  E.).  Natural  Science  Examination  Papers.  By 
R.  E.  STEELE,  M.A.,  F.C.S.,  Chief  Natural  Science  Master,  Bradford 
Grammar  School.  Crown  Svo.  Part  I.,  Inorganic  Chemistry,  zs.  6d. 
Part  II.,  Physics  (Sound,  Light,  Heat,  Magnetism,  Electricity),  2s.  6d. 

[School  Exam.  Series. 

WALTON  (W.).  Theoretical  Mechanics,  Problems  in.  By  w.  WAL- 
TON, M.A.,  Fellow  and  Assistant  Tutor  of  Trinity  Hall,  Mathematical 
Lecturer  at  Magdalene  College,  yd  edition,  revised.  Demy  Svo,  i6s. 

—  Elementary  Mechanics,  Problems  in.     2nd  edition.     Crown  Svo,  6s. 

[Camb.  Math.  Ser. 

DYER  (J.  M.)  and  PROWDE  SMITH  (R.).  Mathematical  Ex- 
amples. For  Army  and  Indian  Civil  Service  Candidates.  By  j.  M. 
DYER,  M.A.,  Assistant  Master,  Eton  College,  andR.  PROWDE  SMITH,  M.A. 
Crown  Svo,  6s.  \_Cainb.  Math.  Ser. 

SMALLEY  (G.  R.).  A  Compendium  of  Facts  and  Formulae  in 
Pure  Mathematics  and  Natural  Philosophy.  By  G.  R.  SMALI.EY, 
F.  R.A.S.  New  edition,  revised  and  enlarged.  By  J.  MCDOWELL,  M.A., 
F.  U.A.S.  Fcap.  Svo,  2s. 

WRIGLEY  (A.).  Collection  of  Examples  and  Problems  in  Arith- 
metic, Algebra,  Geometry,  Logarithms,  Trigonometry,  Conic  Sections, 
Mechanics,  &c.,  with  Answers  and  Occasional  Hints.  By  the  REV.  A. 
WRIGLEY.  loth  edition,  2Qth  thousand.  Demy  Svo,  3.?.  6J. 

A  Key.    By  j.  c.  PLATTS,  M.A.,  and  the  REV.  A.  WRIGLEY.    2nd  edition. 
Demy  Svo,  5*.  net. 


MODERN   LANGUAGES. 

ENGLISH. 

ADAMS  (E.).     The  Elements  of  the  English  Language.     By  ERNEST 

ADAMS,   PH.D.     26th  edition.     Revised  by  j.   F.  DAVIS,  D.LIT.,   M.A. 

(I.OND.).     Post  Svo,  4^.  6d. 
—  The  Rudiments  of  English  Grammar  and  Analysis.     By  ERNEST 

ADAMS,  PH.D.     ityh  thousand.     Fcap.  Svo,  is. 
ALFORD  (DEAN).     The  Queen's  English  :  A  Manual  of  Idiom  and 

Usage.     6fA  edition.     Small  post  Svo.     Sewed,  is. ;  cloth,  is.  6d. 
ASCHAM'S  Scholemaster.     Edited  by  PROFESSOR;.  E.  B.  MAYOR.     Small 

post  Svo,  sewed,  u. 
BELL'S   ENGLISH   CLASSICS.      A  New  Series,  Edited  for  use  in 

Schools,  with  Introduction  and  Notes.     Crown  Svo. 
BROWNING,  Selections  from.     Edited  by  K.  RYLAND,  M.A.     as.  6d. 
—  Strafford.     Edited  by  E.  H.  HICKEY.     With  Introduction  by  s.  R.  GARDINER, 

I.L.D.      2S.  6d. 

BURKE'S  Letters  on  a  Regicide  Peace.    I.  and  II.    Edited  by  H.  c.  KEENS, 
M.A.,  C-I.E.    3;. ;  sewed,  is. 
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BYRON'S  Childe  Harold.  Edited  by  H.  o.  KEENE,  M.A.,  G.I  E.,  Author  of  "A 
Manual  of  French  Literature,"  etc.  3$.  dd.  Also  Cantos  I.  and  II.  sewed,  is.  gd, 
Cantos  III.  and  IV.  sewed,  is.  <)d. 

—  Siege  of  Corinth.     Edited  by  r.  HORDERN,  late  Director  of  Public  Instruction  in 

Burma.     M.  dd.  ;  sewed,  is. 

CARLYLE'S  "  Hero  as  Man  of  Letters."  Edited,  with  Introduction,  by 
MARK  HUNTER,  M.A.,  Principal  of  Coimbatore  College.  2j.  ;  sewed,  is.  dd. 

—  "  Hero  as  Divinity."     By  the  same  editor,     is.  ;  sewed,  is.  M. 
CHAUCER'S     MINOR    POEMS,     Selections    from.        Edited    by    ;.    u. 

BILDERBECK,  B.A.,  Professor  of  English  Literature,  Presidency  College,  Madras. 

znd  edition.     ?s.  dd.  ;  sewed,  is.  t)d. 
DE   QUINCEY'S  Revolt  of  the  Tartars  and  The  English  Mail-Coach. 

Edited   by  CECIL   M.   BARKOW,  M.  A.,  Principal  of  Victoria  College,  Palghat,  and 

MARK  HUNTEK,  B.A.,  Principal  of  Coimbatore  College.     3$.  ;  sewed,  2s. 
*»*  Revolt  of  the  Tartars,  separately,  sewed,  is.  dd. 

—  Opium  Eater      Edited  by  MARK  HUNTER,  B.  A.     4^.  (id.  ;  sewed,  js.  dd. 
GOLDSMITH'S  Good-Natured  Man  and  She  Stoops  to  Conquer.    Edited 

by  K.  DEIGHTON.   Each,  2S.  cloth  ;  is.  dd.  sewed.    The  two  plays  together,  sewed, 

2.T.  (td. 

—  Traveller  and  Deserted  Village.     Edited  by  the  REV.  A.  E.  WOODWAJJD,  M.A. 

Cloth,  2$.,  or  separately,  sewed,  tod.  each. 

IRVING'S  Sketch  Book.     Edited  by  r..  G.  OXENHAM,  M.A.     Sewed,  is.  dd. 
JOHNSON'S  Life  of  Addison.    Edited  by  F.  KYLANO,  Author  of  "The  Students' 

Handbook  of  Psychology,"  etc.     zs.  dd. 

—  Life  of  Swift.     Edited  by  F.  RVLANU,  M.A.     is. 

—  Life  of  Pope.     Edited  by  p.  RYI.AND,  M.A.     25.  6d. 
*»*  The  Lives  of  Swift  and  Pope,  together,  sewed,  2s.  dd. 

—  Life  of  Milton.     Edited  by  K.  RYLAND,  M.A.     2s.  dd. 

—  Life  of  Dryden.     Edited  by  F.  RYLAND,  M.A.     25-.  dd. 
*«*  The  Lives  of  Milton  and  Dryden,  together,  sewed,  2S.  dd. 

—  Lives  of  Prior  and  Congreve.     Edited  by  F.  RYLAXD,  M.A.   2t. 
LAMB'S  Essays.     Selected  and  Edited  by  K.  UI-K;HTON.     31.  ;  sewed,  2». 
LONGFELLOW,  Selections  from,  including  Evangeline.     Edited  by  M.  T. 

QUINN,    M.A.,    Principal   and    Professor   of   English  Language  and  Literature, 
Pachaiyappa's  College,  Madras.     2s.  dd.  ;  sewed,  is.  g</. 
%*  Evangeline,  separately,  sewed,  ir.  jr/. 

MACAULAY'S  Lays  of  Ancient  Rome.  Edited  by  p.  HORDHRN.  2*.  6d.  ; 
sewed,  is.  od. 

—  Essay  on  Clive.    Edited  by  CECIL  BARROW,  M.A.     is.  ;  sewed,  is.  dd. 
MASSINGER'S  A  New  Way  to  Pay  Old  Debts.     Edited  by  K.  DEIGHTON. 

3*.  ;  sewed,  is. 

MILTON'S  Paradise  Lost.  Books  III.  and  IV.  Edited  by  R.G.  OXENHAM,  M.A., 
Principal  of  Elphinstone  College,  Bombay,  as.  ;  sewed,  is.  dd.,  or  separately, 
sewed,  lod.  each. 

—  Paradise  Regained.     Edited  by  K.  DEIGHTON.     zs.  dd.  ;  sewed,  is.  qd. 

'E'S  Essay  on  Man.     Edited  by  F.  RYLAND,  M.A.     is.  dd.  ;  sewed,  is. 
POPE,    Selections    from.     Containing  Essay  on  Criticism,  Rape  of   the  Lock, 

Temple  of  Fame,  Windsor  Forest.    Edited  by  K.  DEIGHTON.    is.dd.  ;  sewed,  is.gii. 
SCOTT'S  Lady  of  the  Lake.     Edited  by  the  REV.  A.  E.  WOODWARD,  M.A.     Cloth, 

3S.  dd.    The  Six  Cantos  separately,  sewed.  %d.  each. 
SHAKESPEARE'S  Julius  Caesar.  Edited  by  T.  DUFFBARNETT,  B.A.  (Lond.V  zs. 

—  Merchant  of  Venice.     Edited  by  T.  DTPF  BARNETT,  B.A.  (Lond.).     zs. 

—  Tempest.     Edited  by  T.  DUFF  BARNETT,  B.A.  (Load.),     zt. 
WORDSWORTH'S  Excursion.     Book  I.    Edited,  with  Introduction  and  Notes 

by  M.  T.  QUINN,  M.A.    Sewed,  is.  3^. 

Others  to  follow. 

BELL'S   READING   BOOKS.     Post  8vo,  cloth,  illustrated. 
Infants.  I  Standard  I. 


Infant's  Primer. 
Tot  and  the  Cat.     6</. 
<ffisop's  Fables.     6d. 
The  Old  Boathouse.     6</. 
The  Cat  and  the  Hen.    dd. 


School  Primer,     dd. 
The  Two  Parrots,    dd. 
The  Three  Monkeys.    6</. 
The  New-born  Lamb.     6</» 
The  Blind  Boy.     dd. 
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BELL'S   READING    BOOKS- 

Standard  II. 
The  Lost  Pigs.     6d. 
Story  of  a  Cat.     6J. 
Queen  Bee  and  Busy  Bee.     6d. 
Gulls'  Crag.     6d. 

Standard  III. 
Great  Deeds  in  English  History. 

is. 

Adventures  of  a  Donkey,     is, 
Grimm's  Tales,     is. 
Great  Englishmen,     u. 
Andersen's  Tales,     is. 
Life  of  Columbus,     it. 

Standard  IV. 
Uncle  Tom's  Cabin,     it. 
Swiss  Family  Robinson,     is* 


oniintied. 

Gatty's  Parables  from  Nature,  is. 
Scott's  Talisman,     is. 

Standard  V. 

Dickens'  Oliver  Twist     is, 
Dickens'  Little  Nell.     u. 
Masterman  Ready,     is. 
Marryat's  Poor  Jack,     is, 
Arabian  Nights,     u. 
Gulliver's  Travels,     is. 
Lyrical  Poetry  for  Boys  &  Girls,  is. 
Vicar  of  Wakefield.     is. 

Standards  VI.  and  VII. 
Lamb's  Tales  from  Shakespeare. 

is. 
Robinson  Crusoe,     is. 


Tales  of  the  Coast,     is. 

Great  Englishwomen,     is.  Settlers  in  Canada,     is. 

Great  Scotsmen,     is.  Southey's  Life  of  Nelson,     is. 

Edgewoith's  Tales,     is.  Sir  Roger  de  Coverley.     is. 

BELL'S    GEOGRAPHICAL    READERS.    By  M.   j.   BARRINGTON- 

WARD,  M.A.  (Worcester  College,  Oxford). 


The  Child's  Geography.  Illus- 
trated. Stiff  paper  cover,  6d. 

The  Map  and  the  Compass. 
(Standard  I.)  Illustrated.  Cloth, 


The  Round  World.    (Standard  1 1.) 

Illustrated.     Cloth,    10^. 
About    England.     (Standard  III.) 
\Vith   Illustrations    and    Coloured 
Map.     Cloth,  is.  4</. 
BELL'S    ANIMAL   LIFE    READERS.     A  Series  of  Reading  Books 
for  the  Standards,  designed  to  inculcate  the  humane  treatment  of  animals. 
Edited  by  EDITH   CARRINGTON   and    ERNEST   BELL.       Illustrated  by 
HARRISON  WEIR  and  others.     %*  Full  Prospectus  on  application. 
BELL'S  HISTORY   READERS: 

Early  English  History.  Adapted  for  Standard  III.  Containing 
12  Stories  from  Early  English  History  to  the  Norman  Conquest.  With 
30  Illustrations,  is. 

Stories  from  English  History,  1066-1485.  Adapted  for  Standard  IV. 
Containing  20  Stories  and  Biographies  from  the  Norman  Conquest  to  the 
end  of  Wars  of  the  Roses.  With  31  Illustrations,  is.  $d. 

The  Tudor  Period.    Adapted  for  Standard  V.  and  following  volumes. 

[  /;/  Preparation. 

BROWN  ING  (R.).  Handbook  to  Robert  Browning's  Works  by  MRS.  SUTHER- 
LAND ORR.     "jlli  edition.     Revised,  with  a  bibliography.    Fcap.  8vo.     6s. 
EDWARDS  (F.).     Examples  for  Analysis  in  Verse  and  Prose.  Selected 

and  arranged  by  F.  EDWARDS.     New  edition.     Fcap.  8vo,  cloth,  u. 
GOLDSMITH.     The  Deserted  Village.     Edited,  with  Notes  and  Life, 

by  C.  P.  MASON,  B.A.,  F.c.P.     4//J  edition.     Crown  8vo,  is. 
HANDBOOKS  OF  ENGLISH  LITERATURE.     Edited  by  J.   w. 
HALES,  M.A.,  formerly  Clark  Lecturer  in  English  Literature  at  Trinity 
College,  Cambridge,  Professor  of  English  Literature  at  King's  College, 
London.     Crown  8vo,  y.  6d.  each. 
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HANDBOOKS  OF  ENGLISH  LITERATURE—  continued. 

The  Age  of  Milton.   (1632—1660).  By  the  REV.  j.  H.  B.  MASTERMAN, 

M.A.,  with  Introduction,  etc.,  by  J.  BASS  MULLINGER,  M.A. 
The  Age  of  Dryden.    (1660 — 1700).     By  R.  GARNETT,  LL.D.,  C.B. 

2nd  edition. 

The  Age  of  Pope.    (1700 — 1744).     By  JOHN  DENNIS,     yd  edition. 
The  Age  of  Johnson.    (1744—1798).     By  THOMAS  SECCOMBE. 
The  Age  of  Wordsworth.  (1798 — 1832).   By  PROF.  c.  H.  HERFORD, 

LITT.  D.     yd  edition, 

The  Age  of  Tennyson.    (1830—1870).     By  PROF.  HUGH  WALKER. 
2nd  edition. 

In  preparation. 

The  Age  of  Alfred.     By  H.  FRANK  HEATH,  PH.D. 
The  Age  of  Chaucer.    By  PROFESSOR  HALES. 
The  Age  of  Shakespeare.     By  PROFESSOR  HALES. 

HAZLITT  (  W.).  Lectures  on  the  Literature  of  the  Age  of  Elizabeth. 
Small  post  8vo,  sewed,  u. 

—  Lectures  on  the  English  Poets.     Small  post  8vo,  sewed,  is. 

—  Lectures  on  the  English  Comic  Writers.     Small  post  Svo,  sewed,  is. 
LAMB   (C.)-     Specimens  of  English  Dramatic  Poets  of  the  Time  of 

Elizabeth.     With  Notes.     Small  post  Svo,  3^.  6</. 

MASON  (C.  P.).  Grammars  by  c.  P.  MASON,  B.A.,  F.C.P.,  Fellow  of 
University  College,  London. 

—  First  Notions  of  Grammar  for  Young  Learners.    Fcap.  Svo.     iqth  edition. 

I2$th  thousand.     Cloth,  is. 

—  First  Steps  in  English  Grammar,  for  Junior  Classes.     Demy  i8mo. 

thousand,      is. 

—  Outlines   of  English  Grammar,    for   the   Use  of  Junior   Classes. 

edition,     \\1-\2bththousand.     Crown  Svo,  2s. 

—  English  Grammar;  including  the   principles  of  Grammatical  Analysis. 

39/7*  edition,  revised.     \"joth  thousand.     Crown  Svo,  green  cloth,  y.  6d. 

—  A   Shorter   English  Grammar,  with   copious   and  carefully  graduated 

Exercises,    based  upon  the  author's  English  Grammar.       \2tk   edition. 
yjth-6\st  thousand.     Crown  Svo,  brown  cloth,  3-r.  6J. 

—  Practice  and  Help  in  the  Analysis  of  Sentences.     Price  2s.     Cloth. 

—  English  Grammar  Practice,  consisting  of  the  Exercises  of  the  Shorter 

English  Grammar  published  in  aseparate  form,  yd  edition.   Crown  Svo,  is. 

—  Remarks  on  the  Subjunctive  and  the  so-called  Potential  Mood. 

6t/.,  sewn. 

—  Blank  Sheets  Ruled  and  headed  for  Analysis,     is.  per  dozen. 
MILTON  :  Paradise  Lost.     Books  I.,  II.,  and  III.     Edited,  with  Notes 

on  the  Analysis  and  Parsing,  and  Explanatory  Remarks,  by  c.  P.  MASON, 
B.A.,  F.C.P.     Crown  Svo.     is.  each. 

—  Paradise  Lost.     Books  V.-VIII.     With  Notes  for  the  Use  of  Schools. 

By  c.  M.  LUMBY.     2s.  6d. 

PRICE  (A.  C.).  Elements  of  Comparative  Grammar  and  Philology. 
For  Use  in  Schools.  By  A.  c.  PRICE,  M.A.  Crown  Svo,  2s.  6if. 

SHAKESPEARE.  Notes  on  Shakespeare's  Plays.  With  Introduction, 
Summary,  Notes  (Etymological  and  Explanatory),  Prosody,  Grammatical 
Peculiarities,  etc.  By  T.  DUFF  BARNETT,  B.A.  Lond.  Specially  adapted 
for  the  Local  and  Preliminary  Examinations.  Crown  Svo,  is.  each. 


SHAKESPEARE—  continued, 

Midsummer  Night's  Dream. — Julius  Caosar. — The  Tempest. — 
Macbeth. — Henry  V. — Hamlet. — Merchant  of  Venice.  —  King 
Richard  II. —  King  John. —  King  Richard  III. — King  Lear. — 
Coriolanus. — Twelfth  Night. — As  You  Like  it. — Much  Ado  About 
Nothing. 

—  Hints  for  Shakespeare-Study.  Exemplified  in  an  Analytical  Studyof  Julius 

Csesar.   By  MARYGRAFTONMOBERLY.    2nd  edition.   Crown  8vo,  sewed,  u. 

—  Coleridge's  Lectures  and  Notes  on  Shakespeare  and  other  English 

Poets.     Edited  by  T.  ASHE,  B.A.     Small  post  8vo,  35.  (>d. 

—  Shakespeare's  Dramatic  Art.     The  History  and  Character  of  Shake- 

speare's Plays.  By  DR.  HERMANN  ULRICI.  Translated  by  L.  DORA 
SCHMITZ.  2  vols.  small  post  8vo,  jf.  6d.  each. 

—  William  Shakespeare.     A  Literary  Biography.     By  KARL  EI.ZE,  PH.D., 

LL.D.     Translated  by  L.  DORA  SCHMITZ.     Small  post  8vo,  5*. 

—  Hazlitt's  Lectures  on  the  Characters  of  Shakespeare's  Plays.    Small 

post  8vo,  is. 

SKEAT  (W.  W.).  Questions  for  Examinations  in  English  Litera- 
ture. With  a  Preface  containing  brief  hints  on  the  study  of  English. 
Arranged  by  REV.  w.  w.  SKEAT,  I.ITT.D.  yd  edit.  Cr.  Svo,  2s.  6</. 

SMITH  (C.  J.)  Synonyms  and  Antonyms  of  the  English  Language. 
Collected  and  Contrasted  by  the  YEN.  c.  J.  SMITH,  M.A.  2nd  edition, 
revised.  Small  post  Svo,  $s. 

—  Synonyms  Discriminated.     A  Dictionary  of  Synonymous  Words  in  the 

English  Language.  Illustrated  with  Quotations  from  Standard  Writers. 
By  the  late  YEN.  c.  j.  SMITH,  M.A.  Edited  by  REV.  H.  PERCY  SMITH, 
M.A.  4//i  edition.  Demy  Svo,  14^. 

SMITHSON  (D.  J.).  Elocution  and  the  Dramatic  Art.  Altv  edition, 
revised  by  CHARLES  REEVE  TAYLOR,  M.A.,  LL.B.,  Lecturer  in  Public 
Reading  and  Speaking  in  King's  College,  London.  Crown  Svo,  pp. 
xvi-586,  3-r.  6d. 

TEN  BRINK'S  Early  English  Literature.  Vol.  I.  (to  \Viclif).  Trans- 
lated into  English  by  HORACE  M.  KENNEDY.  Small  post  Svo,  $s.  6d. 

—  Vol.  II.  (Wiclif,  Chaucer,  Earliest  Drama,  Renaissance).     Translated  b} 

W.  CLARKE  ROBINSON,  PH.D.       Small  post  Svo,  ^S.  6(i. 

—  Vol.  III.  (to  the  Death  of  Surrey).     Edited  by  PROFESSOR  ALOIS  BKANDL. 

Translated  by  L.  DORA  SCHMITZ.     Small  post  Svo,  35.  6d. 

—  Lectures  on   Shakespeare.    Translated  by  JULIA  FRANKLIN.     Small 

post  Svo,  3^.  6d. 
TENNYSON   (LORD).     A   Handbook  to   the   Works  of  Alfred   Lord 

Tennyson.     By  MORTON  LUCE.     2nd  edition.     Fcap.  Svo.     6s. 
THOMSON  :  Spring.    Edited  by  c.  P.  MASON,  B.A.,  F.C.P.     With  Life. 

2nd  edition.     Crown  Svo,  is. 

—  Winter.     Edited  by  c.  P.  MASON, B. A.,  F.C.P.    With  Life.    Crown  Svo,  15. 
WEBSTER'S   BRIEF   INTERNATIONAL   DICTIONARY.     A 

Pronouncing  Dictionary  of  the  English  Language,  abridged  from  Webster's 
International  Dictionary.  With  a  Treatise  on  Pronunciation,  List  of 
Prefixes  and  Suffixes,  Rules  for  Spelling,  a  Pronouncing  Vocabulary  of 
Proper  Names  in  History,  Geography,  and  Mythology,  and  Tables  of 
English  and  Indian  Money,  Weights,  and  Measures.  With  564  pages 
and  800  Illustrations.  Demy  Svo,  3*. 
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WEBSTER'S   INTERNATIONAL   DICTIONARY  of  the  English 

Language.  Including  Scientific,  Technical,  and  Biblical  Words  and 
Terms,  with  their  Significations,  Pronunciations,  Alternative  Spellings, 
Derivations,  Synonyms,  and  numerous  illustrative  Quotations,  with  various 
valuable  literary  Appendices,  with  83  extra  pages  of  Illustrations  grouped 
and  classified,  rendering  the  work  a  COMPLETE  LITERARY  AND  SCIENTIFIC 
REFERENCE-BOOK.  New  edition  (1890).  Thoroughly  revised  and  en- 
larged under  the  supervision  of  NOAH  PORTER,  D.  D.,  LL.  D.  i  vol.  (2,118 
pages,  3,500  woodcuts),  410,  cloth,  31.5-.  6d.  ;  half  calf,  £2  2s.  ;  half  russi?c 
£2  5-f.  ;  calf,  £,2  Ss.  ;  or  in  2  vols.,  cloth,  £i  14^. 

Prospectuses -,  with  specimen  pages,  sent  post  free  on  application. 


FRENCH   CLASS   BOOKS. 

BOWER  (A.  M.).  The  Public  Examination  French  Reader.  With 
a  Vocabulary  to  every  extract.  By  A.  M.  BOWER,  F.R.G.S.,  late  Master 
in  University  College  School,  etc.  $s.  6d. 

BARRERE  (A).  Precis  of  Comparative  French  Grammar  and  Idioms 
and  Guide  to  Examinations.  By  A.  BARRERE,  Professor  R.M.A., 
Woolwich.  6,th  edition.  3.1.  6d. 

—  Recits  Militaires.     From   Valmy  (1792)   to  the   Siege  of  Paris  (1870). 

With  English  Notes  and  Biographical  Notices.    2nd  edition.   Crown  8vo,  3^. 

CLAPIN  (A.  C.).  French  Grammar  for  Public  Schools.  By  the 
REV.  A.  c.  CLAPIN,  M.A.,  B.-es-L.  Fcap.  8vo.  \i,th  edition.  2s.  6d. 

—  French  Primer.     Elementary  French  Grammar  and  Exercises  for  Junior 

Forms  in  Public  and  Preparatory  Schools.    Fcap.  8vo.     \2th  edition,     is. 

—  Primer   of  French   Philology.     With   Exercises   for    Public    Schools. 

lofh  edition.     Fcap.  8vo,  is. 

—  English  Passages  for  Translation  into  French.     Crown  8vo,  2s.  6d 

Key  (for  Tutors  only),  4^.  net. 

DAVIS  (J.  F.)  and  THOMAS  (F.).  An  Elementary  French 
Reader.  Compiled,  with  a  Vocabulary,  by  j.  F.  DAVIS,  M.A.,  D.LIT., 
and  FERDINAND  THOMAS,  Assistant  Examiners  in  the  University  of 
London.  Crown  8vo,  2s. 

ESCLANGON  (A.).  The  French  Verb  Newly  Treated:  an  Easys 
Uniform,  and  Synthetic  Method  of  its  Conjugation.  By  A.  EscLANGOfct 
Examiner  in  the  University  of  London.  Small  410,  5.?. 

GASC  (F.  E.  A.).  First  French  Book;  being  a  New,  Practical,  and 
Easy  Method  of  Learning  the  Elements  of  the  French  Language.  Reset 
and  thoroughly  revised.  l2&th-iT,2nd  thousand.  Crown  8vo,  is. 

—  Second  French  Book.     57/7*  thousand.     Fcap.  8vo,  is.  6d. 

—  Key  to  First  and  Second  French  Books.  *]th  edition.  Fcap.  8vo,  y.  6d.  net. 
—  French  Fables,  for  Beginners,  in  Prose,  with  an  Index  of  all  the  Words 

at  the  end  of  the  work.     \"]th  thousand.     I2mo,  is.  6d. 

—  Select  Fabjes  of  La  Fontaine.     igtJi  thousand.     Fcap.  8vo,  is.  6d. 
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GASC  (F.  E.  A.)—  continued. 

—  Histoires  Amusantes   et   Instructives  ;    or,   Selections  of  Complete 

Stories  from  the  best  French  modern  authors,  who  have  written  for  the 
young.  With  English  notes.  i"jth  thousand.  Fcap.  8vo,  2s. 

—  Practical   Guide   to    Modern    French    Conversation,    containing:  — 

I.  The  most  current  and  useful  Phrases  in  Everyday  Talk.  II.  Every- 
body's necessaiy  Questions  and  Answers  in  Travel-Talk,  igth  edition. 
Fcap.  8vo,  is.  6d. 

—  French  Poetry  for  the  Young.     With  Notes,  and  preceded  by  a  few 

plain  Rules  of  French  Prosody.     $th  edition,  revised.     Fcap.  8vo,  u.  6d. 

—  French  Prose  Composition,  Materials  for.    With  copious  footnotes,  and 

hints  for  idiomatic  renderings.     2yd  thousand.     Fcap.  8vo,  y. 
Key.     2nd  edition.     6s.  net. 

—  Prosateurs  Contemporains  ;  or,  Selections  in  Prose  chiefly  from  con- 

temporary French  literature.     With  notes.      12th  edition.      121110,3^.60'. 

—  Le  Petit  Compagnon  ;  a  French  Talk-Book  for  Little  Children,     i^th 

edition.     161110,  is.  6d. 

—  French  and  English  Dictionary,  with  upwards  of  Fifteen  Thousand 

new  words,  senses,  &c.,  hitherto  unpublished.  8tA  e.lition,  reset  and  con- 
siderably enlarged.  In  one  vol.  Large  8vo,  cloth,  12s.  6d.  In  use  at 
Harrow,  Rugby,  Shrewsbury,  &c. 

—  Student's   Dictionary   of  the    French   and   English   Languages. 

1,124  pages,  double  columns.     8vo.     5.5-. 

—  Pocket  Dictionary  of  the  French  and  English  Languages  ;  for  the  every- 

day purposes  of  Travellers  and  Students.  New  edition.  tfth  thousand. 
l6mo,  cloth,  2s.  6d. 

COSSET  (A.).  Manual  of  French  Prosody  for  the  use  of  English 
Students.  By  ARTHUR  COSSET,  M.A.,  Fellow  of  New  College,  Oxford. 
Crown  8vo,  3^. 

GRANVILLE  (W.  E.  M.).  ABC  Handbook  of  French  Corre- 
spondence. Compiled  by  w.  E.  M.  GRANVILLE.  Crown  8vo,  2s,  6</. 

LE  NOUVEAU  TRESOR;  designed  to  facilitate  the  Translation  of 
English  into  French  at  Sight.  By  M.  E.  s.  i8t/i  edition.  Fcap.  8vo,  is.  6d. 

STEDMAN  (A.  M.  M.).  French  Examination  Papers  in  Miscel- 
laneous Grammar  and  Idioms.  Compiled  by  A.  M.  M.  STEDMAN,  M.A. 
6th  edition.  Crown  8vo,  2s.  6d.  A  Key  (for  Tutors  only),  6s.  net. 

—  Easy  French  Passages  for  Unseen  Translation.     2nd  edition.     Fcap. 

8vo,  is.  6d. 

—  Easy  French  Exercises  on  Elementary  Syntax.     Crown  8vo,  2s.  6d. 

—  First  French  Lessons.     Crown  8vo,  is. 

—  French  Vocabularies  for  Repetition.     Fcap.  8vo,  is. 

—  Steps  to  French.     iSmo,  8</. 

WILLAN  (J.  N.).     Scheme  of  French  Verbs,  with  Verb  Papers.     M. 

FRENCH  ANNOTATED   EDITIONS. 
BALZAC.     Ursule  Mirouet.     By  HONORE  DE  BALZAC.     Edited,    with 

Introduction  and  Notes,  by  JAMES  BOIELLE,  B.-es-L.     3/. 
CLARETIE.     Pierrille.     By  JULES  CLARETIE.     With  27   Illustrations. 

Edited,  with  Introduction  and  Notes,  by  JAMES  BOlELLEj  B.-es-L.     2s.  6d, 
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DAUDET.  La  Belle  Nivernaise.  Histoire  d'un  vieux  bateau  et  de  son 
equipage.  By  ALPHONSE  DAUDET.  Edited,  with  Introduction  and 
Notes,  by  JAMES  BOIELLE,  B.-es-L.  With  Six  Illustrations.  2s. 

FENELON.     Aventures  de   Telemaque.     Edited  by  c.   J.  DELILLE. 

$th  edition.     Fcap.  8vo,  2s.  6d. 
GOMBERT'S  FRENCH  DRAMA.     Re-edited,  with  Notes,  by  F.  E.  A. 

GASC.     Sewed,  6d.  each. 

MOLIERE. 


Le  Misanthrope. 

L'Avare. 

Le  Bourgeois  Gentilhomme. 

Le  Tartuffe. 

Le  Malade  Imaginaire. 

Les  Femmes  Savantes. 

RACINE. 
La  Theba'ide,  ou  Les  Freres  Britannicus. 

Ennemis.  Phedre. 

Andromaque.  Esther. 

Les  Plaideurs.  Athalie. 

Iphigenie. 

CORNEILLE. 


Les  Fourberies  de  Scapin. 
Les  Precieuses  Ridicules. 
L'Ecole  des  Femmes. 
L'Ecole  des  Maris. 
Le  Medecin  Malgre  Lui. 


Le  Cid. 
Horace. 


Cinna. 
Polyeucte. 


VOLTAIRE.— Zaire. 
GREVILLE.     Le  Moulin  Frappier,     By  HENRY  GREVILLE.     Edited, 

with  Introduction  and  Notes,  by  JAMES  BOIELLE,  B.-es-L.     31. 
HUGO.     Bug  Jargal.     Edited,  with  Introduction  and  Notes,  by  JAMES 

BOIELLE,  B.-es-L.       3.?. 

LA    FONTAINE.     Select   Fables.     Edited   by   F.    E.   A.    GASC.     igth 

thousand.     Fcap.  8vo,  is.  6d. 
LAMARTINE.     Le  Tailleur  de  Pierres  de  Saint-Point.     Edited  with 

Notes  by  JAMES  BOIELLE,  B.-es-L.     6th  thousand.     Fcap.  8vo,  is.  6d. 
SAINTINE.     Picciola.     Edited  by  DR.  DUBUC.     i6tA  thousand.     Fcap. 

8vo,  is.  6d. 
VOLTAIRE.     Charles  XII.     Edited  by  L.  DIREY.     StA  edition.     Fcap. 

Svo,  is.  6d. 

GERMAN  CLASS  BOOKS. 

BUCHHEIM  (DR.  C.  A.).  German  Prose  Composition.  Consist- 
ing of  Selections  from  Modern  English  Writers.  With  grammatical  notes, 
idiomatic  renderings,  and  general  introduction.  Bye.  A.  BUCHIIEIM,  PH.D. 
Professor  of  the  German  Language  and  Literature  in  King's  College,  and 
Examiner  in  German  to  the  London  University.  i$//i  edition,  enlarged  and 
revised.  With  a  list  of  subjects  for  original  composition.  Fcap.  Svo,  45.  6d. 
A  KEY  to  the  1st  and  2nd  parts,  yd  edition.  3^.  net.  To  the  3rd  and 
4ih  parts.  4.5-.  net. 

—  First  Book  of  German  Prose.  Being  Parts  I.  and  II.  of  the  above. 
With  Vocabulary  by  H.  R.  Fcap.  Svo,  is.  (>d. 


CLAPIN  (A.  C.)-  A  German  Grammar  for  Public  Schools.  By  the 
REV.  A.  C.  CLAPIN,  and  F.  HOLL-MULLER,  Assistant  Master  at  the  Bruton 
Grammar  School.  6th  edition.  Fcap.  8vo,  2s.  6d. 

—  A  German  Primer.     With  Exercises.     2nd  edition.     Fcap.  8vo,  is. 
LANGE  (F.).    Elementary  German  Reader.    A  Graduated  Collection  of 

Readings  in  Prose  and  Poetry.     With  English  Notes  and  a  Vocabulary. 

By  F.  LANGE,  PH.D.,  Professor  R.M.A.  Woolwich,  Examiner  in  German 

to  the  College  of  Preceptors,  London  ;  Examiner  in  German  at  the  Victoria 

University,  Manchester.     Crown  Svo.     $th  edition,     is.  6d. 
MORICH   (R.  J.).      German    Examination    Papers   in   Miscellaneous 

Grammar  and  Idioms.     By  R.  J.  MORICH,  Manchester  Grammar  School. 

2nd  edition.     Crown  Svo,  2s.  6d.     A  Key,  for  Tutors  only.     5.?.  net. 
PHILLIPS  (M.   E.).     Handbook  of  German  Literature.     By  MARY 

E.  PHILLIPS,  LL.A.     With  Introduction  by  r>R.  A.  WEISS,  Professor  of 

German  Literature  at  R.  M.  A.  Woolwich.     Crown  Svo,  y.  6d. 
STOCK    (DR.).     Wortfolge,  or  Rules  and  Exercises  on  the  order  of  Words 

in  German  Sentences.     With  a  Vocabulary.     By  the  late  FREDERICK 

STOCK,  D.LIT.,  M.A.      Fcap.  Svo,   U.  6d. 

KLUGE'S  Etymological  Dictionary  of  the  German  Language. 
Translated  by  j.  F.  DAVIS,  D.LIT.  (Lond.).  Crown  410,  7*.  6</. 

GERMAN  ANNOTATED   EDITIONS. 

AUERBACH    (B.).     Auf  Wache.    Novelle  von  BERTHOLD  AUERBACH. 

Der  Gefrorene  Kuss.    Novelle  von  OTTO  ROQUETTE.     Edited  by  A.  A. 

MACDONELL,  M.A.,  PH.D.     2nd  edition.     Crown  Svo,  2s. 
BENEDIX   (J.   R.).     Doktor  Wespe.     Lustspiel  in  fu'nf  Aufziigen  von 

JULIUS   RODERICK   BENEDIX.      Edited   by   PROFESSOR   F.    LANGE,    PH.D. 

Crown  Svo,  2s.  6d. 
EBERS  (G.).    EineFrage.    Idyll  von  GEORG  EBERS.     Edited  by  F.  STORR, 

B.A.     Crown  Svo,  2s. 
FREYTAG   (G.).     Die  Journalisten.     Lustspiel  von  GUSTAV  FREYTAG. 

Edited  by  PROFESSOR  F.  LANGE,  PH.D.  ejhrevisededition.  Crown  Svo,  2s.  6d. 

—  Soil  und  Haben.     Roman  von  GUSTAV  FREYTAG.     Edited  by  w.  HAN  BY 

CRUMP,  M.A.     Crown  Svo,  2s.  6d. 

GERMAN  BALLADS  from  Uhland,  Goethe,  and  Schiller.  With  Intro- 
ductions, Copious  and  Biographical  Notices.  Edited  by  c.  L.  BIELEFELD. 
fjth  edition.  P'cap.  Svo,  I  s.  6d. 

GERMAN  EPIC  TALES  IN  PROSE.  I.  Die  Nibelungen,  von 
A.  F.  c.  VILMAR.  II.  Waltlier  und  Hildegund,  von  ALBERT  RICHTER. 
Edited  by  KARL  NEUHAUS,  PH.D.  Crown  Svo,  2s.  6d. 

GOETHE.  Hermann  und  Dorothea.  With  Introduction,  Notes,  and  Argu- 
ments. By  E.  BELL,  M.A.,  and  E.  WOLFEL.  yd  edition.  Fcap.  Svo,  is.  6d. 

—  Faust.      Part    I.     German    Text    with    Ilayward's    Prose    Translation 

and  Notes.  Revised,  with  Introduction  by  c.  A.  BUCHHEIM,  PH.D., 
Professor  of  German  Language  and  Literature  at  King's  College,  London. 
Small  post  Svo,  $s. 

GUTZKOW  (K.).  Zopf  und  Schwert.  Lustspiel  von  KARL  GUTZKOW. 
Edited  by  PROFESSOR  F.  LANGE,  PH.D.  Crown  Svo,  2s.  6J. 
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KEY'S  FABELN  FUR  KINDER.  Illustrated  by  o.  SPECKTER. 
Edited,  with  an  Introduction^  Grammatical  Summary,  Words,  and  a  com- 
plete Vocabulary,  by  FROFESSOR  F.  LANGE,  PH.D.  Crown  8vo,  is.  6J. 

—  The  same.     With  a  Phonetic  Introduction,  and  Phonetic  Transcription  of 

the  Text.    By  PROFESSOR  F.  LANGE,  PH.D.     Crown  8vo,  2s. 
HEYSE   (P.).     Hans  Lange.     Schauspiel  von  PAUL  HEYSE.     Edited  by 

A.  A.   MACDONELL,   M.A.,   PH.D.       Crown  8vO,  2S. 

HOFFMANN  (E.  T.  A.).  Meister  Martin,  der  Kiifner.  Erzahlung 
von  E.  T.  A.  HOFFMANN.  Edited  by  F.  LANGE,  PH.D.  2nd  edition. 
Crown  8vo,  is.  6d. 

MOSER  (G.  VON).  Der  Bibliothekar.  Lustspiel  von  Q.  VON  MOSER. 
Edited  by  F.  LANGE,  PH.D.  a,th  edition.  Crown  8vo,  2s. 

SCHEFFEL  (V.  VON).  Ekkehard.  Erzahlung  des  zehnten  Jahr- 
hunderts,  von  VICTOR  VON  SCHEFFEL.  Abridged  edition,  with  Intro- 
duction and  Notes  by  HERMAN  HAGER,  PH.D.  Crown  8vo,  3^. 

SCHILLER'S  Wallenstein.  Complete  Text,  comprising  the  Weimar 
Prologue,  Lager,  Piccolomini,  and  Wallenstein's  Tod.  Edited  by  DR. 
BUCHHEIM,  Professor  of  German  in  King's  College,  London.  6th  edition. 
Fcap.  8vo,  5.5-.  Or  the  Lager  and  Piccolomini,  2s.  (>d.  Wallenstein's 
Tod,  2s.  6d. 

—  Maid  of  Orleans.    With  English  Notes  by  DR.  WILHELM  WAGNER,    yd 

edition.     Fcap.  8vo,  is.  6d. 

—  Maria  Stuart.      Edited  by  V.   KASTNER,  B.-es-L.,   Lecturer  on  French 

Language  and  Literature  at  Victoria  University,  Manchester,     yd  edit  ion. 
Fcap.  8vo,  is.  f>d. 

ITALIAN. 

DANTE.  The  Inferno.  A  Literal  Prose  Translation,  with  the  Text  of  the 
Original  collated  with  the  best  editions,  printed  on  the  same  page,  and 
Explanatory  Notes.  By  JOHN  A.  CARLYLE,  M.D.  \Vith  Portrait.  2nd 
edition.  Small  post  8vo,  55. 

—  The  Purgatorio.     A  Literal  Prose  Translation,  with  the  Text  of  Bianchi 

printed  on  the  same  page,  and  Explanatory  Notes.     By  w.  s.  DUGDALE. 
Small  post  8vo,  5*. 

BELL'S   MODERN  TRANSLATIONS. 

A  Series  of  Translations  from  Modern  Languages,  with  Memoirs^ 

Introductions,  etc.     Crown  &vo,  is.  each. 
DANTE.     Inferno.     Translated  by  the  REV.  H.  F.  GARY,  M.A. 

—  Purgatorio.     Translated  by  the  REV.  H.  F.  CARY,  M.A. 

—  Paradise.     Translated  by  the  REV.  H.  F.  CARY,  M.A. 
GOETHE.     Egmont.     Translated  by  ANNA  SWANWICK. 

—  Iphigenia  in  Tauris.     Translated  by  ANNA  SWANWICK. 

±—  Goetz  von  Berlichingen.     Translated  by  SIR  WALTER  scoTT. 

—  Hermann  and  Dorothea.     Translated  by  E.  A.  BOWRING,  C.B. 
HAUFF.     The  Caravan.     Translated  by  s.  MENDEL. 

—  The  Inn  in  the  Spessart.     Translated  by  s.  MENDEL. 
LESSING.     Laokoon.    Translated  by  E.  c.  BEASLEY. 

—  Nathan  the  Wise.     Translated  by  R.  DILLON  BOYLAN. 

—  Minna  von  Barnhelm.    Translated  by  ERNEST  BELL,  M.A. 
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MOLIERE.     The  Misanthrope.     Translated  by  c.  HERON  WALL. 

—  The  Doctor  in  Spite  of  Himself.     (Le  Medecin  malgre  lui.)     Trans- 

lated by  C.  HERON  WALL. 

—  Tartuffe;  or,  The  Impostor.     Translated  by  c.  HERON  WALL. 

—  The  Miser.    (L'Avare. )    Translated  by  c.  HERON  WALL. 

—  The  Shopkeeper  turned  Gentleman.     (Le  Bourgeois  Gentilhomme.) 

Translated  by  c.  HERON  WALL. 
— .  The  Affected  Ladies.     (Les  Precieuses  Ridicules.)    Translated  by  c. 

HERON  WALL. 

—  The  Learned  Women.     (Les  Femmes  Savantes.)    Translated   by  C. 

HERON  WALL. 

—  The  Impostures  of  Scapin.    Translated  by  c.  HERON  WALL. 

RACINE.      Athalie.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

—  Esther.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

—  Iphigenia.     Translated  by  R.  BRUCE  BOSWELL,  M,A. 

—  Andromache.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

—  Britannicus.     Translated  by  R.  BRUCE  BOSWELL,  M.A. 

SCHILLER.     William    Tell.     Translated  by  SIR  THEODORE  MARTIN, 
K.  C.  B. ,  LL.  D.     New  edition,  entirely  revised. 

—  The  Maid  of  Orleans.    Translated  by  ANNA  SWANWICK. 

—  Mary  Stuart.     Translated  by  J.  MELLISH. 

—  Wallenstein's  Camp  and  the  Piccolomini.  Translated  by  j.  CHURCHILL 

and  S.  T.  COLERIDGE. 

—  The  Death  of  Wallenstein.     Translated  by  s.  T.  COLERIDGE. 

#*€  For  other  Translations  of  Modern  Languages,  see  the  Catalogue   of 
Bonn's  Libraries,  which  will  be  forwarded  on  application. 


SCIENCE,   TECHNOLOGY,   AND   ART. 

BELL'S   SCIENCE  SERIES. 

Edited  by  Percy  Groom,  M.A.  (Cantab,  et  Oxon.),  F.L.S.,  Lecturer  on  Bofany, 
and  G.  A/.  Minchin,  M.A.,  F.R.S.,  Professor  of  Applied  Mathematics  in 
the  Royal  Indian  Engineering  College,  Cooper's  Hill. 

Already  published. 

ELEMENTARY  BOTANY.  By  PERCY  GROOM,  M.A.,  F.L.S.,  sometime 
Examiner  in  Botany  to  the  University  of  Oxford.  2nd  edition.  With 
275  illustrations.  Crown  8vo.  3-r.  6d. 

The  following  volumes  are  in  active  preparation : 

COMPARATIVE  ANATOMY.    By  G.  c.  BOURNE,  M.A.,  Fellow  and 

Tutor  of  New  College,  Oxford. 

PHYSIOGRAPHY.    By  H.  N.  DICKSON,  F.R.S.E.,  F.R.  MET.  soc.,  F.R.G.S. 
CHEMISTRY.     By  JAMES  WALKER,   D.sc.,   Professor  of  Chemistry   in 

University  College,  Dundee. 
MECHANICS.    By  PROF.  G.  M.  MINCHIN,  M.A.,  F.R.S. 
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ELECTRICITY  AND  MAGNETISM.  By  OLIVER  j.  LODGE,  D.sC., 
F.R.S.,  LL.D.,  M.I.E.E.,  Professor  of  Physics  in  University  College, 
Liverpool. 

ELEMENTARY  GENERAL  SCIENCE.  By  D.  E.  JONES,  D.SC., 
Science  Inspector,  and  formerly  Professor  of  Physics  in  the  University 
College  of  Wales,  Aberystwith,  and  D.  s.  MCNAIR,  PH.D.,  B.SC. 


CHEMISTRY. 

COOKE  (S.).  First  Principles  of  Chemistry.  An  Introduction  to 
Modern  Chemistry  for  Schools  and  Colleges,  by  SAMUEL  COOKE,  M.A., 
B.E.,  Assoc.  Mem.  Inst.  C.  E.,  Principal  of  the  College  of  Science,  Poona. 
bth  edition,  revised.  Crown  Svo,  2s.  6J. 

—  The  Student's  Practical  Chemistry.  Test  Tables  for  Qualitative 
Analysis,  yd  edition,  revised  and  enlarged.  Demy  Svo  u. 

STOCKHARDT  (J.  A.).  Experimental  Chemistry.  Founded  on  the 
work  of  J.  A.  STOCKHARDT.  A  Handbook  for  the  Study  of  Science  by 
Simple  Experiments.  By  C.  w.  HEATON,  F.I.C.,  F.c.s.,  Lecturer  in 
Chemistry  in  the  Medical  School  of  Charing  Cross  Hospital,  Examiner  in 
Chemistry  to  the  Royal  College  of  Physicians,  etc.  Revised  edition.  5,1. 


BOTANY. 

HAYWARD  (W.  R.).  The  Botanist's  Pocket-Book.  Containing  in 
a  tabulated  form  the  chief  characteristics  of  British  Plants,  with  the 
botanical  names,  soil,  or  situation,  colour,  growth,  and  time  of  flowering 
of  every  plant,  arranged  under  its  own  order ;  with  a  copious  Index. 
By  w.  R.  HAYWARD.  Jlh  edition,  revised.  Fcap.  Svo,  cloth  limp,  45.  6d. 

LONDON  CATALOGUE  of  British  Plants.  Part  I.,  containing  the 
British  Phoenogamia,  Filices,  Equisetacece,  Lycopodiacese,  Selaginellaceae, 
Marsileacece,  and  Characese.  9//4  edition.  Demy  Svo,  6d.  ;  interleaved 
in  limp  cloth,  is.  Generic  Index  only,  on  card,  id. 

MASSEE  (G.).  British  Fungus-Flora.  A  Classified  Text-Book  of 
Mycology.  By  GEORGE  MASSEE,  Author  of  "  The  Plant  World."  With 
numerous  Illustrations.  4  vols.  post  Svo,  *]s.  f>d.  each. 

SOWERBY'S  English  Botany.  Edited  by  T.  BOSWELL  (late  SYME), 
LL.D.,  F.L.S.,  etc.  yd  edition,  entirely  revised.  With  Descriptions  of 
all  the  Species  by  the  Editor,  assisted  by  N.  E.  BROWN.  12  vols.,  with 
1,937  coloured  plates,  £2$  y.  in  cloth,  £26  us.  in  half-morocco.  Also 
in  89  parts,  5^.,  except  Part  89,  containing  an  Index  to  the  whole 
work,  "js.  6d. 

»%  Supplementary  volume.     Parts   I.,  II.,   and   III.,   $s.    each,   or 
bound  together,  making  Vol.  XIII.  of  the  complete  work,  ijs. 

TURNBULL  (R.).  Index  of  British  Plants,  according  to  the  London 
Catalogue  (Eighth  Edition),  including  the  Synonyms  used  by  the  principal 
authors,  an  Alphabetical  List  of  English  Names,  etc.  By  ROBERT 
TURNBULL.  Cloth,  3*. 
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GEOLOGY. 

JUKES-BROWNE  (A.  J.).  Student's  Handbook  of  Physical  Geo- 
logy. By  A.  J;  juKES-tiROWNE,  B.A.,  F:G.s.,  of  the  Geological  Survey  of 
England  and  Wales.  With  numerous  Diagrams  and  Illustrations.  2nd 
edition^  muck  enlarged,  fs.  6</, 

•*•  Student's  Handbook  of  Historical  Geology.  With  numerous  Diagrams 
and  Illustrations.  6s. 

~-  The  Building  of  the  British  Isles.  A  Study  in  Geographical  Evolution. 
With  Maps.  2nd  edition  revised.  Js.  6tt. 

MEDICINE  AND   HYGIENE. 
CARRINGTON  (R.  E.),  and  LANE  (W.  A.).    A  Manual  of  Dissec. 

tions  of  the  Human  Body.     By  the  late  R.  E.  CARRINGTON,    M.D. 

(Lond.),  F.R.C.P.     2nd edition.     Revised  and  enlarged  by  w.  AKBUTHNOT 

LANE,  M.S.,  F.R.C.S.     Crown  8vo,  9^. 
HILTON'S  Rest  and  Pain.     Lectures  on  the  Influence  of  Mechanical  and 

Physiological  Rest  in  the  Treatment  of  Accidents  and  Surgical  Diseases, 

and  the  Diagnostic  Value  of  Pain.     By  the  late  JOHN  HILTON,  F.R.S., 

F.R.C.S.,   etc.     Edited  by  w.  H.   A.  JACOBSON,  M.A.,  M.CH.  (Oxon.), 

F.  R.C.S.     6t?i  edition,     gs. 
HOBLYN'S  Dictionary  of  Terms  used  in  Medicine  and  the  Collateral 

Sciences.     12th  edition.     Revised  and  enlarged  byj.  A.  p.  PRICE,  B.A., 

M.D.  (Oxon.).     IQS.  6d. 
LANE  (W.  A.).     Manual  of  Operative  Surgery.     For  Practitioners  and 

Students.     By  w.   ARBUTHNOT  LANE,  M.B.,   M.S.,  F.R.C.S.,  Assistant 

Surgeon  to  Guy's  Hospital.    Crown  8vo,  8.r.  6d. 
WILLIAMS  (W.  A.).     Domestic  Hyg-iene.     By  w.  A.  WILLIAMS,  M.B., 

C.M.    (Edin.),   D.P.H.   (Lond.),   Lecturer  for  the   West   Sussex   County 

Council.    Crown  8vo.     Cloth,  is.  6d.     Sewed,  is. 

BELL'S  AGRICULTURAL  SERIES. 

In  crown  8vo,  Illustrated,  160  pages,  cloth,  2s.  6d.  each. 

CHEAL  (J.).  Fruit  Culture.  A  Treatise  on  Planting,  Growing,  Storage 
of  Hardy  Fruits  for  Market  and  Private  Growers.  By  J.  CHEAL,  F.  R.H.S., 
Member  of  Fruit  Committee,  Royal  Hort.  Society,  etc. 

FREAM  (DR.).  Soils  and  their  Properties.  By  DR.  WILLIAM  FREAM, 
B.sc.  (Lond.).,  F.L.S.,  F.G.S.,  F.s.s.,  Prof,  of  Nat.  Hist,  in  Downton 
College,  and  formerly  in  the  Royal  Agric.  Coll.,  Cirencester. 

GRIFFITHS  (DR.).  Manures  and  their  Uses.  By  DR.  A.  B.  GRIFFITHS, 
F.R.S.E.,  F.C.S.,  late  Principal  of  the  School  of  Science,  Lincoln  ;  Membre 
de  la  Societe  Chimique  de  Paris  ;  Author  of  "  A  Treatise  on  Manures," 
etc. ,  etc.  In  use  at  Downton  College. 

—  The  Diseases  of  Crops  and  their  Remedies. 

MALDEN  (W.  J.).  Tillage  and  Implements.  By  w.  J.  MALDEN, 
Prof,  of  Agriculture  in  the  College,  Downton. 

SHELDON  (PROF.).  The  Farm  and  the  Dairy.  By  PROFESSOR 
J.  P.  SHELDON,  formerly  of  the  Royal  Agricultural  College,  and  of  the 
Downton  College  of  Agriculture,  late  Special  Commissioner  of  the 
Canadian  Government .  In  use  at  Downton  College. 
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Specially  adapted  for  Agricultural  Classes.    Crown  8vo.    Illustrated,     \s.  each. 
Practical  Dairy  Farming.     By  PROFESSOR  SHELDON.     Reprinted  from  the 

author's  larger  work  entitled  "  The  Farm  and  the  Dairy." 
Practical  Fruit  Growing.     By  j.  CHEAL,  F.R.H.S.      Reprinted  from  the 

author's  larger  work,  entitled  "  Fruit  Culture." 

TECHNOLOGICAL  HANDBOOKS. 

Edited  by  Sir  H.  Trueman  Wood. 
Specially  adapted  for  candidates  in  the  examinations  of  the  City  Guilds 

Institute.     Illustrated  and  uniformly  printed  in  small  post  8vo. 
BEAUMONT  (R.).     Woollen  and  Worsted  Cloth  Manufacture.    By 

ROBERTS  BEAUMONT,  Professo.r  of  Textile  Industry,  Yorkshire  College, 

Leeds ;    Examiner  in  Cloth  Weaving  to  the  City  and  Guilds  of  London 

Institute,     yd  edition,  re-written.    With  over  200  Illustrations.    "]s.(.id. 
BENEDIKT    (R),    and    KNECHT    (E.).      Coal-tar    Colours,    The 

Chemistry  of.     With  special  reference  to  their  application  to  Dyeing,  etc. 

By  DR.  R.  BENEDIKT,  Professor  of  Chemistry  in  the  University  of  Vienna. 

Translated  by  E.  KNECHT,  PH.D.  \_Nciu  edition  in  the  Press. 

GADD  (W.  L.).     Soap  Manufacture.     By  w.  LAWRENCE  GADD,  F.I.C., 

F.C.S.  ,  Registered  Lecturer  on  Soap-Making  and  the  Technology  of  Oils 

and  Fats,  also  on  Bleaching,  Dyeing,  and  Calico  Printing,  to  the  City  and 

Guilds  of  London  Institute.     2nd  edition.     5-f. 
HELLYER   (S.   S.).     Plumbing:    Its  Principles  and   Practice.     By 

s.  STEVENS  HELI.YER.     With  numerous  Illustrations.     $s. 
HORNBY  (J.).     Gas   Manufacture.     By  j.   HORNBY,   F.I.C.,  Lecturer 

under  the  City  and  Guilds  of  London  Institute.     5*. 
HURST  (G.  H.).    Silk-Dyeing  and  Finishing.    By  G.  H.  HURST,  F.C.S., 

Lecturer  at  the  Manchester  Technical  School,  Silver  Medallist,  City  and 

Guilds  of  London  Institute.     With  Illustrations  and  numerous  Coloured 

Patterns.     "Js.  6d. 
JACOBI  (C.   T.).     Printing.     A  Practical  Treatise.      By  C.    T.   JACOBI, 

Manager  of  the  Chiswick  Press,  Examiner  in  Typography  to  the  City  and 

Guilds  of  London  Institute.     With  numerous  Illustrations.     $s. 
MARSDEN  (R.).     Cotton  Spinning:   Its  Development,   Principles, 

and  Practice,  with  Appendix  on  Steam  Boilers  and  Engines.     By  R. 

MARSDEN,  Editor  of  the  "  Textile  Manufacturer."     &Jh  edition.     6s.  6 J. 
—  Cotton    Weaving:    Its    Development,    Principles,   and   Practice. 

By  R.  MARSDEN.     With  numerous  Illustrations.     IOJ.  6d. 
PHILIPSON  (J.).    Coach  Building.    By  JOHN  PHII.IPSON,  M.INST.M.F.., 

Past  President  of  the  Institute  of  British  Carnage  Manufacturers.     With 

numerous  illustrations.     6s. 
POWELL   (H.),   CHANCE   (H.),   and   HARRIS  (H.    G.).      Glass 

Manufacture.     By  H.  POWELL,  B.A.  (Whitefriars  Glass  Works);  with 

chapters  on   Sheet  Glass,  by  HENRY  CHANCE,    M.A.   (Chance  Bros., 

Birmingham) ;  and  on  Plate  Glass,  by  H.  G.  HARRIS,   Asscc.  Memb. 

Inst.  C.E.     y.6d. 
ZAEHNSDORF  (J.    W.).      Bookbinding.      By  j.    w.    ZAEHNSDORF. 

Examiner  in  Bookbinding  to  the  City  and  Guilds  of  London  Institute. 

With  8  Coloured  Plate?  and  numerous  Diagrams,     yd  edition,    5$, 
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MUSIC. 

BANISTER  (H.    C.).    A  Text-Book  of  Music:    By  H.  c.  BANISTER, 
.   Professor  of  Harmony  and  Composition  at  the  R.  A.  of  Music,  at  the  Guild- 
hall School  of  Music,  and  at  the  Royal  Normal  Coll.  and  Acad.  of  Music 
for  the  Blind.     \dth  edition.     Fcap.  8vo.     $s. 

—  Lectures  on   Musical   Analysis.      Embracing  Sonata  Form,  Fugue, 

etc.,  Illustrated  by  the  Works  of  the  Classical  Masters.  2nd  edition, 
revised.  Crown  8vo,  Js.  dd. 

—  Interludes.     Six  Popular  Lectures  on  Musical  Subjects.     Collected  and 

Edited  by  STEWART  MACPHERSON,  Fellow  and  Professor  of  the  Royal 
Academy  of  Music.  With  Portrait.  Crown  8vo,  $s,  net. 

—  Musical  Art  and  Study  ;    Papers  for  Musicians.     Fcap.  8vo,  2s. 
HUNT   (H.    G.    BONAVIA).    A  Concise  History  of  Music,  from  the 

Commencement  of  the  Christian  era  to  the  present  time.  For  the  use  of 
Students.  By  REV.  H.  G.  BONAVIA  HUNT,  Mus.  Doc.  Dublin  ;  Warden 
of  Trinity  College,  London  ;  and  Lecturer  on  Musical  History  in  the  same 
College.  l$tA  edition,  revised  to  date  (1898).  Fcap.  8vo,  31.  6d. 

ART. 

BELL  (SIR  CHARLES).  The  Anatomy  and  Philosophy  of  Expres- 
sion,  as  connected  with  the  Fine  Arts.  By  SIR  CHARLES  BELL,  K.H. 
*]th  edition^  revised.  $s. 

BRYAN'S  Biographical  and  Critical  Dictionary  of  Painters  and 
Engravers.  With  a  List  of  Ciphers,  Monograms,  and  Marks.  A  new 
Edition,  thoroughly  Revised  and  Enlarged.  By  R.  E.  GRAVES  and 
WALTER  ARMSTRONG.  2  volumes.  Imp.  8vo,  buckram,  £3  3^. 

CHEVREUL  on  Colour.  Containing  the  Principles  of  Harmony  and  Con- 
trast of  Colours,  and  their  Application  to  the  Arts,  yd  edition,  with 
Introduction  Index  and  several  Plates.  $s. — With  an  additional  series 
of  1 6  Plates  in  Colours,  "js.  6d. 

CRANE  (WALTER).  The  Bases  of  Design.  By  WALTER  CRANE. 
With  200  Illustrations,  many  drawn  by  the  author.  Medium  8vo,  iSs.  net. 

—  Line  and  Form.     A  Series  of  Lectures  Delivered  at  the  Municipal  School 

of  Art,  Manchester.     With  Illustrations.  [Preparing. 

DELAMOTTE  (P.  H.).  The  Art  of  Sketching  from  Nature.  By  p. 
H.  DELAMOTTE.  Illustrated.  New  edition.  Imp.  410,  2U. 

DUNLOP  (].  M.).  Anatomical  Diagrams  for  the  Use  of  Art  Students. 
Arranged  with  Analytical  Notes  and  drawn  out  by  JAMES  M.  DUNLOP, 
A.R.C.A.,  Antique  and  Life  Class  Master,  and  Lecturer  on  Artistic 
Anatomy  in  the  Glasgow  School  of  Art.  With  Introductory  Preface  by 
JOHN  CLELAND,  M.D.,  I.L.D.,  F.R.S.,  Professor  of  Anatomy  in  the  Uni- 
versity of  Glasgow.  With  71  Plates,  containing  150  Subjects,  printed  in 
three  colours.  Imperial  8vo,  6s.  net. 

HARRIS  (R-).  Geometrical  Drawing.  For  Army  and  other  Examina- 
tions. With  chapters  on  Scales  and  Graphic  Statics.  With  221 
diagrams.  By  R.  HARRIS,  Art  Master  at  St.  Paul's  School.  New 
edition,  enlarged.  Crown  8vo,  35.  6d. 

HEATON  (MRS.).  A  Concise  History  of  Painting.  By  the  late  MRS. 
CHARLES  iiEATON.  New  edition.  Revised  by  COSMO  MO.NKHQUSE.  5;, 
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LEONARDO  DA  VINCI'S  Treatise  on  Painting.  Translated  from 
the  Italian  by  j.  F.  RIGAUD,  R.A.  With  a  Life  of  Leonardo  and  an 
Account  of  his  Works,  by  J.  w.  BROWN.  With  numerous  Plates.  5J. 

MOODY  (F.  W.).  Lectures  and  Lessons  on  Art.  By  the  late  F.  w. 
MOODY,  Instructor  in  Decorative  Art  at  South  Kensington  Museum.  With 
Diagrams  to  illustrate  Composition  and  other  matters.  Demy  8vo,  4.?.  6d. 

PENNELL  (J.).  Modern  Illustration  :  Its  Methods  and  Present  Con- 
dition. By  JOSEPH  PENNELL,  Author  of  "  Pen  Drawing  and  Pen 
Draughtsmen,"  etc.  With  171  Illustrations.  Student's  Edition.  Post 
8vo,  7-r.  6d. 

STRANGE  (E.  F).  Alphabets  :  a  Handbook  of  Lettering,  compiled  for 
the  use  of  Artists,  Designers,  Handicraftsmen,  and  Students.  With  com- 
plete Historical  and  Practical  Descriptions.  By  EDWARD  F.  STRANGE. 
With  more  than  200  Illustrations,  yd  edition.  Crown  8vo.  ^s. 

WHITE  (GLEESON).  Practical  Designing:  A  Handbook  on  the 
Preparation  of  Working  Drawings,  showing  the  Technical  Methods  em- 
ployed in  preparing  them  for  the  Manufacturer  and  the  Limits  imposed  on 
the  Design  by  the  Mechanism  of  Reproduction  and  the  Materials  employed. 
Edited  by  GLEESON  WHITE.  Freely  Illustrated,  ^th  edition.  Crown  avo,  5-v. 
Contents : — Bookbinding,  by  H.  ORRINSMITH— Carpets,  by  ALEXANDER 
MILLAR — Drawing  for  Reproduction,  by  the  Editor — Pottery,  by  w.  p. 
R1X — Metal  Work,  by  R.  LL.  RATHBONE — Stained  Glass,  by  SELWYN 
IMAGE — Tiles,  by  OWEN  CARTER — Woven  Fabrics,  Printed  Fabrics,  and 
Floorcloths,  by  ARTHUR  SILVER — Wall  Papers,  by  G.  c.  HAITE. 


MENTAL,   MORAL,   AND   SOCIAL 
SCIENCES. 

PSYCHOLOGY  AND   ETHICS. 

ANTONINUS  (M.  Aurelius).  The  Thoughts  of.  Translated  literally, 
with  Notes,  Biographical  Sketch,  Introductory  Essay  on  the  Philosophy, 
and  Index,  by  GEORGE  LONG,  M.A.  Revised  edition.  Small  post  8vo, 
3.? .  (>d. ,  or  new  edition  on  Handmade  paper,  buckram,  6s. 

BACON'S  Novum  Organum  and  Advancement  of  Learning.  Edited, 
with  Notes,  by  J.  DEVEY,  M.A.  Small  post  8vo,  5^. 

EPICTETUS.  The  Discourses  of.  With  the  Encheiridion  and  Frag- 
ments. Translated  with  Notes,  a  Life  of  Epictetus,  a  View  of  his  Philo- 
sophy, and  Index,  by  GEORGE  LONG,  M.A.  Small  post  8vo,  5^.,  or  nett, 
edition  on  Handmade  paper,  2  vols.,  buckram,  los.  6d. 

HEGEL'S  Philosophy  of  Right.  Translated  by  s.  w.  DYDE,  D.sc., 
Professor  of  Mental  Philosophy  in  Queen's  College,  Kingston,  Canada. 
Large  post  8vo,  Js.  6</. 

KANT'S  Critique  of  Pure  Reason.  Translated  by  j.  M.  D.  MEIKLEJOHN, 
Professor  of  Education  at  St.  Andrew's  University.  Small  post  8vo,  $s. 

—  Prolegomena  and  Metaphysical  Foundations  of  Science.  With 
Life.  Translated  by  E.  BELFORT  BAX.  Small  post  8vo,  5^. 

LOCKE'S  Philosophical  Works.  Edited  by  J.  A.  ST.  JOHN.  2  vols. 
Small  post  8vo,  y.  6d.  each. 
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RYLAND  (F.).  Psychology,  an  Introductory  Manual  for  University 
Students,  designed  chiefly  for  the  London  B.A.  and  B.  Sc.  By 
F.  RYLAND,  M.A.,  late  Scholar  of  St.  John's  College,  Cambridge.  1th 
edition,  re-written  and  enlarged.  With  lists  of  book  for  Students,  and 
Examination  Papers  set  at  London  University.  Crown  8vo,  45.  6d. 

—  Ethics  :  An  Introductory  Manual   for  the  use   of  University  Students. 

With  an  Appendix  containing  List  of  Books  recommended,  and  Exami- 
nation Questions.     2nd  edition.     Crown  8vo,  3^.  6d. 

—  Logic.     An  Introductory  Manual  for  the  use   of  University  Students. 

Crown  8vo,  4_r.  6d. 

SCHOPENHAUER  on  the  Fourfold  Root  of  the  Principle  of  Suffi- 
cient Reason,  and  On  the  Will  in  Nature.  Translated  by  MADAMS 

HILLEBRAND.       Small  post  8vO,  $S. 

—  Essays.     Selected  and  Translated.     With  a   Biographical  Introduction 

and  Sketch  of  his  Philosophy,  by  E.  BELFORT  BAX.     Small  post  8vo,  $s. 
SMITH  (Adam).     Theory  of  Moral  Sentiments.     With  Memoir  of  the 

Author  by  DUGALD  STEWART.     Small  post  8vo,  3^.  6</. 
SPINOZA'S  Chief  Works.    Translated,  with  Introduction,  by  R.  H.  M. 

ELWES.    2  vols.     Small  post  8vo,  5*.  each. 

HISTORY  OF  PHILOSOPHY. 

BAX  (E.  B.).  Handbook  of  the  History  of  Philosophy.  By  E.  BEL- 
FORT  BAX.  2nd  edition,  revised.  Small  post  8vo,  5-f. 

DRAPER  (J.  W.).  A  History  of  the  Intellectual  Development  of 
Europe.  By  JOHN  \VILLIAM  DRAPER,  M.D.,  LL.D.  With  Index.  2 
vols.  Small  post  8vo,  $s.  each. 

FALCKENBERG(R-).  History  of  Modern  Philosophy.  By  RICHARD 
FALCKENBERG,  Professor  of  Philosophy  in  the  University  of  Erlangen. 
Translated  by  Professor  A.  c.  ARMSTRONG.  Demy  8vo,  i6s. 

HEGEL'S  Lectures  on  the  Philosophy  of  History.  Translated  by 
j.  SIBREE,  M.A.  Small  post  8vo,  S.T. 


LAW  AND   POLITICAL  ECONOMY. 

KENT'S  Commentary  on  International  Law.  Edited  by  J.  T.  ABDY, 
LL.D.,  Judge  of  County  Courts  and  Law  Professor  at  Gresham  College, 
late  Regius  Professor  of  Laws  in  the  University  of  Cambridge.  2nd 
edition,  revised  and  brought  dozm  to  a  recent  date.  Crown  8vo,  iar.  &/. 

MONTESQUIEU'S  Spirit  of  Laws.     Edited  by  j.  v.  PRITCHARD,  A.M. 

2  vols.     Small  post  8vo,  3.?.  6d.  each. 
PROTHERO  (M.).    Political  Economy.    By  MICHAEL  PROTHERO,  M.A. 

Crown  8vo,  4^.  6d. 
RICARDO  on  the  Principles  of  Political  Economy  and  Taxation. 

Edited  by  E.   c.  K.   CONNER,  M.A.,   Lecturer  in  University  College, 

Liverpool.     Small  post  8vo,  5-f. 
SMITH  (Adam).    The  Wealth  of  Nations.     An  Inquiry  into  the  Nature 

and  Causes  of.     Reprinted  from  the  Sixth  Edition,  with  an  Introductioo 

by  ERNEST  BELFORT  BAX.     2  vols,     Small  post  8vo,  35.  6d.  each. 
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HISTORY. 
BOWES  (A.).      A  Practical   Synopsis  6f  English  History;    Of,   A 

General  Summary  of  Dates  and  Events.      By  ARTHUR   BOWES.      n/A 

edition.     Revised  and  brought  down  to  the  present  time.      Demy  8vo,  u. 
DENTON   (W.).     England  in  the   Fifteenth   Century.     By  the   late 

REV.  w.  DENTON,  M.A.,  Worcester  College,  Oxford.     Demy  8vo,  I2J. 
DYER  (Dr.  T.  H.).     History  of  Modern  Europe,  from  the  Taking  of 

Constantinople  to  the  Establishment  of  the  German  Empire,  A.D.  1453' 

1871.     By  DR.  T.  H.  DYER.     A  iifM  edition.     In  5  vols.     £2  12S.  6rf. 
GIBBON'S  Decline  and  Fall  of  the  Roman  Empire.     Complete  and 

Unabridged,  with  Variorum  Notes.     Edited  by  an  English  Churchman. 

With  2  Maps.     7  vols.     Small  post  8vo,  3*.  6d.  each. 
GREGOROVIUS'  History  of  the  City  of  Rome  in  the  Middle  Ages. 

Translated  by  ANNIE  HAMILTON.    Vols.  I.,  II.,  and  III.    Crown  8vo,  6s. 

each  net.     Vols.  IV.,  V.,  and  VI.,  each  in  two  parts,  4-f.  6d.  net  each  part. 
GUIZOT'S  History  of  the  English  Revolution  of  1640.     Translated  by 

WILLIAM  HAZLITT.     Small  post  8vo,  3-f.  6tt. 

—  History  of  Civilization,  from  the  Fall  of  the  Roman  Empire  to  the 

French  Revolution.     Translated  by  WILLIAM  HAZLITT.     3  vols.     Small 
post  8vo,  3.?.  6d,  each. 

HENDERSON  (E.  F.).  Select  Historical  Documents  of  the  Middle 
Ages.  Including  the  most  famous  Charters  relating  to  England,  the 
Empire,  the  Church,  etc.,  from  the  sixth  to  the  fourteenth  centuries. 
Translated  and  edited,  with  Introductions,  by  ERNEST  F.  HENDERSON, 
A.B.,  A.M.,  PH.D.  Small  post  8vo,  5.?. 

—  A  History  of  Germany  in  the  Middle  Ages.     Post  8vo,  7v.  6d.  net. 
HOOPER  (George).     The  Campaign  of  Sedan  :    The  Downfall  of  the 

Second  Empire,  August-September,  1870.     By  GEORGE  HOOPER.     With 
General  Map  and  Six  Plans  of  Battle.     Small  Post  8vo,  3^.  6d. 

—  Waterloo  :    The  Downfall  of  the  First  Napoleon:  a  History  of  the 

Campaign  of  1815.     With  Maps  and  Plans.     Small  post  8vo,  y.  6d. 
LAMARTINE'S  History  of  the  Girondists.     Translated  by  H.  T.  RYUE. 

3  vols.     Small  post  8vo,  3^.  (>d.  each. 
. —  History  of  the  Restoration  of  Monarchy  in  France  (a  Sequel  to  his 

History  of  the  Girondists).     4  vols.     Small  post  8vo,  35.  6</.  each. 

—  History  of  the  French  Revolution  of  1848.     Small  post  Svo,  31-.  6d. 
LAPPENBERG'S    History    of  England    under    the    Anglo-Saxon 

Kings.     Translated  by  the  late  B.  THORPE,  K.s. A.     New  edition,  revised 
by  E.  c.  OTTE.     2  vols.     Small  post  Svo,  3.?.  6d.  each. 

MARTINEAU  (H.).  History  of  England  from  1800-15.  By  HARRIET 
MARTINEAU.  Small  post  8vo,  3^.  6d. 

—  History  of  the  Thirty  Years' Peace,  1815-46.   4  vols.    Small  post  Svo, 

31.  6d.  each. 
MAURICE  (C.  E.).    The  Revolutionary  Movement  of  1848-9  in  Italy, 

Austria,  Hungary,  and  Germany.   By  c.  EDMUND  MAURICE.  Svo,  i6r. 
MENZEL'S  History  of  Germany,  from  the  Earliest  Period   to   1842. 

3  vols.     Small  post  Svo,  3^.  6d.  each. 
MICHE LET'S  History  of  the   French  Revolution   from  its  earliest 

indications  to  the  flight  of  the  King  in  1791.     Small  post  Svo,  3*.  6rf. 
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MIGNET'S  History  of  the  French    Revolution,  from  1789  to   1814. 

Small  post  8vo,  3^.  6d. 

RANKE  (L.).  History  of  the  Latin  and  Teutonic  Nations,  1434 
1514.  Translated  by  p.  A.  ASH  WORTH.  Small  post  8vo,  3-r.  (yd. 

—  History  of  the  Popes,  their  Church  and  State,  and  especially  of  their 

conflicts  with  Protestantism  in  the  l6th  and   I7th  centuries.     Translated 
by  E.  FOSTER.     3  vols.     Small  post  8vo,  3.5-.  6d.  each. 

SIX  OLD  ENGLISH  CHRONICLES:  viz.,  Asser's  Life  of  Alfred 
and  the  Chronicles  of  Ethel werd,  Gildas,  Nennius,  Geoffrey  of  Monmoiuh, 
and  Richard  of  Cirencester.  Edited,  with  Notes  and  Index,  by  j.  A. 
GILES,  D.C.L.  Small  post  8vo,  5J. 

STRICKLAND  (Agnes).  The  Lives  of  the  Queens  of  England  ; 
from  the  Norman  Conquest  to  the  Reign  of  Queen  Anne.  By  AGNES 
STRICKLAND.  6  vols.  5.?.  each. 

—  The  Lives   of  the   Queens   of   England.     Abridged  edition  for  the 

use  of  Schools  and  Families.     Post  8vo,  6s.  6d. 

THIERRY'S  History  of  the  Conquest  of  England  by  the  Normans. 
Translated  by  WILLIAM  HAZLITT.  2  vols.  Small  post  8vo,  3.?.  6d.  each. 

WRIGHT  (H.  F.).  The  Intermediate  History  of  England,  with  Notes, 
Supplements,  Glossary,  and  a  Mnemonic  System.  For  Army  and  Civil 
Service  Candidates.  By  H.  K.  WRIGHT,  M.A.,  LL.D.  Crown  8vo,  6s. 

—  History  of  England,  B.C.  58— A.D.  1714.     Crown  8vo,  y.  6ti. 

For  other  Works  of  value  to  Students  of  History,  see  Catalogue  of 
Bonn's  Libraries,  sent  post-free  on  application. 


DIVINITY,  ETC. 

ASPLEN  (L.  O.).  A  Thousand  Years  of  English  Church  History. 
By  the  REV.  L.  o.  ASPLEM,  late  Foundation  Scholar  of  Emmanuel  College, 
Cambridge ;  Assistant-Priest  at  the  Parish  Church,  Weston-super-Mare, 
Crown  8vo,  4?.  net. 

AUGUSTINE  deCivitate  Dei.  Books  XI.  and  XII.  By  the  REV.  HENRY 
D.  GEE,  B.D.,  F.s.A.  I.  Text  only.  2s.  II.  Introduction  and  Translation.  3*. 

—  In  Joannis  Evangelium  Tractatus  XXIV-XXVII.     Edited  by  the 

REV.  HENRY  GEE,  B.D.,  F.S.A.      I.   Text  only,  u.  6d.  II.  Translation 
by  the  late  REV.  CANON  H.  BROWN,     is.  6d. 

—  In   Joannis  Evangelium  Tractatus  LXVII-LXXIX.       Edited    by 

the  REV.  HENRY  GEE,  B.D.,  F.S.A.     I.  Text  only,  is.  6d.     II.  Trans- 
lation by  the  late  REV.  CANON  H.  BROWN,     is.  6d. 

BARRY  (BP.).  Notes  on  the  Catechism.  For  the  use  of  Schools.  By 
the  RT.  REV.  BISHOP JBARRY,  p. u, .  \\th  edition.  P'cap.  2s. 

BLEEK.  Introduction  to  the  Old  Testament.  By  FRIEDRICH  BLEEK. 
Edited  by  JOHANN.  BLEEK  and  ADOLF  KAMPHAUSEN.  Translated  by 
G.  H.  VENABLES.  2  vols.  Small  post  Svo,  $s.  each. 

BUTLER  (BP.).  Analogy  of  Religion.  With  Analytical  Introduction 
and  copious  Index,  by  the  late  RT.  REV»  DR.  STEERE.  Fcap.  3*.  6d. 
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EUSEBIUS.  Ecclesiastical  History  of  EusebiusPamphilus,  Bishop 
of  Caesarea.  Translated  from  the  Greek  by  REV.  c.  F.  CRUSE,  M.A. 
WithNotes,  a  Life  of  Eusebius,and  Chronological  Table.  Sm.  post  8vo,  SJT. 

HUMPHRY  (W.  G.).  Book  of  Common  Prayer,  An  Historical  and 
Explanatory  Treatise  on  the.  By  w.  G.  HUMPHRY,  B.D.  6th  edition. 
Fcap.  8vo,  is. 

JOSEPHUS  (FLAVIUS),  The  Works  of.  WHISTON'S  Translation. 
Revised  by  RKV.  A.  R.  SIHI.LETO,  M.A.  Wilh  Topographical  and  Geo- 
graphical Notes  by  COLONKI.SIR  c.  w.  WILSON,  K.C.B.  5  vols.  3-f.  6ii.  each. 

LUMBY    (DR.).     Compendium  of  English  Church   History,  from 

1633-1830.    With  a  Preface  by  J.  RAWSON  LUMBY,  D.D.     Crown  8vo,  6s. 

MACMICHAEL     (J.     F.).      The  New  Testament  in  Greek.     With 

English  Notes  and  Preface,  Synopsis,  and  Chronological  Tables.  By  the 
late  REV.  J.  F.  MACMICHAKL.  Fcap.  8vo  (730  pp.),  4-f.  6:/. 

Also  the  Four  Gospels,  and  the  Acts  of  the  Apostles,  separately. 
In  paper  wrappers,  6d.  each. 

MILLER  (E.).  Guide  to  the  Textual  Criticism  of  the  New  Testament. 
By  REV.  E.  MILLER,  M.A.,  Oxon,  Rector  of  Bucknell,  Bicester.  Cr.  8vo,  4J. 

PEARSON  (BP.).  On  the  Creed.  Carefully  printed  from  an  Early 
Edition.  Edited  by  E.  WALFORD,  M.A.  Post  8vo,  55. 

PEROWNE  (BP.).  The  Book  of  Psalms.  A  New  Translation,  with 
Introductions  and  Notes,  Critical  and  Explanatory.  By  the  RIGHT  REV. 
j.  j.  STEWART  PEROWNE,  D.D.  ,  Bishop  of  Worcester.  Svo.  Vol.  I. 
8///  edition,  revised.  iSs.  Vol.  II.  "Jth  edition,  revised,  ids. 

—  The    Book   of  Psalms.     Abridged    Edition  for  Schools.     Crown  Svo. 

gth  edition.     $s. 

SADLER  (M.  F.).  The  Church  Teacher's  Manual  of  Christian  Instruc- 
tion. Being  the  Church  Catechism,  Expanded  and  Explained  in  Question 
and  Answer.  For  the  use  of  the  Clergyman,  Parent,  and  Teacher.  By  the 
REV.  M.  F.  SADLER,  late  Prebendary  of  Wells,  and  Rector  of  Honiton. 
43/v/  thousand.  2s. 

w*,  A  Complete  List  of  Prebendary  Sadler's  Works  will  be  sent  on 
application. 

SCRIVENER  (DR.).  A  Plain  Introduction  to  the  Criticism  of  the  New 
Testament.  With  Forty-four  Facsimiles  from  Ancient  Manuscripts.  For 
the  use  of  Biblical  Students.  By  the  late  F.  H.  SCRIVENER,  M.A.,  D.C.L., 
LL.D.,  Prebendary  of  Exeter.  $th  edition,  thoroughly  revised,  by  the  REV. 
E.  MILLER,  formerly  Fellow  and  Tutor  of  New  College,  Oxford.  2  vols. 
Demy  Svo,  32$. 

—  Novum  Testavnentum  Graece,  Textus  Stephanici,  1550.  Accedunt  variae 

lectiones  editionum  Bezae,  Elzeviri,  Lachmanni,  Tischendorfii,  Tregellesii, 
curante  F.  H.  A.  SCRIVENER,  A.M.,  D.c.L.,  LI..D.  Revised  edition.  $s.  6i/. 

—  Novum    Testamentum    Graece    [Editio    Major]    textus    Stephanici, 

A.D.  1556.  Cum  variis  lectionibus  editionum  Bezae,  Elzeviri,  Lachmanni, 
Tischendorfii,  Tregellesii,  Westcott-Hortii,  versionis  Anglicanre  emendato- 
rum  curante  F.  H.  A.  SCRIVENER,  A.M.,  D.C.L.,  LL.D.,  accedunt  parallela 
s.  scriptune  loca.  Small  post  Svo.  2nd  edition.  75.  6i/. 

An  Edition  on  writing-paper,  with  marginfor  notes.  410,  half  bound,  12s. 
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SUMMARY   OF    SERIES. 

BlBLlOTHECA  CLASSICA. 

PUBLIC  SCHOOL  SERIES. 

BELL'S  ILLUSTRATED  CLASSICS. 

CAMBRIDGE  GREEK  AND  LATIN  TEXTS. 

CAMBRIDGE  TEXTS  WITH  NOTES. 

GRAMMAR  SCHOOL  CLASSICS. 

BELL'S  CLASSICAL  TRANSLATIONS. 

CAMBRIDGE  MATHEMATICAL  SERIES. 

CAMBRIDGE  SCHOOL  AND  COLLEGE  TEXT  BOOKS. 

FOREIGN  CLASSICS. 

MODERN  FRENCH  AUTHORS. 

MODERN  GERMAN  AUTHORS. 

GOMBERT'S  FRENCH  DRAMA. 

BELL'S  MODERN  TRANSLATIONS. 

BELL'S  ENGLISH  CLASSICS. 

HANDBOOKS  OF  ENGLISH  LITERATURE. 

BELL'S  SCIENCE  SERIES. 

TECHNOLOGICAL  HANDBOOKS. 

BELL'S  AGRICULTURAL  SERIES. 

BELL'S  READING  BOOKS  AND  GEOGRAPHICAL  READERS. 

BIBLIOTHECA    CLASSICA. 

AESCHYLUS.    By  DR.  PAI.EY.     8*. 

CICERO.     By  a.  LONG.     Vols.  I.  and  II.     Breach. 

DEMOSTHENES.    By  R.  WHISTON.    4  Vols.    Breach. 

EURIPIDES.     By  DR.  PALEY.     Vols.  II.  and  III.     8f.  each. 

HERODOTUS.     By  DR.  DLAKESLEY.     2  Vols.     12*. 

HESIOD.     By  DR.  PALEY.     5.5. 

HOMER.     By  DR.  PALEY.     2  Vols.     14*. 

HORACE.     By  A.  j.  MACLEANE.     8$.     . 

PLATO.     Phaedrus.     By  UR.  THOMPSON.     5*. 

SOPHOCLES.    Vol.  I.     By  F.  H.  BLAYDES.     ss.     Vol.11.     By  DR.  TALEV. 

VIRGIL.     By  CONINGTON  AND  NETTLESHIP.     3  Vols.     ios.  6d.  each. 

PUBLIC    SCHOOL    SERIES. 

ARISTOPHANES.    Peace.    By  DR.  PALEY.    as .  6ii. 

—  Acharnians.     By  DR.  PALEY.     21.  (xi. 

—  Frogs.    By  DR.  PALEY.    is.  6n. 

—  Plutus.     By  M.  T.  QUINN.     3$.  6ff. 

CICERO.    Letters  to  Atticus.    Book  I.     By  A.  PRETOK.    4* .  6d. 
DEMOSTHENES.     De  Falsa  Legatione.     By  R.  SHILLETO.     6s. 

—  Adv.  Leptinem.     By  B.  w.  BEATSON.    3.1.  6J. 

LIVY.     Book  VI.     By  E.  s.  WEYMOUTH  and  c.  F.  HAMILTON.     21.  6d. 

—  Books  XXI.  and  XXII.     By  L.  D.  DOWDALL.    2.5.  each. 

PLATO.    Apology  of  Socrates  and  Crito.     By  DK.  w.  WAGNHR.    zs.  &/. 

—  Phaedo.     By  DR.  w.  WAGNER.     51.  6d. 

—  Protagoras.     By  w.  WAYTE.    4$.  fxi. 

—  Gorgias.     By  DR.  THOMPSON.    6s. 

—  Euthyphro.     By  G.  H.  WELLS.     3^. 

—  Euthydemus.     By  G.  H.  WELLS.    41. 

—  Republic.     Books  I.  and  II.    By  G.  H.  WEI.I.S.     5*. 
PLAUTUS.     Aulularia.     By  DR.  w.  WAGNEK.    4*.  6tf. 

—  Trinummus.     By  DR.  w.  WAGNER.     4$.  (xt. 

—  Menaechmei.    By  DR.  w.  WAGNER.    4*.  6d. 

—  Mostellaria.    By  E.  A.  SONNENSCHEIM.    5*. 
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PUBLIC    SCHOOL    SERIES— continued. 

SOPHOCLES.     Trachiniae.     By  A.  PRBTOR.     4*.  fid. 

—  Oedipus  Tyrannus.     By  B.  H.  KENNEDY.     2s.  fid. 
TERENCE.     By  DR.  w.  WAGNER.     7*.  fid. 
THUCYDIDES.    Book  VI.    By  T.  w.  DOL-GAN.    2*. 

BELL'S  ILLUSTRATED   CLASSICS. 

CAESAR.     Books  I.  and  II.     By  A.  C.  LIDDELL.     is.  bd.  each. 

—  Book  III.    By  F.  H.  COLSON  and  a.  M.  GWYTHER.    if.  6d. 

—  Book  IV.     By  REV.  A.  w.  UPCOTT.     is.  (xi. 

—  Book  V.    By  A.  REYNOLDS,     is.  td. 

—  Book  VI.     By  j.  T.  PHILLIPSON.     is.  fid. 

CICERO.    Against  Catiline.     Books  I.  and  II.    By  F.  HERRING,    is.  M. 

—  Selections.     By  T.  F.  CHARLES,     is.  fid. 

CORNELIUS  NEPOS.    Epaminondas,  Hannibal,  Cato.    By  H.  L.  EARI.. 

is.  M. 

EUTROPIUS.     Books  I.  and  II.     By  I.  G.  SPENCER,     is.  fid. 
HORACE.     Odes.     Books  I.  and  II.     By  c.  G.  BOTTINC.     2  vols.,  is.  6cf.  each. 
LIVY.     Book  IX.  (c.  1-19).     By  w.  FI.AMSTEAD  WALTERS,  M.A.     is.  M. 

—  Hannibal's  First  Campaign  in  Italy.     By  F.  E.  A.  TRAVES.     is.  6J. 
OVID.     Metamorphoses.     Book  I.     By  G.  H.  WELLS,     is.  M. 

—  Selections  from  the  Metamorphoses.     By  F.  COVERLEY  SMITH,     is.  M. 

—  Elegiac  Selections.     By  j.  w.  E.  PEARCE.     is.  f>d. 

—  Tristia.     Book  III.     By  H.  R.  WOOLRYCH.     is.  6d. 
PH.flSDRUS.     Selections.    By  REV.  R.  H.  CHAMBERS,    is.  tut. 
STORIES  OF  GREAT  MEN.     By  REV.  F.  CONWAY.     is.  6J. 
VIRGIL,     .ffineid.     Book  I.     By  REV.  E.  H.  s.  ESCOTT. 

—  —  Books  II.  and  III.     By  L.  D.  WAINWRIGHT.     2  vols.     is.  6J.  each. 
Book  IV.     By  A.  s.  WARMAN.     if.  6<t. 

Selections  from  Books  VII. -XII.     By  w.  G.  COAST,      if.  6tf. 

CAMBRIDGE   GREEK   AND    LATIN    TEXTS. 
AESCHYLUS.     By  DR.  PALEY.    23. 
CAESAR.     By  G.  LONG.     is.  fid. 

CICERO.    De  Senectute,  de  Amicitia,  et  Epistolae  Selectae.     Bye.  LONG. 
is.  6d. 

—  Orationes  in  Verrem.     By  G.  LONG.     2S.  dd. 
EURIPIDES.     By  ni;.  PALKY.     3  Vols.     z.t.  each. 
HERODOTUS.     By  UR.  BLAKESLEV.     2  Vols.     2t.  6<i.  each. 
HOMER'S  Iliad.     By  DR.  PAI.EY.     is.  fid. 

HORACE.     By  A.  j.  MACLEANE.     is.  6J, 

JUVENAL   AND    PERSIUS.     By  A.  j.  MACLEANE.     it.  6d. 

LUCRETIUS.    By  H.  A.  j.  MUNRO.    21. 

OVID.     By  DR.  POSTGATE  and  Others.     3  vols.     as.  each. 

SALLUST.     By  G.  LONG.     if.  (xi. 

SOPHOCLES.     By  DR.  HALEY.     21.  (id. 

TERENCE.     By  DR.  w.  WAGNER.    2:. 

THUCYDIDES.    By  DR.  DONALDSON,    a  Vols.    as.  each. 

VIRGIL.      By  PROF.  CONINGTON.       2S. 

XENOPHON.     By  j.  F.  MACMICHAEL.     is.  6d. 

NOVUM  TESTAMENTUM  GRAECE.    By  DR.  SCRIVENER.    4*.  f>d. 

CAMBRIDGE  TEXTS  WITH  NOTES. 

AESCHYLUS.     By  DR.  PALEY.    6  Vols.     if.  6d.  each 

EURIPIDES.     By  DR.  PALEY.     13  Vols.    (Ion,  2S.)    is.  dd.  each. 

HOMER'S  Iliad.    By  DR.  PALKY.    is. 

SOPHOCLES.     By  DR.  PALEY.     5  Vols.     is.  6d.  each. 

XENOPHON.    Hellenica.    By  REV.  L.  D.  DOWDALL.    Books  Land  II.    as.  each. 

—  Anabasis.     By  j.  F.  MACMICHAEL.    6  Vols.     is.  fid.  each. 

CICERO.    De  Senectute,  de  Amicitia,  et  Epistolae  Selectae.    By  G.  LONG. 

3  Vols.     is.  f,d.  each. 
OVID.    Selections.     By  A.  j.  MACLEANE.     is.  fid. 

—  Fasti.     By  DR.  PALEY.     3  Vols.     is.  each. 
TERENCE.     By  DR.  w.  WAGNER.     4  Vols.     if.  &/.  each. 
VIRGIL.    By  PROF.  COWNGTON.    i?  Vols.    if.  64.  each. 


46  George  Bell  &  Sons' 

GRAMMAR   SCHOOL   CLASSICS. 

CAESAR.    De  Bello  Gallico.     By  G.  LONG.     4* . ,  or  in  3  parts,  i s.  6d.  each. 
CATULLUS,  TIBULLUS,  and  PROPERTIUS.      By  A.  H.  WRATISLAW 

and  F.  N.  siiTTON.    25.  6d. 

CORNELIUS   NEPOS.    By  j.  F.  MACMICHAEL.    as. 

CICERO.    De  Senectute,  De  Amicitia,  and  Select  Epistles.    Bye. LONG.   3*. 
HOMER.  Iliad.  By  DR.  PALEY.  Books  I. -XII.  45.  6d.,  or  in  a  Parts,  at.  6rf.  each. 
HORACE.     By  A.  j.  MACLEANE.     3^.  6d.,  or  in  a  Parts,  zs.  each. 
JUVENAL.     By  HERMAN  PRIOR,     y.  6d. 
MARTIAL.     By  DR.  PALEY  and  w.  H.  STONE.     4*.  6ei. 
OVID.     Fasti.     By  DR.  PALEY.     $s.  6cf.t  or  in  3  Parts,  is.  6d.  each. 
SALLUST.   Catilina  and  Jugurtha.    By  G.  LONG  and  j.  G.  FRAZER.    3*.  6d. 

or  in  a  Parts,  as. each. 

TACITUS.   Germania  and  Agricola.     By  H.  FROST,     as.  6d. 
VIRGIL.    CONINGTON'S  edition  abridged,     a  Vols.     4$.  6d.  each,  or  in  9  Parts, 

is.  6d.  each. 

—  Bucolics  and  Georgics.    CONINGTON'S  edition  abridged.    3*. 
XENOPHON.     By  j.  F.  MACMICHAEL.    3*.  6d.,  or  in  4  Parts,  is.  6d.  each. 

—  Cyropaedia.     By  G.  M.  GORHAM.     y.  6d.,  or  in  2  Parts,  is.6d.  each. 

—  Memorabilia.    By  PERCIVAL  FROST.    3*. 

BELL'S  CLASSICAL   TRANSLATIONS. 

AESCHYLUS.     By  WALTER  HEADLAM.    6  Vols.  [/«  the  Press. 

ARISTOPHANES.    Acharnians.    By  w.  H.  COVINGTON.    15. 

—  PlUtUS.       By  M.  T.  QUINN.       IS. 

CAESAR'S  Gallic  War.     By  w.  A.  MCDEVITTE.     2  Vols.     is.  each. 
CICERO.    Friendship  and  Old  Age.     By  G.  H.  WELLS,     is. 
DEMOSTHENES.    On  the  Crown.    By  c.  RANN  KENNEDY,    is, 
EURIPIDES.     14  Vols.     By  E.  p.  COLERIDGE,     is.  each. 
HORACE.     4  Vols.     By  A.  HAMILTON  BRYCE,  LL.D.    is.  each. 
LIVY.     Books  I. -IV.     By  j.  H.  FREESE.     is.  each. 

—  Book  V.  and  VI.     By  E.  s.  WEYMOUTH.    i*.  each, 

—  Book  IX.  "By  F.  STORR.     is. 

—  Book  XXI.    By  j.  B.  BAKER,    if. 

LUCAN  :  The  Pharsalia.    Book  I.    By  F.  CONWAV.    IS. 
OVID.     Fasti.     3  Vols.     By  H.  T.  RILEY.     is .  each. 

—  Tristia.     By  H.  T.  RILEY.    is. 

SOPHOCLES.     7  Vols.     By  E.  P.  COLERIDGE      is.  each 
THUCYDIDES.     Books  VI.  and  VII.     By  E.  C.  MARCHANT.     M.  each. 
VIRGIL.    6  Vols.    By  A.  HAMILTON  BRYCE.    is.  each. 
XENOPHON.    Anabasis.    3  Vols.    By  j.  s.  WATSON,    is.  each. 

—  Hellenics.    Books  I.  and  II.    BY  H.  DALE.    is. 

CAMBRIDGE    MATHEMATICAL   SERIES. 

ARITHMETIC.    By  c.  PENDLEBURY.    4*.  6a.,  or  in  a  Parts,  M.  6d.  each. 

Key  to  Part  II.     js.  6d.  net. 
EXAMPLES    IN  ARITHMETIC.    By  c.  TENDLEBURY.    3*..  or  in  a  Parts, 

is.  6d.  and  2S. 

COMMERCIAL  ARITHMETIC.    By  c.  PENDLEBURY  andw.  s.  BEARD,  zs.bd. 
ARITHMETIC  FOR  INDIAN  SCHOOLS.    By  PENDLEBURY  and  TAIT.   3*. 
ELEMENTARY   ALGEBRA.     By  j.  T.  HATHORNTHWAITE.     2^. 
CHOICE    AND   CHANCE.     By  w.  A.  WHITWORTH.     6s. 
D  C  C  EXERCISES  (a  companion  to  "Choice  and  Chance").     6*. 
EUCLID.    By  H.  DEIGHTON.   4*.  6d.,  or  Books  I. -IV.,  3*.  :  Books  V.-XL,  vs.  6tf. 

or  Book  I.,  is.  ;  Books  I.  and  II..  is.  6d. ;  Books  I.-III.,  zs.  (xi. ;  Books  III 

and  IV.,  is.  6d.  KEY.  5.?.  net. 

INTRODUCTION  TO  EUCLID.    By  H.  DEIGHTON  and  EMTAGE.     i*.  6d. 
EXERCISES   ON    EUCLID,  &c.     By  j.  MCDOWELL.     6s. 
ELEMENTARY    MENSURATION.     By  B.  T.  MOORE.     v.  &/. 
ELEMENTARY   TRIGONOMETRY.     By  c.  PENDLEBURY.    4*.  6d. 
ELEMENTARY   TRIGONOMETRY.     By  DYER  and  WHITCOMBE.    4*.  &£ 
PLANE   TRIGONOMETRY.     By  T.  G.  VYVYAN.    y.  6d. 
ANALYTICAL    GEOMETRY   FOR    BEGINNERS.    By  T.  G.  VYVYAN. 

21.  6d. 
EXAMPLES  IN  ANALYTICAL  CONICS.    By  w.  M.  BAKER,    zs.dd. 
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CAMBRIDGE    MATHEMATICAL   SERIES—  continued. 

ELEMENTARY  GEOMETRY  OF  CONICS.    By  DR.  TAYLOR.    41.  6d. 
GEOMETRICAL  CONIC   SECTIONS.    By  DR.   w.   H.   BESANT.    4*.    6d. 

Key,  55.  net. 

ELEMENTARY   CONICS.     By  DR.  w.  H.  BESANT.     vs.  M. 
GEOMETRICAL  CONIC  SECTIONS.     By  H.  G.  WILLIS.     5*. 
SOLID   GEOMETRY.     By  w.  s.  ALOIS.     6s. 
GEOJ/JETRICAL   OPTICS.     By  w.  s.  ALDIS.     4*. 
ROULETTES   AND   GLISSETTES.     By  DR.  w.  H.  BESANT.     $s. 
ELEMENTARY   HYDROSTATICS.     By  DK.  w.  H.  BESANT.     4*.  6d. 

Solutions.     5*.  net 

HYDROMECHANICS.    Parti.     Hydrostatics.    By  DR.  w.  H.  UESANT.    5*. 
DYNAMICS.     By  DR.  w.  H.  BKSANT.     IQS.  6<i. 
RIGID    DYNAMICS.     By  w.  s.  ALOIS.     +s. 
ELEMENTARY   DYNAMICS.    By  DR.  w.  GARNETT.    6s. 
ELEMENTARY  TREATISE   ON' HEAT.     By  DK.  \v.  GARNETT.     4*.  fxi. 
ELEMENTS  OF  APPLIED  MATHEMATICS.     By  c.  M.  JESSOP.     4*.  6d. 
PROBLEMS    IN    ELEMENTARY   MECHANICS.     By  w.  WALTON.     6j. 
EXAMPLES    IN    ELEMENTARY   PHYSICS.     By  w.  GALLATLY.     4*. 
MATHEMATICAL   EXAMPLES.     By  DYER  and  PROWDE  SMITH.     6*. 

CAMBRIDGE   SCHOOL  AND   COLLEGE  TEXT   BOOKS. 

ARITHMETIC.     By  c.  ELSEK.     y.  6ti. 

—  By  A.  WRIGLEY.     3^.  dd. 

EXAMPLES   IN   ARITHMETIC.    By  WATSON  and  GOUDIE.    a*.  M. 
'ALGEBRA      By  c.  ELSEE.     4*. 
EXAMPLES   IN   ALGEBRA.    By  MACMICHAEL  and  PROWDE  SMITH.    y.  6d. 

and  4.?.  (>ii. 

PLANE   ASTRONOMY.     By  p.  T.  MAIN.     4*. 
STATICS.     By  BISHOP  GOODWIN.     3*. 
NEWTON'S    Principia.     By  EVANS  and  MAIN.     4*. 
ANALYTICAL  GEOMETRY.     By  T.  a.  VYVVAN.     43.  M. 
COMPANION    TO  THE  GREEK  TESTAMENT.    By  A.  c.  BARRETT.    « 
TEXT    BOOK   OF    MUSIC.     By  H.  c.  BANISTER.     5*. 
CONCISE   HISTORY  OF  MUSIC.    By  UK.  H.  c.  BONAVIA  HUNT.    3*.  M. 

FOREIGN   CLASSICS. 

FENELON'S  Te'le'maque.     By  c.  J.  DF.LILLK.     2*.  Get. 

LA    FONTAINE'S    Select  Fables.     By  F.  E.  A.  GASC.     is.  M. 

LAMARTINE'S  Le  Tailleur  de  Pierres  de  Saint-Point.     By  j.  BO!BLLB. 

I  jr.  6rf. 

SAINTINE'S  Picciola.     By  DR.  DUBUC.     M.  &/. 
VOLTAIRE'S   Charles  XII.     By  L.  DIREV.     is.  fxi. 
GERMAN    BALLADS.    By  c.  L.  BIELEFELD,     is.  6d. 

GOETHE'S  Hermann  und  Dorothea.    By  E.  BELL  and  E.  WOLFEL.     is.  6J. 
SCHILLER'S  Wallenstein.    By  DR.  BUCHHEIM.    5^.,  or  in  2  Parts,  2jf.  60".  each. 

—  Maid  of  Orleans.     By  DR.  w.  WAGNER      is.  6d. 

—  Maria  Stuart.     By  v.  KASTNEK.     IJT.  6d. 

MODERN  FRENCH  AUTHORS. 

BALZAC'S  Ursule  Mirouet.     By  j.  BO!ELLE.     3*. 
CLARETIE'S  Pierrille.     By  j.  BOIELLE.     2s.  6J. 
DAUDET'S  La  Belle  Nivernaise.     By  j.  BOIRLLE.     ax. 
GREVILLE'S  Le  Moulin  Frappier.     By  j.  BOIELLE.    31. 
HUGO'S  Bug  Jargal.     By  j.  uoiiiLLE.     3*. 

MODERN  GERMAN  AUTHORS. 

AUERBACH'S  Auf  Wache,  etc.     By  A.  A.  MACDONELL.    a* 
BENEDIX'S  Doktor  Wespe.     By  PROF.  LANGE.     2s.  6J. 
EBERS'  Eine  Frage.     By  F.  STORR.     2S. 
FKEYTAG'S  Die  Journalisten.     By  PROF.  LANGE.     25.  6d. 

—  Soil  und  Haben.     By  w.  H.  CRUMP,     is.  dd. 
GEKMAN  EPIC  TALES.    By  DR.  KARL  NEUHAUS.    ts.  M* 
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MODERN    GERMAN    AUTHORS—  continued. 

GUTZKOW'S  Zopf  und  Schwert.     By  PROF.  LANGK.     a*.  64. 
HEY'S  Fabeln  fur  Kinder.    By  PROF.  LANGE.     is.  6J. 

with  Phonetic'!' ranscription  of  Text,  &c.     2S. 

HEYSE'S  Hans  Lange.     By  A.  A.  MACDONELL.     is. 
HOFFMANN'S  Meister  Martin.     By  PROF.  LANGE.     is.  6d, 
MOSER'S  Der  Bibliothekar.     By  PROF.  LANGE.     2j. 
SCHEFFEL'S  Ekkehard.    By  UK.  H.  HAGER.    3*. 

The  following  Series  are  given  in  full  in  the  body  of  the  Catalogue. 

BELL'S  Science  Series.    Seepage  34. 

BELL'S  Agricultural  Series.     Seepage  36. 

BELL'S  English  Classics.    See  pp.  24,  25. 

BELL'S  Modern  Translations.    See  page -ft. 

BELL'S  Reading  Books  and  Geographical  Readers.     See  pp.  25,  96. 

GOMBERT'S  French  Drama.     See paye  31. 

HANDBOOKS   OF   ENGLISH    LITERATURE.     See    t.  26,  a?. 

TECHNOLOGICAL  HANDBOOKS.    Set  page  37. 
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